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Abstract

Deep learning methods have achieved significant progress in solving partial differential equations. However, when applied
to the widely used anisotropic scattering neutron transport equations in reactor engineering, these encounter significant
challenges. To address this issue, this study introduces a multi-antiderivative transformation alternating iterative deep
learning method (M-AIM). This method transforms the integral terms of the scattering and fission sources in the transport
equation into multiple antiderivative functions corresponding to the integrand, converts the differential-integral form of the
transport equation into an exact differential equation, and establishes the necessary constraints for a unique solution. The
M-AIM uses multiple deep neural networks to map the unknown angular flux density of transport equations and represents
various forms of antiderivative functions. It constructs the corresponding weighted loss functions. By alternating iterative
training with deep learning methods applied to these neural networks, the loss is reduced gradually. When the loss decreases
to a preset minimum, the neural network approaches a numerical solution for both angular flux density and antiderivative
functions. This paper presents a numerical verification of geometries such as flat plates and spheres. It verifies the validity of
the theoretical framework and associated methods. The study contributes to the development of novel technical approaches
for applying deep learning to solve anisotropic scattering neutron transport equations in reactor engineering.
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1 Introduction

Neutron transport equations are fundamental to nuclear reac-
tor physics. The primary objective of solving this problem is
to determine the eigenvalues and spatial distribution of the
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physics [6-11]. Significant breakthroughs have been
achieved in various fields, such as solving thermal-hydraulic
equations [12—17]. In reactor physics, numerical computa-
tion methods based on deep learning have advanced signifi-
cantly [18-21]. This research provides a strong foundation
for a deep-learning-based numerical solution of the neutron
transport equation. It is gaining increasing attention from
the industry [22-27].

However, the neutron transport equation, which is a
differential-integral equation, involves multiple integrals that
represent neutron scattering and fission sources depending
on the energy and angular flux. The application of existing
deep learning methods to solve this equation presents
significant challenges. A previous study adopted a discrete
approach for angular variables based on the conventional
SN method [28] by constructing a loss function for machine
learning that approximates and discretizes definite integral
terms. However, the computational results obtained
using this method have limited accuracy. Furthermore, a
separate study proposed the theory of differential-order
transformation [29] to solve the neutron transport equation
using deep learning, thereby transforming it into a higher-
order differential form to enhance accuracy. However, the
method presented in this study is limited to isotropic sources.

In this paper, we propose the multi-antiderivative
transformation alternating iterative deep learning method
(M-AIM) to solve anisotropic scattering neutron transport
equations. The integral terms are transformed into
multiple exact differential equations using antiderivative
functions. Neural networks represent both antiderivative
and angular flux functions. The numerical solution of the
neutron transport equation is approximated gradually using
alternating iterations of deep learning. Additionally, the
accuracy of the M-AIM using examples of typical geometric
transport equations is verified.

2 Neutron transport equations
in differential-integral format

The neutron transport equation has multiple equivalent
mathematical forms. The most common of these are the
differential-integral, exact integral, adjoint, and even-parity
forms [1, 2, 5]. The most widely studied and applied form
of the neutron transport equation is the differential integral.
It is expressed as follows:

106(n Q.E. 1) +Q-V(r, Q,E, 1)+
v ot (1)

S (r,EYp(r,2,E, 1) = O, + O + O.,

where ¢(r, 2, E,t) is the angular flux at position r with
energy E at time . %, is the total reaction cross-section, and

@ Springer

v is the neutron speed. Q, Oy, Q. represent the scattering,
fission, and external sources, respectively.

An anisotropic scattering source [5] can be expressed
by Eq. 2:

O, = // (r, ENf(r, 2 E' = Q,E)p(r, 2", E',1)dQ2'dE'.
@)

The fission source is expressed by Eq. 3:
E
O = _{fﬂ) // VE(r, ENp(r, ', E',1)dQ2'dE', 3

where f(r, Q',E' — Q, F)is the scattering function, X is the
scattering cross-section, XZ; is the fission cross-section, v is
the neutron production number of each fission, and y(E) is
the energy spectrum distribution of fission neutrons.

The common form of the transport equation for discrete
energy groups under steady-state conditions without
considering external sources is [5]

Q -V, (r, Q) + Ty (r, Dy (r, Q)

G

= Z / Zggrmg (1, 2 = Q)@ (r, 2)d
= )
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where kg is the effective multiplication factor and g is the
energy group index.

Simultaneously, anisotropic scattering sources (Eq. 2)
are usually expanded using Legendre polynomials. The
multigroup forms of their anisotropic scattering sources
can be represented as:

G
0, = Z / Dy g (12— Q) (r, 2)dQ!
g'=l1

G
g'=1

where the neutron flux moment is represented as
¢i;,’" =/ Y72, (r, 2")dQ2" and Y)"(£2) is the spherical
harmonic function.

In practical applications, the specific transport
equation forms are usually represented by combining the
geometric form of the equation, number of energy group
discretization, order of anisotropic scattering sources, and
presence of external sources.

The specific forms of Eq. 4 for first-order anisotropic
scattering sources in a single-group flat-plate geometry are
as follows:
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(6)
where x is the slab thickness. y is the direction cosine in
Cartesian coordinates.

The specific form of Eq. 4 for first-order anisotropic
scattering sources in a spherical geometry is as follows:

op(r, ) | 1 — p* og(r, p)
U +
or r ou

- 1(12 )+ 320 o ) bt 1 7
= 5 <0 ) o (Nup > H AU @)
+ 20D / 9 1)K,

where r is the geometric radius of the sphere.

Therefore, by moving the terms in Eq. 4 from right to
left, various specific neutron transport equations such as
Eq. 6 and Eq. 7 can be described using a unified partial
differential-integral equation.

