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Abstract

High-energy neutron-induced fission data for actinide nuclides play a vital role in the foundation for designing advanced
nuclear energy systems, such as accelerator-driven subcritical systems and fast neutron reactors. In this study, the INCL++
code was used to calculate neutron-induced fission cross sections in the energy range of 100 MeV-1.2 GeV. Bayesian opti-
mization was employed to refine the parameters in the ABLA++ and GEMINI++ codes, ensuring closer agreement between
the computational results and experimental data. We trained a Bayesian neural network using neutron-induced fission data and
systematically compared the extrapolations with both theoretical calculations and experimental measurements. The results
show that the Bayesian optimization method effectively reduces the chi-squared statistic between the theoretical predictions
and the experimental data. Additionally, the Bayesian neural network demonstrates the ability to accurately reflect the trends
of fission cross sections when sufficient training data are provided.

Keywords Bayesian neural network - Bayesian optimization - Fission - INCL - Spallation reaction

1 Introduction

The discovery of uranium nuclear fission in 1938 actively
promoted the development of human society, such as the
utilization of nuclear energy and medical applications. Given
the limited uranium resources on Earth, it is of great sig-
nificance to develop advanced nuclear energy devices such
as fast neutron reactors and accelerator-driven subcritical
system (ADS). In ADS, a high-energy, intense proton beam
generated by an accelerator bombards the target nucleus,
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inducing spallation reactions and producing external neu-
trons [1]. These neutrons are then used to drive and sustain
the operation of the subcritical reactor, which offers inher-
ent safety advantages over traditional reactors. Accurate and
effective nuclear data support is essential for the design of
ADS. Neutron-induced fission cross section data can be uti-
lized to investigate the transmutation reaction in ADS, which
is a crucial component. Precise neutron-induced fission cross
section data of actinide nuclides are crucial for the operation
of ADS facilities. Currently, five major evaluated nuclear
data libraries (ENDF, JENDL, JEFF, CENDL, and BROND)
provide data on the neutron-induced fission of actinides for
ADS applications. However, they generally face a shortage
of data. The existing data predominantly concentrate on
the energy regime below 20 MeV. Within most evaluated
nuclear data repositories, a notable deficiency persists in
neutron-induced fission cross section data sets for actinide
nuclides at energies exceeding 20 MeV [2-5].

Nuclear fission data play a crucial role in basic physics
research. They are indispensable for understanding the evo-
lutionary processes of elements in the universe and fusion
reactions of superheavy nuclides. Nuclear fission data serve
as important inputs for the simulation calculations of the
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rapid neutron capture process (R-process) in nuclear astro-
physics. Precise calculations of the R-process can enhance
the accuracy of the calculated abundances of elements in the
universe. Both advanced nuclear energy research and basic
physical studies rely on reliable nuclear fission data.

Since its inception in 2001, the neutron time-of-flight
(n_TOF) facility at CERN has undertaken a large-scale
experimental program, resulting in a wealth of high-quality
fission cross section data on actinide elements [6]. In recent
years, the China Spallation Neutron Source (CSNS) has also
made significant contributions to the measurement of fis-
sion reaction cross sections [7, 8]. Owing to the efforts of
researchers and advancements in experimental techniques
in recent years, the EXFOR database has collected numer-
ous experimental data on the neutron-induced fission cross
sections of actinides at energies above 100 MeV. Currently,
this includes data for 239232 Th [9—14], 233:234.235.236.238(J [ 1 0,
11, 15-23], as well as 2>’Np [10, 17] and 239-240-241.242py [ 1 0,
24, 251, and 2**Am [26]. However, data for other actinide
nuclides remain insufficient.

The fission cross sections of actinides were calculated in
2014 by Lo Meo et al. using the INCL++ Liege intranuclear
cascade model combined with GEMINI++ and ABLAO7
[27]. The (n,f) reaction cross sections of the same nuclide
are predicted based on the reaction cross sections of (p,f),
and they show generally good agreement with experimental
fission cross section data.