+ Z(re(r, )

G<r, Q,¢,(r, 2,2 -V, (r, ), / @ ®y (r, 24,
®)
/ Y72 )b (1, Q’)dQ',keff> =0

3 Principles of multi-antiderivative
transformation alternating iterative deep
learning method

The M-AIM operates based on the following principle:
Mathematical methods are employed to convert all the
integral terms in the neutron transport equation into their
corresponding antiderivative functions. This conversion
transforms the neutron transport equation from its
differential-integral form into an exact differential equation.
Specific methods are provided for identifying unique
solutions for these transformed antiderivative functions. The
unknown angular flux density function and each term of the
antiderivative functions are represented by separate neural
networks. Substituting these neural network functions into
the transport equation, a loss function is generated based on
the residuals of the equation. When necessary, we formulate
additional loss functions for the constraints, boundary
conditions, initial conditions, and eigenvalues. These loss

functions are weighted and combined into a single unified
loss function. We progressively minimize the weighted loss
functions by alternating iterative training by applying the
M-AIM to the neural networks. After all the loss functions
reduce below a set threshold, the output from the neural
networks for the angular flux density function approximates
the solution to the transport equation.

This section discusses in detail the transformation
methods for antiderivative functions.

The angular flux ¢(r, £, E, t) is a continuous function of
the angular variable £2 and energy variable E in Eqgs. 2 and
3. The integrand X (r, E")f(r, Q' E' — Q,E)¢(r, 2", E',1)
is also continuous. If the entire integrand is discontinuous
owing to the discontinuity of X (r, E’), the integrand is
considered in segments utilizing the property of integral
addition, so that the integrand of each segment is continuous.
According to the principles of calculus, the continuous
integrand can be expressed as an integral antiderivative
function F(r, 2, E, €', E', t) related to the angular variable €2’
and energy E’. According to the Newton—Leibniz formula,
the transformation of the integral term will be discussed in
detail in the following sections.

3.1 Antiderivative function transformation
of the scattering source term

With regard to Eq. 2, the integral of the scattering sources
can be calculated as follows:

Ql
/ S (rENf(r,Q E - Q E)p(r, 2 E,1)d’
2 ©))
= F57Q (r7 'QaEa Q]7E,9t) - FS7Q (ra ‘Q7E7 QO’ E” t)a
Fsa_Q (r3 ‘Qs E, 'Q/s E,a t)/
_d
A
=3 ENf(r,Q E - Q,E)p(r,2 E 1),

Q/
/ E(r ENf(r, Q2 E' — QE)p(r, Q' E', 1)d2’
QU

(10)
where €2, and £, are the upper and lower bounds of the
angular parameters.

According to the principle of calculus,
F.o(r Q,E,Q E' 1) is a set of functions that differ
by a real number C between each function [30]. If
Fooo(r,Q,E,Q E',t) is set as a definite function,
Foo(r,QEQ E t)=F_ or.QEQ E.,0)+C
When we set C=—F_ o, Q,E, Qy,E',1), a specific
antiderivative function Fos.0(r, 2, E, 0, E', 1) = 0 exists. It
isequalto F .  o(r, Q,E, Q" E',1) = F_ o(r, 2,E,Qy,E',1).
When Q' = Q) (Fy, o(r, 2,E,Q,,E',1) = 0), Eq. 9 can be
expressed as:
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Ql El
/ A ' ’ _ )((E) / '
S (nEN(r,2 F - Q E)p(r,2,E", 1)d2 O =—— Forolr, 2, E, HdE
2 (11) 4 (18)
=F, LQ,E,Q,E'1). X(E)
00" £ = L (P, 20,y ) = Fig(r, 21, By 1)
Similarly, substituting Eq. 11 into Eq. 2, the scattering q
an

source can be expressed as follows according to the principle
of repeated integral:
E]

FO,S,Q(r7 .Q, E9 ‘Ql 5 E,, t)dE,
b (12)

= S,E(r, -Q,E,Ql,E],t) - FS,E(V, Q, E’-Ql,Eo’t)s

QS=

Fop(r, Q,E,QE 1)

E’
-4 / Foo o(r. Q.E. Q. E. 1)dE' (13)
dE' E, s

= F()’S!_Q(r7 ‘Qa E7 ‘Ql’ E/’ t)7

where E|, E, are the upper and lower bounds of the energy
parameters.

Another function Fy z(r, 2, E, £, E', 1) exists to make
Fo p(r,Q,E, Q,Ey, 1) = 0at E' = E,. Under this condition,

El
0, = / Foso(r, Q,E,Q, E',n)dE'
E, (14)

= FO,S,E(r’ .Q,E, ‘Ql’Elvt)-

3.2 Antiderivative function transformation
of the fission source term

The fission source term in Eq. 3 can be derived as:

Ql
/ vE(r, ENP(r, Q' E', 1)d
Q, (15)

= Ff,.(z(r’ 'leEl’t) - Ff,g(ra QO,E’, 1),

Ff’_Q(rv 'Q,s E’v t)’

Q’
d
e /Q VE(r ENg(r Q. ', 1)dQf (16)
= vE(r, ENg(r, Q' E',1).

Similar to the scattering source term, a certain function
Forp(r, 2, E', 1) exists. It is the determined constraint
solution. When Q' = Q, F; o(r, £, E', 1) is equal to zero.

2
/ sz(r, E/)¢(r’ .Q/,E/, t)dQ, = FO,f,_Q(r’ ‘Ql’E/9 t) (17)
QO

The fission source is derived as follows:

@ Springer

a [F
Fio(r, Q ,E’,t)’:—/ Fyo(r, Q. E', dE'
£.E 1 aE /y 0.£,0 1 (19)

= Fo’f"Q(r, QI’E/’ t).

As performed earlier, a certain function Fyy; z(r, 2, E’, 1) can
be determined such that Fi; o(r, 2, E,,1) = 0 at E' = E,,.
Under this condition,

ONE
%=

_ 2B
T 4rx

Foio(r, 2, E' n)dE'
(20)
FO,f,E(r’ 'Qh El’ t).

To substitute Eq. 14 and Eq. 20 into Eq. 1, the neutron
transport equation can be derived as:

op(r,Q2,E,t
VOEBED | 0.940,0,.0+ 5,0, B3t 2.5,
\%
—F X(E)
= O’S’E(r, Q, E,Ql,El,l) + ?Fo,f,E(r’Ql’El’ t) + Qe'

2y

The conditions for a definite solution are as follows:

Q' = Q) Fy, o(r, Q,E, Q) E',1) = 0,Fy; o(r, 20, E',1) = 0,
E' = Ey, Foy x(r, 2,E, Q,,Eg,1) = 0, Fy ¢ (r, 2, Eg, 1) = 0.
(22)

To summarize, by transforming the antiderivative functions
of the scattering and fission terms, the neutron transport
equation (previously expressed in the differential-integral
form as Eq. 1) is converted into an exact differential form.
This new form comprises Egs. 10, 13, 16, 19, 21 and 22.

3.3 Antiderivative function transformation
of the multigroup transport equations

For the multigroup neutron transport Eq. 4, the neutron
angular flux moment in the scattering source terms Eq. 5
can be transformed into an antiderivative function. Owing
to the separation of the angle variables £,£', the
transformation form is simplified significantly. By setting
Fi:;",(r, Q') to the antiderivative function of

Y"(2) ¢, (r, '), it can be expressed as:
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8.8

el
N / Y2y (r, 2')d
2 (23)

= F(r,2) = F(r, ),

d (¢
Fl,m/(r’ Ql)/ -9 / Ym(Q’)¢ ,(r, _Q’)d.Q/
5.8 40’ 2, ! g (24)

= Y"(Q2) gy (r, 2.

As observed earlier, a certain function F (I)”:g,(r, Q') exists.
When Q' = Q,, Fgf"&g,(r, Q) = 0. Simultaneously, Eq. 25
can be established:

Ql
o = / YRy (r )L = FI Q). (25)
2

Equation 25 can be substituted into Eq. 5. The multigroup
form of the scattering source can be obtained as follows:

G o
=1 1=0
For the integral term f ¢y (r, 2')d€2" in the fission source

term Eq. 4, F . (r, ') is set as the antiderivative function
of ¢ (r, aonh.

T goe® D YMQFT (n2).  (26)

0,s,g
m=—I

Z(v(r)zfm)g/ / by (r, 2)d
eﬁ g=
27)

= keff Z(v(r)zfm) Fopo(r.2))

Under this condition,

Q'

d b (r, 2)dQ'

ds

Fopp(r, Q) = =g (r, Q). (28)

0

The constraint condition for the definite solution is
Fopg(r,Qy) =0at Q' = Q,

Therefore, substituting Eq. 26 and Eq. 27 into the
multigroup neutron transport equation Eq. 4 yields

_Q.v¢ (, _Q)+Etg(r Q)qb (r, 2)
G o
_gzﬂzo

g

e D YQF (r, Q)
e m;z Osg (29)

Z(v(r)zfm) Fopg(r.2)).

The definite conditions are shown as Q' =Q,,

Foe o (r,820) = 0, Fo 0 (r, 20) = 0

Thus, Egs. 24, 28, and 29 construct the neutron transport
equations in an exact differential form under multigroup
conditions.

3.4 Transformation of the two-dimensional angular
parameter

When the angular variable (2 is a two-dimensional variable,
it can be expressed using the directional cosines u and
azimuthal angle @ [1, 2, 5] in the neutron transport equation.
Thus, the angular integral of the neutron angular flux can be
expressed using Eq. 30:

Hi @
/¢(r,.Q’,E,t)d.Q’=/ du’/ o, ', @ E,Hdg'.

Ho Po
(30)

Similarly, the integral term can be transformed into an
antiderivative function by repeated integration and repeated
transformation. Considering the isotropic multigroup fission
source in Eq. 4, the integral terms in Eq. 27 can be expressed
as:

Hy (4]
/ P (r. ) = / a’ / B (ro i )l =
Ho Py

Hy
/ FO,f,g’,(p(r’ ﬂ,, @1)(1/4, = FO,f,g’,;up(r’ ,ula (pl),
Ho

€29

0% Fy s ot oot @) ;.
;)M'a(ﬂ/ =¢f,g’(r’/4 ’(P)

The constraint conditions for a definite solution are
as follows: p=py, Fore oty @) =0 @ =g,
FO,f,g’,u(p(r’ ”,’ (pO) =

Referring to Sect. 3.3, for the high-order scattering
multigroup neutron transport equation with a two-
dimensional angular variable, the high-order scattering

(r,u', @),

besides,

antiderivative function can be defined as F’ ()r:g o

and the flux density moment can be expressed as:

Q
Lm __ m ’ _
¢ = /Q Y@ )y (r, QAR = F" (7 1y, ).
0
(32)
The constraint conditions of the definite solution are
lm _ plm _
F()gg ”(p(r9/’l09¢/) F()Qg M(p(r7/4,9(p0)—0
Furthermore,
PPE  (r @)
0 m
s};/’:;ﬂa(p, = Y] (M/’ ¢/)¢g’(r9 l’l,s Q/) (33)

The neutron transport equations for other forms of two-
dimensional angular variables can be derived in a similar
manner.

To summarize, by antiderivative function transformation
of the integral term, the neutron transport equation can be

@ Springer
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converted into an exact differential equation consisting of
multiple antiderivative function terms. This is shown in
Eq. 34:

G(r, 2,¢,(r,82),2 -V, (r, 2),

Fom /(s 20), Fo g (r, ), kegt) = 0.