With the development of machine learning, these meth-
ods have been applied across various fields with promising
results. The introduction of machine learning techniques in
nuclear data research has gained widespread acceptance.
Machine learning can be used to optimize the parameters of
physical models, particularly in areas such as nuclear reac-
tions, fission processes, and data evaluation. By training
on datasets, machine learning models can predict nuclear
parameters and compare them with traditional models,
thereby enhancing the assessment of nuclear data. Bayesian
neural network (BNN) approaches have been shown to be
advantageous for the evaluation of nuclear data when experi-
mental data are insufficient [28—34]. Traditional neural net-
works often suffer from overfitting when the training data
are insufficient, and model predictions tend to exhibit over-
confidence. That is, the model outputs appear precise but fail
to reflect the results’ credibility. In contrast, in BNN, weight
parameters are treated as probability distributions rather than
fixed values. This allows for the quantification of uncertainty
while outputting results, thereby avoiding overconfidence in
the model. In regions with missing data, the uncertainty of
BNN predictions will reasonably expand, making predic-
tions more robust. The fission reactions induced by high-
energy neutrons are divided into two stages. The first is a
rapid cascading stage described by INCL++ [35-38]. After
the rapid cascading stage terminates, a residual nucleus in
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an excited state remains, and this residual nucleus de-excites
through processes such as evaporation, fission, and radioac-
tive decay. This de-excitation process is described by the
C++ versions of the ABLA++ [38-42] and GEMINI++
[43] models.

The rapid cascading stage is represented as a series of
two-body nucleon collisions, with Pauli blocking consid-
ered during these collisions. Strict blocking is implemented
for the first collision, whereas in subsequent collisions,
Pauli blocking is applied randomly, with its probability
determined by the final-state blocking factor. The INCL
model assumes that nucleons in the target nucleus have an
independent Woods—Saxon density distribution and that
the incident nucleon is located on a spherical surface cen-
tered at the target nucleus with a radius of R,, = R, + 8a,
where R and a are the radius and diffuseness of the target
nucleus, respectively. This model can self-consistently deter-
mine the cascading termination time, which is expressed as
fyop = 29.8A%'° fm/c, where Ay is the mass number of the
target nucleus. Owing to this self-consistent definition of the
stopping time, the INCL model does not require the inclu-
sion of a pre-equilibrium stage between the rapid cascading
and evaporation fission/decay processes.

ABLA++ de-excites residual nuclei through evaporation,
fission, and multifragmentation, with the particle evapora-
tion probability using the Weisskopf—-Ewing formalism.
GEMINI++ tracks a series of binary decays of the residual
nucleus until particle evaporation becomes impossible owing
to competition from gamma-ray emission. Particle evapora-
tion in GEMINI++ is described by the Hauser—Feshbach
evaporation formalism with strict conservation of angular
momentum. Compared with the Weisskopf—-Ewing formal-
ism used in ABLA++, it has a longer computation time. In
ABLA++, the fission width is given by the Bohr-Wheeler
transition-state model [44] and follows the Moretto formal-
ism [45]. In GEMINI++, the symmetric fission width is pro-
vided by the Bohr—Wheeler transition-state model, whereas
the asymmetric fission width is given by the Moretto formal-
ism. The liquid drop barriers in both models were derived
from the finite-range model [46]. In the calculation of the
level density, ABLA++ employs the constant temperature
model of Gilbert-Cameron [47] and the Bethe-type Fermi
gas model [48]. GEMINI++ uses a Bethe-type Fermi gas
model. Both models can be coupled with INCL++ and con-
tain adjustable parameters.

INCLA4++ version 6.33.1 was used in this study in con-
junction with ABLA++ and GEMINI++ to calculate the
neutron-induced fission cross sections of actinides in the
range of 100 MeV to 1.2 GeV. Additionally, Bayesian
optimization was employed to refine the critical physical
parameters and improve the theoretical calculations. We
established a BNN model and trained it using the avail-
able experimental data and theoretical calculation results.
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Subsequently, the output from the trained BNN model was
used to compare the theoretical calculation values with the
experimental data and to perform analyses.

2 Methods

Bayesian optimization has long been used to address high-
cost, black-box optimization problems. It is commonly
employed to optimize the hyperparameters of neural net-
work models, effectively reducing computational costs
while achieving optimal solutions. A core advantage of
Bayesian optimization is that it achieves global optimi-
zation with minimal evaluation costs, which significantly
enhances the efficiency of parameter optimization. The
fission width is expressed as follows:
BW

T Psp(E =B, J)
C T2 B M
where py,(E — By, J) and py (E, J) denote the level densities
of the saddle-point and ground-state configurations, respec-
tively, and 7 is the nuclear temperature. It can be seen that
the fission width is sensitive to py,(E — By, J), pgs(E, J), and
the fission barrier B;. We will use Bayesian optimization
to optimize the parameters in two de-excitation models:
ABLA++ and GEMINI++. The parameter to be optimized
for the ABLA++ model is K;a, where K; is a tunable vari-
able and @ represents the asymptotic level density [49] (see
formula (2) ), and B, is the same as in the liquid drop model.
For the GEMINI++ model, the parameter to be optimized
is a;/a,, where a; is the level density parameter at the saddle
point and a, is the same quantity at ground-state deforma-
tion. The commonly optimized parameter is the fission bar-
rier correction AB;. These parameters are regarded as adjust-
able parameters of the fission model in both GEMINI++ and
ABLA++ (27, 43, 50].