(34)

Simultaneously, the equations transformed from
antiderivative functions (Eqgs. 24 and 28) have a set of
corresponding constraint conditions for a definite solution.

For practical problems such as Eq. 34, if several integral
terms with an identical form exist, these can be combined
and simplified. The discussion is presented below.

Use[F, (l)":'g, (r, £2,)]and [Fof’g, (r, £2))]to represent the parts

of F (I)”’:yg,(r, Q) and Fy; ,(r, €,) that do not include constant
terms, respectively. For example, in Eq. 25, if the neutron
angular flux moment /| Qf‘ Y2 (r, 2')dQ' contains a
constant term in Ylm(Q’ ), the constant term should be shifted
outside of the integral term. Then, Eq. 25 is transformed into

. . .
[Fozg,(r,Ql)]. Meanwhile, using {[F(’)-:g,(r,gl)|[F0_f_g,(r,Q])]} to

represent a non-repetitive set, if identical formal terms exist

in [Fé”:’g, (r, )] and [Fy; ,(r, 2;)], these should be com-
bined. Therefore, Eq. 34 can be expressed in a simplified

form as:
G(r, 2, ¢,(r,2),2 - Vo, (r, 2),
{[F" (r, )], [Fo g (r, 21} kegr) = 0.

0,s,8’

(35)

The following theoretical section discusses the standard form
Eq. 34. Meanwhile, the numerical validation is calculated
using the simplified form Eq. 35, which is a specific form of
the neutron transport equation.

4 Generation of the loss function
for machine learning

Equations 21, 29 and 34 are obtained by transforming the
neutron transport equation. These can be solved based on
various basic theories and methods for solving differential
equations using deep learning. An important step was to use
a neural network function as the trial function, which was
substituted into the neutron transport control equation. This
equation was derived from antiderivative functions, con-
straints of definite solutions, and constraints of boundary/
initial conditions to generate the loss function. Considering
Eq. 34 as an example, the function represented by a fully
connected deep neural network can be expressed as [31]:

N(x) = f(x,w,b,l,n), (36)
where x is the input vector of the neutral network, N(x) is

the output of the neural network, w is the neural network

@ Springer

connection weight, b is the neural network bias term, [ is the
network depth, n is the number of hidden neural units, and f
is the activation function.

Additionally, the neural network can also have multiple
outputs. These can be used to represent a group of functions
with similar forms. For example, for a multigroup transport
equation, different outputs of the same neural network can be
used to represent the angular flux densities of different energy
groups.

4.1 Loss function of the neutron transport control
equation

Set Ny (x,,%0) = ¢, (r, ), NQ(’:R/ (%0 %q,) = Fot , (r, 2)),
N, Fory (x,,xgl) = FO,f,g’ ()cr,)c_Q1 ). The neural network vectors
X,, X, represent the spatial and angular variables r and €2,
respectively, in the neutron transport equation. The dimensions
of the vectors should be adjusted adaptively according to the
specific form of the neutron transport equation.

These equivalent relationships are substituted into Eq. 34
to obtain the loss function of the transport equation in the
residual form:

1 P P
Loss, = m)l,- [G(xr,xQ,N%(x,»xg),

Q- VN, () N (a3, 37
Npyy G ) ko)

where i represents the sample points. These sample points
can be generated according to a certain probability density
distribution or using different strategies based on the form
of the equation.

Note that when g = ¢/, the input and output of the N, (7, Q)
-represented ¢, (r, £2') in Eq. 37 and the N, (r, 22’ )-represented
Gy (r, ') in Eqgs. 24 and 28 are identical. Therefore, we use
N,(r, ") denoted N, (r, 22') in the following discussion.

4.2 Loss function of the equations transformed
from antiderivative functions

As for the transformation equation of the scattering source
integral term, shown in Eq. 24, set
N?Zs,g/ (ax0) = By (2 = Y] by (. Q) Ny, (520 = 6 (. 2, the
loss function of the equations transformed from antiderivative
functions can be obtained:

Loss. , = —2%2.|N

li|
/ e
YN, ,xiq)] .

lm 1 1Lm i i\
il: FO,,s,g’ xr’ x.Q’)

(38)
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Similarly, for the transformation equation of the fission
source integral term (Eq. 28), by setting
NFW, (x,,x,) = Fogq(r, QY = by (r, "), the loss function

can be obtained:

1 o
Losspg g = T % [N CE )
Lo 39)
—N%(xr,xg, ] .

4.3 Loss function of constraints of the definite
solution for the antiderivative function

The constraint on the definite solution for the antiderivative

function can be represented as a data-driven loss function.
With regard to the constraint condition Q' = Q,

F(l)":g,(r, £,) = 0 of the scattering source integral term
. . 1, 1,

Eq. 24, by setting NF(’)Z#, (x5 xg,) = FO”:g,(r, Q,), the loss

function can be obtained:

Losst = Ly fntn iy pin ol )

Osan,s,g’ - Ul T Fosg Xps Q 05,8’ Xps Q

s (40)

1 1m J J
=% [NF o, )/QO)]
where j represents the machine learning sample point in the
range of the constraint term.