@ = 0.073A + 0.095BA" @)

The quality of each set of parameters is evaluated using y?,
defined as

2
=X (T ) )
In this study, the objective of Bayesian optimization was
to minimize the chi-squared error between the experimen-
tal points and theoretical calculations, with equal weights
assigned to different experimental points. Bayesian optimi-
zation is based on Bayes’ formula, which is in the following
form:

P(B|A)P(A)

PAIB) = == )

Among them: P(AIB) is the posterior probability. P(BIA) is
the likelihood function. P(A) is the prior probability. P(B) is
the marginal likelihood.

A surrogate model of the objective function was con-
structed using Gaussian processes. The approximate pro-
cess of Bayesian optimization is as follows: First, several
groups of parameters within the set parameter space are
determined, and the values of the objective function are
calculated. The prior distribution of the surrogate function
is initialized according to the calculated values. Based on the
prior distribution of the surrogate function and the sampling
function, several data points are sampled, and the next evalu-
ation point is selected using the acquisition function. New
values of the objective function are obtained according to the
sampling results, and the prior distribution of the surrogate
function is updated simultaneously. The iteration is repeated
to find the global optimal solution. The optimization flow-
chart is illustrated in Fig. 1.

Initialize the prior distribution of
a surrogate function

Select next evaluation point via
acquisition function

Update the prior distribution of
the surrogate function

Find the global optimal solution

INCL+(ABLA/GEMINI)

Fission cross section

Fig. 1 Bayesian optimization flowchart
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There are many third-party Python libraries for imple-
menting Bayesian optimization, such as Bayesian optimiza-
tion, Scikit-Optimize, and GPyOpt. This study was based
on Scikit-Optimize.

The training data for the BNN included experimental
data and optimized theoretical calculation results. Among
them, the experimental data consist of data above 20 MeV.

Neurons

Input parameters [

Fig.2 Bayesian neural network structure

The data of 22°Th measured by B.L. Goldblum et al. above
22.1 MeV were excluded because it has large errors and a
seemingly unreasonable trend (see Sect. 3). The theoreti-
cal calculation results include the data from ABLA++ and
GEMINI++ corresponding to each experimental point at
incident neutron energies above 100 MeV, while the theoret-
ical calculation results beyond the range of the experimental
data were not included in the training data. The input param-
eters were the incident neutron energy E, mass number A,
proton number Z, and optimized parameters. The param-
eters in the initial Bayesian neural network follow a normal
distribution with an expected value of 0 and a variance of
1. A single hidden layer with a ReLU activation function
was used, and the number of neurons was 130. The BNN
model was trained using Variational Inference. The Adam
(Adaptive Moment Estimation) optimizer was used. Bayes-
ian neural network is based on Pyro implementation. The
structure of the Bayesian neural network is shown in Fig. 2.

3 Bayesian optimization results

We input the parameters obtained from Bayesian optimi-
zation and the default parameters into GEMINI++ and
ABLA++ for the calculations. Additionally, we randomly
extracted 10 reference experimental points from the Bayes-
ian optimization to compute and compare their y2 values.
Table 1 presents the parameter results from Bayesian opti-
mization. The direct output of the optimized parameters is
given in 16 decimal numbers, but only the first six decimal
numbers are effective to the y? value. Comparative calcula-
tions indicate that retaining the directly output parameters to

Table 1 Calculation of (n,f)

- . ; Isotope GEMINI++ ABLA++

reaction cross sections using

GEMINI++ and ABLA++ a;/a, AB;(MeV) 4?2 K; AB;(MeV) 4?2

and evaluation of Bayesian S EEE——— I E——

optimization results Optimized Default Optimized Default
20Th 1.073339  0.364485 291 202.72 1.7 —0.583926 2.46 563.57
232Th 1.029855 -0.285852 1.19 21.54 0.814365 -0.619712 7.68 158.72
23y 1.061285 0.019202 4.61 65.06 1.018482 -0.367115 6.11 192.92
24U 0.998085 —0.649831 16.21 62.89 0.635090 —0.785347 8.39 61.20
235y 1.026349 —-0.378947 1.77 14.73 0.823583 —0.528291 1.43 25.47
236y 1.085907 0.281279 14.01 85.49 1.9 —0.179634 13.79 112.30
28y 1.033683 —0.402918 7.80 100.46  0.903381 -0.460261 7.01 136.22
2TNp 0.950680 —1.129486 16.68 14393  0.578706 —1.077860 6.28 115.25
29py 1.012783  0.229608 3.55 55.06 0.8 —0.095793 4.68 10.11
240py 1.390086  1.533309 4.58 9.54 0.592403 —-0.954778 4.35 101.04
24lpy 0.830721 —-0.993972 2.73 22.04 0.316717 —1.503842 1.76 13.71
242py 0.889485 —1.027468 17.46 29.86 0.369617 —1.551425 19.57 354.58
23Am  1.118063  1.049270 4.43 22.99 1.700521 —0.156933 3.97 48.11
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six decimals has a negligible effect on the y? value. There-
fore, we retained the optimized parameters to six decimals
and the y? value to two decimal numbers. The default values
for parameters in GEMINI++ and ABLA++ are a;/a, =
1.036, K; = 1, AB; = 0. Comparing the )(2 values, it can
be seen that using the parameters from Bayesian optimi-
zation significantly reduces y2. The calculation results are
presented in Figs. 3 and 4.

For ?®Pu in Fig. 4c and ?**U in Fig. 3e, the experi-
mental data for neutron-induced fission cross sections are
limited. If only the available neutron-induced fission cross
sections are considered, 2Pu and °U 2 can be further
reduced. Because the y? values for them include the pro-
ton-induced fission cross sections, the following treatment
was conducted. Owing to the scarcity of neutron-induced
experimental data and the concentration of data below
300 MeV, which cannot fully reflect the overall trend of
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Fig.3 (Color online) The variations of the total neutron-induced fission cross sections of 23%232Th and 233234235236 (J with the incident neutron

energy
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data in the 100 MeV-1.2 GeV energy range, a common
issue arises in these nuclei. A similar issue also arises for
240241.242py in Fig. 4d—f, respectively, i.e., theoretical cal-
culations agree well with experiments in energy regions
with available data but may appear unreasonable in regions
without experimental data.

In Refs. [38, 51], the authors analyzed the correlation
between (p,f) and (n,f) cross sections. For the heaviest acti-
nides, the ratio of these two reaction cross sections, that
1S, 6, ) /0wy is approximately 1. This could be because
the nuclides in this region exhibit similar fission barrier
heights, which reduces the sensitivity of the reaction cross
sections to the incident channel. The study reported in ref-
erence [27] demonstrated that the same parameters could
be applied to both (p,f) and (n,f) reactions. Therefore, we
added proton-induced fission cross section data for 2*°Pu
and 2%U. For 240241.242py | proton-induced fission cross
section data are unavailable, precluding their inclusion in
Bayesian optimization. Future experimental measurements
are anticipated to overcome this limitation.

With the default parameters, the calculated fission cross
sections show poor agreement with the experiments in the
energy range of 100 MeV-300 MeV, which is most obvi-
ous for 220232Th in Fig. 3a, b and >**Am in Fig. 4g. For
234U in Fig. 3d and >*’Np in Fig. 4b, the calculation results
with the default parameters significantly overestimate the
fission cross sections in the energy range of 500—1000
MeV. The use of the optimized parameters can fix this
problem and achieve better agreement with the experi-
mental data. As can be seen in Figs. 3a, b and 4b, there are
significant discrepancies between the calculation results of
ABLA++ and GEMINI++ above 700 MeV. This may be
attributed to the fact that there exists competition between
multifragmentation and fission in ABLA++, whereas this
is absent in GEMINI++, and that GEMINI++ takes into
account asymmetric fission. The optimized parameters
were used to calculate the proton-induced fission cross
section (see Fig. 5), it is found that, compared with the
default parameters [49, 52—61], the optimized parameters
increase the fission cross sections at 100 MeV for 2*2Th
as shown in Fig. 5a, 33232330 in Fig. 5b—d, and »*’Np in
Fig. Se. This may be attributed to the reduction in the fis-
sion barrier of the target. For 237Np, the calculation results
above 400 MeV with the optimized parameters are lower
and exhibit a rapid downward trend because the Bayesian
optimization also incorporates the experimental data of
neutron-induced fission. In the neutron-induced fission,
23TNp shows a steep decline above 400 MeV, which affects
the calculation results of the proton-induced fission cross
section. It may be insufficient to consider only two param-
eters for the optimization of *’Np, and other corrections
may need to be considered; however, this is beyond the
scope of this study.