Similarly, for the constraint condition £’ = €,
Foto(r, £2)) = 0 for the fission source integral term Eq. 28,
by setting NFm, (X, xq,) = Fozg(r, £)), the loss function
can be obtained:

1
Ul
= ﬁzj |:NF0,f.y/ (xj;’ x]-éo )]

Zi [NFof,g/ ('x]r’ XJ.QO) - F 0.f.¢" (xi" , o)]
) (41

Lossp, o =

In Eqgs. 40 and 41, X , Tepresents the j-th sample point of the
neural network angle input variable x,, which is equal to £2,.
The corresponding x’r sample point values should cover all
the value domains of variable rin F ézg,(r, Q0), Fog0(r, £2)

4.4 Loss function of boundary condition

The neutron transport equation should have additional
boundary and initial conditions to obtain a solution. In
this case, we can refer to existing deep learning methods
for solving the neutron diffusion and transport equations.
Based on the various forms of boundary conditions,
additional boundary/initial condition loss functions should

be set for the corresponding neural network functions and
their corresponding differential forms [12, 13, 18, 19]. If
the equation contains a time term, the corresponding initial
condition should be set. The multigroup transport equation
has the following form:

1 2
Loss,, = 7% [V, (5,65 = Ky 04,2 2)

where K¢g (r, £2) is the boundary function of the angular flux
density equation for the g-th energy group. k represents the
machine learning sample point on the boundary domain. The
values of r and €2 are extracted at the boundary of the
equation. Their forms are determined based on the specific
forms of the boundary condition of the neutron transport
equation, such as the vacuum and reflection boundaries.
As an example, the form of a nonnegative boundary loss
function can be expressed as:
1

LOSSb,g’abs = _Ek [Nqbg(xl;’xlé) - ’Nd)q(x];yx]}J)H

2
|| .

43)

4.5 Weighted loss function

Different neural network functions are used as objects to
construct the weighted loss functions.

(1) Weighted loss function of the angular flux density

With regard to the neural network N¢g(x,,xg) of the
angular flux in the neutron transport equation, the
corresponding equation and boundary condition loss
functions are selected and weighted to obtain the
corresponding weighted loss function. If the output of each
neural network represents the angular flux of the different
energy groups, the weighted loss function for each group is

Lossd,g’an = P¢Loss¢g + PyLossy, ,. (44)

If multiple outputs of a neural network function are used
to represent the angular flux of different energy groups, the
overall loss function for the neural network is

G
L0ss¢g’an = Z(P¢Loss¢g + PbLossb’g), (45)

!

g'=1

where P, Py are the weights corresponding to the flux and
boundary/initial condition loss functions. These can be
determined based on experimental experience.

(2) Weighted loss function of the antiderivative function
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Similarly, according to the different neural network
functions N (x,,x_Q,) NFor (x,,Xx¢), we construct the
correspondmg weighted loss function.

The weighted loss function for the scattering source inte-

gral term neural network N (x X¢) and fission source
integral term neural network N Fore L (x,,x¢y) are shown:

lm
F.s

lm

Loss”
s,g’,all

= PpLoss; s P, bLoss

e (46)

Lossg g a1 = Ppglosspg g + Py fLoss Fotg 47)
where Pr, P, represent the equation transformed from the
antiderivative function of the scattering source integral term
and the corresponding determined solution loss function
weights, respectively. Pr¢ and P, represent the equations
transformed from the antiderivative function of the fission
source integration term and the corresponding solution loss
function, respectively.

If Eqs. 46 and 47 use multiple outputs of a neural
network function, these can be represented as:

G
LosssGdn Z (PF sLoss s PdsLossF g ) (48)
g=1
G
L
Loss; g a1 = Z (PF’fLossF’ﬂg/ + Pd,fLOSSFT,f,g)' (49)
g'=1

The various weight values of the loss function P included
in Egs. 44—49, as well as the number of layers / and number
of hidden neurons » in Eq. 36, are hyperparameters in the
deep learning process. Their values are typically determined
and optimized using experimental methods. With regard to
the selection of various loss function weights, this paper
recommends the following operation: set P, = 1 as a fixed
benchmark, with other weights Py, P, P, Py, Py s rang-
ing between 10 and 50. During the machine learning train-
ing process, these weights are adjusted dynamically based
on a decrease in the loss function. An effective dynamic
adjustment strategy formulated based on the experiments
in this study is as follows: During the training process of
machine learning, it is advantageous to sequentially decrease
the weight values of P according to the decrease in loss func-
tion, excluding P,. Their values decrease gradually from
large to small. This approach can improve the performance
by reducing the loss function, thereby enhancing the effi-
ciency of the M-AIM.
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Fig. 1 Calculation process of M-AIM for neutron transport equations.
The figure illustrates the calculation process of M-AIM, which con-
tains three neural networks N¢g (X, x0), Niﬂm , and NFM through

alternating iterations

5 Framework of deep learning

After transforming the transport equation into an exact
differential equation using an antiderivative function
and defining the loss functions for each neural network,
we can apply automatic differentiation techniques [32]
to perform iterative deep learning in an alternating
manner. This process is based on standard architectures
such as PINN [12] and extends to improved architectures
designed for solving various differential equations [33,
34]. It systematically minimizes the loss functions of all
the neural networks involved. Consequently, the neural
network output, which represents the neutron flux density,
serves as a numerical solution to the neutron transport
equation.

Please note that the eigenvalues in Eq. 34 can be
derived using conventional source-iteration methods.
The approach presented in this study is designed to be
integrated into an iterative process, specifically within
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the inner loop. Furthermore, we may utilize specialized
deep-learning-based indirect methods to determine the
eigenvalues [19]. In addition, the direct search method
proposed in [35] was designed to concurrently optimize
the eigenvalues and weights of the neural network. In the
following discussion, we use the conventional source-
iteration method to solve for k.4

In the multigroup transport equation, the deep learning
process utilizes weighted loss functions, as detailed in
Eqs. 44-49. It involves iteratively adjusting the neural
network functions N¢ (X, x0), (x,,xg,) and
NFox L, (x,,xq) related to the terms w, b in Eq 36. This is
o all’ Lossy g o~ At this

point, the output of N¢g (x,,xg) is approximately ¢, (r, £2).

aimed at minimizing Loss¢ all> Loss™

In practice, specific convergence criteria for machine
learning are generally established based on the loss
function values or number of iterations. For example, if all
the loss functions fall below a predefined minimum
threshold e, the machine learning process is considered
complete. Alternatively, the maximum number of
iterations N can be set for the machine learning process.
Training ceases when this limit is exceeded.

In the case of a neural network with a single output, the
convergence criterion dictates that all the loss functions
and iterative parameters of the source-iteration method
should be below a predefined threshold €. When this con-
dition is satisfied, the training procedure is illustrated in
Fig. 1.

In this figure, the loss functions for the unknown
function of the angular flux, as well as for the antiderivative
function of the scattering and fission sources, are defined
by Egs. 44, 46 and 47.

6 Numerical results

6.1 Critical homogeneous single-group problem
of slab geometry

To facilitate a comparison with the theoretical values, we
first verified the critical form of the single-group planar
geometric first-order anisotropic scattering source Eq. 6. k.4
was set equal to 1.0. A set of geometric and cross-sectional
parameters that are theoretically critical for verification were
identified.

The isotropic form of Eq. 6 for a single group is

0¢(x )
0x

+ LMo ) = 5 so(x)/ GCx, u)dy’

V(X)Zf(X) / e

(50)

Analyzing and comparing Egs. 6 and 50 for a single group
revealed the difference to be in Eq. 6. This equation includes
a first-order scattering term %ZM x)u /_11 W p(x, u)dy'. The
integral of the first-order scattering source is symmetric at
approximately zero. Therefore, this scattering source term
affects only the shape of the flux and not the eigenvalue
of the equation. It is independent of the value of the first-
order scattering cross-section X, (x). Therefore, if a set of
geometric cross-sectional parameters is identified, Eq. 50
satisfies the critical condition, and the corresponding Eq. 6
is critical.

Problem setup: We assumed slab material properties
T, =0.050cm™!, £, =0.030cm™!, £, =0.001705cm™!,
and vZ; = 0.0225 cm~L, and vacuum boundary conditions on
both sides of the plate. According to the literature [2], the
parameter C = (X + vZ;)/%, related to zeroth-order
scattering cross-sectional data is equal to 1.05. The critical
geometric half-thickness of the problem is
b =3.300263772 cm, A = 66.00527544 cm. Here, A = zi[ is

the neutron mean free path. At this time, k4 = 1. This
indicates a critical state.

For the single-group form of the first-order scattering
equations (Eq. 6) according to the M-AIM described in
Sect. 3.3 and the simplified form Eq. 32, we obtain

a
WP 43 (@t 1) = 22O 1]
V(X)Z(x)
+ EZSI(X)M[F&S(X, D]+ T;[Fo,f(x, D).
(€29)
At this point, the constraint of defi-

nite solution for the antiderivative function is
= —L[Fp (e =Dl = [F) (&, =] = Foglr, 1) =0,

and [Fl . DI=%,  [F"x D],

[Foe O k)] = [Fo. 0 i) = x, i), [Fy 06 i) = 1/ i, -
It is observed that in Eq. 51, both zeroth-order scattering
and fission sources are isotropic, and
FO 0(x u)] = [Foe(x, 1 ")]. Therefore, when neural networks
N¢(x u) are used to represent ¢(x, 1), the zeroth-order
scattering source neural network Ngoo (x, #') is equivalent to

the fission source neural network NFOf(x, 1) (which
simplifies to a single neural network N Fy f(x, ")), whereas
the first-order scattering neural network N, Fl (x, p') is repre-

sented separately. This forms a total of three neural net-
works. The machine learning process shown in Fig. 1 can be
simplified.

The machine learning method and parameter selection
were as follows: the neural network was set to (n = 20) and
(I=9), the tanh activation function was applied, the network
was initialized with a Gaussian random distribution, and
the ADAM machine learning algorithm was employed [12,
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19, 29]. The learning rate started at 1 x 10~ and decreased
gradually to 5 X 1077 as the number of learning iterations
increased. It stopped after 1 x 10~ iterations. To accelerate
the convergence, referring to the literature [19, 29], a feature
value constraint ¢(0, +1) = 0.2 was set. The number of sam-
ple points for the control equation was 8000, and 100 sam-
ple points were considered under the boundary conditions.
The weight coefficient of the loss function is an empirical
parameter. The strategy of this study was to use P,=1 as a
benchmark and periodically replace different values of Py,
Pr, Prg, and P, with values ranging from 10 to 50 during
the training process. The hardware was equipped with an
Intel Core i9-11900K CPU and NVIDIA RTX A2000 GPU.

Figure 2 shows the flux density equation ¢(x, i), anti-
derivative function of the zeroth-order scattering source/fis-
sion source [Fgf(x, w1/[Fy(x, 1)], antiderivative function
of the first-order scattering source Fé’s(x, u), and numeri-

cal calculation results ,u[F(l),s(x, 1)]. Figure 3 compares the
center-normalized scalar flux and the reference solution,
including the theoretical values, calculation results from
OpenMC [36], variational nodal methods (VNM) [37], and
residual network (ResNet) [38].

As shown above, the application of deep learning tech-
niques successfully produces flux solutions that align well
with the theoretical values. Furthermore, it provides a con-
tinuous flux distribution under anisotropic scattering con-
ditions. It is noteworthy that the impact of the higher-order

Fig.2 (Color online) Result
of single-group slab geometric

Eigenvalue constraint

anisotropic transport prob- 03+
lem. It shows the numerical 025
calculation results of the critical 02
single-group slab geometric Sos
anisotropic transport problem, ° o
including the antiderivative 005

functions of different orders 0
(zeroth-order scattering source/

zero-order fission source/first-

order scattering source) and

continuous numerical solutions

for angular flux. a Angular flux

@(x, p) distribution; b distri-

bution of the antiderivative

function [F{(x. )]/ [Fos(x. w);
¢ distribution of the antideriva-
tive function [Fé’s(x, w)];and d
distribution of the antiderivative
function u[F (l)ys(x, 1)]

()]

1
Fos
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Fig.3 (Color online) Results of center-normalized scalar flux, which
contains the scalar flux at different positions of the critical single-
group slab geometric anisotropic transport problem

scattering terms ,u[F(l)’s(x, 1)] on the flux density is sym-
metric about zero. This demonstrates that these scattering
terms affect only the flux shape and not the equation k4.
Additionally, the experiment revealed that the M-AIM can
be applied to various deep learning frameworks such as
fully connected neural networks and residual neural net-
works. This demonstrates its good applicability (Table 1).