4 Bayesian neural network results

The dataset was divided into 90% training data and 10%
testing data. For the trained BNN model, the mean absolute
error (MAE) on the training data was 42.43 mb, and that on
the testing data was 40.54 mb. The slight difference between
the two MAE values indicates a low risk of overfitting the
BNN model. The formula for the MAE is as follows:

n

1 )
MAE = r—lZIy,-—y,-I, )

i=1

where y; is the true value of the i-th sample, J; is the pre-
dicted value of the i-th sample, and n is the number of
samples.

As shown in Figs. 6 and 7, the neutron-induced fission
cross sections are predicted using the BNN model and are
denoted by light blue bands around the black solid lines.
The blue region represents the 95% confidence interval,
and the black solid line denotes the mean value of the
probability distribution. The BNN model was extrapo-
lated to incident neutron energies of up to 1.2 GeV and
compared with theoretical calculations. For 22*232Th in
Fig. 6a, b, the predictions of the BNN model generally
agree well with both the experimental data and theoreti-
cal calculations. However, for 2>Th in the higher energy
region, there are significant discrepancies between the pre-
dictions of the BNN model and the calculation results of
ABLA++. For the 233234235236238] ip Figs. 6¢—f and 7a,
23Np in Fig. 7b, and ***Am in Fig. 7g, the predictions of
the BNN model show excellent agreement with both the
theoretical calculations and the experimental data in the
low energy region, where a large amount of experimental
data are available. On the other hand, in the higher incident
energy region, due to the scarcity of experimental data,
there are noticeable differences between the predictions of
the BNN model and the calculation results of ABLA++
and GEMINI++. For 239-240241.242py jp Fig. 7c—f, the BNN
model shows notably wide confidence intervals because
the experimental data are concentrated below 200 MeV,
and no data are available above 200 MeV, which causes
significant discrepancies, making extrapolation results
unreliable. Combined with the issues mentioned in the
previous section, the lack of experimental data prevents
the BNN model from making accurate predictions of the
fission cross section trend. However, for nuclides such as
230.232Th and 2*323*U in Fig. 6a—d, the comparison between
the BNN model extrapolation results and theoretical cal-
culations indicates that the extrapolated trends agree well
with the theoretical predictions. We conclude that the
BNN model can capture the trends of fission cross section
when sufficient training data are available. The correlation
between the input features and output cross sections of the
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Fig.5 (Color online) The variations of the total proton—induced fission cross sections of 232Th, 233233.238(J 237Np and 2*Pu with the incident
proton energy, and the comparison with experimental data [49, 52-61]

BNN, analyzed using the Pearson correlation coefficient, is
shown in Fig. 8. The parameters derived from the Bayesian
optimization exhibited a high degree of correlation with
each other. Under the condition that the incident neutron
energy is less than or equal to 400 MeV, the predicted
cross sections of the BNN are highly correlated with the
input energy E, target nucleus mass number A, and proton
number Z, and negatively correlated with the input energy
E. This is similar to the trend that the fission cross sections
of most nuclides tend to decrease with an increase in the
incident neutron energy below 400 MeV. When the inci-
dent neutron energy is greater than 400 MeV, the correla-
tion between the predicted cross sections of the BNN and

@ Springer

the incident energy decreases, whereas their correlation
with the parameters derived from Bayesian optimization
increases.

5 Summary and conclusions

In this study, the INCL++ code version 6.33.1 coupled
with the ABLA++ and GEMINI++ models was used
within the framework of a BNN model to calculate the
total neutron-induced fission cross sections, and the BNN
model was established. The Bayesian optimization algo-
rithm was implemented using the Python third-party library
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Fig.6 (Color online) Predictions by Bayesian neural network for 23%232Th and 23323235236 are compared with theoretically computed and

experimental data

Scikit-Optimize to optimize the parameters of the ABLA++
and GEMINI++ models. This optimization significantly
improved the theoretical prediction of the experimental
neutron-induced fission cross sections and demonstrated
the potential capability of Bayesian optimization. To avoid
the high computational cost and unclear specific form of
the objective functions, Bayesian optimization provides an

excellent solution. By comparing the extrapolations of the
BNN model with theoretical calculations, we concluded that
the extrapolations of the BNN model can predict the trends
of the fission cross sections when sufficient training data are
available. It is hoped that the Bayesian optimization method
will be widely applied in future research studies.

@ Springer
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puted and experimental data
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