Constraint of the definite sol

Ol [F g (xn))

0,0,
Fos

(®)

(1)

1
0’

nlF,

(@
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Table 1 Flux results of different locations for single-group slab geometry

Different values for x/b

Method 0 (center)

Actual calculation
value (M-AIM)

Normalized calculation 1
value (M-AIM)

Normalized theoretical 1
value

Normalized VNM 1
value

Normalized OpenMC 1
value

Normalized ResNet 1
value

M-AIM: mean-squared error relative to theoretical value
M-AIM: mean-squared error relative to VNM value
M-AIM: mean-squared error relative to OpenMC value

ResNet: mean-squared error relative to theoretical value

0.49994469 0.47717363

0.25 0.50 0.75 1.00 Time (min)
(boundary)

0.40185571 0.27500153  0.13455909 505
0.95445284  0.80380034 0.55006390 0.26914796 /
0.94714400 0.79372641 0.55329025 0.21419206 /
0.94965777 0.79561143  0.55840989 0.23590973 0.03
0.94440551  0.81270187 0.55785209 0.25272043 2.5
0.88963412 0.77045493  0.54105856 0.26854225 450

7.59151071 x 10~
3.58673270 x 10~
2.56903029 x 10~
1.54500122 x 1073

Theoretical values are available in reference [2]

R ¥:x%145.5436358cm

material@

Fig.4 (Color online) Geometric diagram for non-critical single-
group multi-material problem

6.2 Non-critical multi-material single-group
problem of spherical geometry

Problem setup: Two materials are used for spherical fuels
(Fig. 4) with vacuum boundary conditions on the outer
surface.

The spherical geometry consists of two regions com-
posed of two materials. The material parameters are listed
in Table 2.

The basic equation for the anisotropic transport problem
of a single-group spherical scattering source is given by
Eq. 7. Applying the antiderivative function transformation
method described in Sect. 3.3, we obtain

Table 2 Material properties of non-critical single-group multi-mate-
rial region of spherical geometry

Material % (em™)  E(em™) I (em™)  vE(em™)
number
) 0.05 0.03 0.001705 0.0255
@ 0.05 0.03 0.001705 0.023625
0p(r, ) | 1 — p? og(r, p)
U + Z(r)p(r, w)
or r ou
1 0,0 3 1
= Ezso(r)[FO,s (-xs 1)] + 5251(r)ﬂ[F0,s(r’ 1)] (52)
u(r)Ze(r)
+ W[Fo,f(r, DI
The constraints of the definite solu-
tion for the antiderivative function are

po = =1, [Fg0x, =] = [F} (x,—1)] = [Fyz(x, =] =0
Similar to Sect. 6.1, three neural networks are used to rep-
resent the flux, first-order scattering source antiderivative
function, and zeroth-order scattering and fission source anti-
derivative functions. Because the zero-order scattering and
fission source integral terms have an identical form, these
can be represented using the same neural network.

The machine learning method and parameter selection
were as follows: the neural network was set to n = 40 and
I =9, and the eigenvalue constraint was ¢(0, 4) = 0.5, and
the other parameters were identical to those in Sect. 6.1.
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Table 3 Calculation result for

¢ ! Method kg ko Mean-squared ~ Time (min) Lossg Loss™® Loss!
single-group spherical geometry Jrelative  error of scalar ’ s.all sal
error flux
M-AIM  1.0218 —0.0053 1.9200x 1073 764 6.7260 x 10~ 3.2938 x 107 1.3420 x 10~°
OpenMC 1.0272 / / 2.0 / / /

The relative error and MSE of flux were obtained using the results obtained by the M-AIM and

conventional methods

Eigenvalue constraint

o o
o o
Y

1 [Fg )

o o
o ®

0,0,
05!
o
S

[F,
o
o

Boundary constraint

—o

Fig.5 (Color online) Result of single-group spherical geometric
transport problem. It shows the numerical calculation results of the
non-critical single-group spherical geometric anisotropic transport
problem with two materials. These include the antiderivative func-
tions of different orders (zeroth-order scattering source/zeroth-order

1.2 T r
Network calculation value
1 oo * OpenMC calculation value
X 08
o
=
= 06
5
S0 04r
[=N=)
By
0.2 *
0 1 .
0 0.5 X 1 1.5

Fig.6 (Color online) Normalized flux at the spherical geometric

center of a sphere. It contains the scalar flux at different positions of

the non-critical single-group spherical geometric anisotropic trans-
port problem with two materials

041 Constraint of the definite solution

Constraint of the definite solution

(x,1)]

1
Fos

fission source/first-order scattering source) and continuous numerical
solutions for angular flux. a Angular flux density ¢(x, ) distribution;
b distribution of the antiderivative function [Fgf(x, W1/ [Foe(x, w]; €
antiderivative function [F(l)s(x, u)] distribution of the first-order scat-
tering source

Figure 5 presents the numerical results of the equation’s
flux density ¢(x, u), zeroth-order scattering source/fission
source antiderivative function [Fgf(x, W1/[Fog(x, 1)], and
first-order scattering source antiderivative function [F (l),s(x, w1
Figure 6 shows a scatter plot of the normalized scalar flux in
the central region for the spherical geometry. Table 3 presents
the comparative calculation results for the eigenvalues between
the M-AIM and OpenMC, as well as the final loss function.
The numerical calculation results validate the accuracy of the
M-AIM while also providing a continuous distribution of the
angular flux density.

Table 4 Material property in

-1 em-=1
the calculation region of two- 8§ E(em™) vE (em™)
group slab geometry 1 033285210  0.01266922

2 044925527  0.22110247

XA’ Zs,O,g—l (Cm_l) 2s,O,)e,'—Z (Cm_l) Zs,l,;g'—l (Cm_]) Zs.l,g—Z (Cm_])
1 0.31876071 0.00093413 0.00730600 0.00004500
0 0 0.31466259 0 0.00129800
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6.3 Non-critical homogeneous two-group problem
of slab geometry

Problem setup: For the two-group single-material region
problem in a slab geometry, with geometric parameters as
in Sect. 6.1 and the material parameters listed in Table 4,
the basic forms of the two-group slab theory and transport
equations are given by Eq. 6 and a detailed explanation in
Refs. [1, 2, 5]. Referring to Eq. 29 for the antiderivative
function transformation equation, we obtain

-

p2E 4 3 )y () =
%(2&0,1_, (x)[Fgf L0 D1+ 20 (OIF L, (6 D)
+2 (g @HLFY 06 D]+ 250 @ulFL 6 D)
< +2k]:((\/zf(x))1 [Fo,f,l(x7 D]+ (sz(x))z [Fo,f,z(% D) %
p 2B 4 3 (s, 1)
= %(ES,OJ_Z(X)[FOOL(X D]+ 2,0, ,OIFy

+2(Zg 11 @uIF] G D]+ 2 5 o(ul

RER)))
O,S,z(x, DD

(53)
At this point, the constraints of definite solution for
the antiderivative function [Fool(x -], [F*0 (x,=1)],

0,s,2
[Fé,s,l (-xs - 1)]5 [Fé,s’z(x’ - 1)]’ [F(),f,] (-x9 - )]9 [F()’f,z(-x’

set to be equal to zero. Different neural networks were used
to represent the flux densities of the subgroups and the anti-
derivative functions of the scattering source/fission source
in Eq. 53. Similar to Sect. 6.1, the zeroth-order scattering
source antiderivative function is equivalent to the fission
source antiderivative function. These can be combined and
simplified to yield a total of six neural networks.

The machine learning method and parameter selection
were as follows: The eigenvalue constraint for the fast group
was ¢,(0,—1) = ¢,(0, 1) = 1. Furthermore, the eigenvalue
updating method adopted the source-iteration method with
other network parameters, loss functions, and sample gen-
eration methods, as described in Sect. 6.1.

Because this problem does not have an analytical solu-
tion or theoretical estimate, the results of the M-AIM were
compared with the normalized scalar flux calculation results

—1)]were

Table 6 Results of loss functions for non-critical two-group scalar
flux of slab geometry

Energy group Loss, Loss(:"g,an Loss\ Gall
Fast(g = 1) 5.0392x 107*  4.7992x 1077 6.6793 x 107°

Thermal(g =2)  1.4554x10~°  3.5532x 10~*  1.4946 x 10~

6.4 Fixed-source homogeneous single-group
problem of infinite cylindrical geometry

Problem setup: For the fixed-source single-group infinite
cylindrical geometry single-material region problem,
the parameter radius R = 1.08225766 m. The material
parameters are identical to those described in Sect. 6.1 under
the zero-flux boundary condition. According to literature [1,
2, 5], the basic form of a transport equation with first-order
anisotropy is as follows:

\/1——/42<cos¢i _sing 0 >¢(V Hs @)

or r 0@ 54)
+ Z[d)(r’ H, (0) = Qs + Qf’
where Q = - So(r)/ / dQ,dﬂ/ + ﬁzs,l(r)/’l /—11 /()2”

. 1 2n
G )u’d(p’du + 2201 = p) Psing [ [
¢, 1, @)1 = p)Psing'dg'dp’ + 22 (n(1 — i)'/
1 2r
cos [ [ plr, 1, @) (1 — u'?)1/?
O = 0.2cos<ﬁ>.
The above equation was transformed using the method

described in Sect. 3.4 and the simplified transformation form
of Eq. 34 to obtain:

\/1—2< oP(r, 1, p)
- u?{ cosp——" -

cos@'dg’dy’

sing 0¢(r, u, @) >

r do (55)
+ Zp(r, 1, @) = Qs + O,
where 0= LX ()|F0Y, 01.20] + 25,0)n
[Féf o 1,27;)] + 2 ()(1 = @) sing [ng e 1,27;)]

obtained using conventional methods (both normalized
8 ( +22,000 = 1) Poose|Fy!r1,20)]

based on the scalar flux value at x = O for the fast group).

This is shown in Fig. 7 and Table 5. The results of the loss g = 0.200s<% )

functions are listed in Table 6.

Table 5 .Calculation result for Method kg keg/relative error MSE of flux Time (min)

non-critical two-group scalar

flux of slab geometry Fast group Thermal group
OpenMC 0.9710 —-0.0076 5.1988 x 1074 1.3964 x 1073 6
VNM 0.9700 —0.0037 4.9479 x 1074 1.3614x 1073 0.06
M-AIM 0.9636 / / / 2360
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Fig.7 (Color online) Flux result
for fast/thermal group at dif-
ferent positions of non-critical
single-material two-group slab
geometry scattering source
anisotropic transport problem. It
shows the numerical calculation
results including the antideriva-
tive functions of different orders
(zeroth-order scattering source/
zeroth-order fission source/
first-order scattering source)
and continuous numerical solu-
tions for angular flux. a Fast
group flux density ¢, (x, u);

b thermal group flux density

@, (x, p); ¢ distribution of the
fast group antiderivative func-
tion [Fo, (x, 1)1/ [Fy 1 (x, w)l;

d distribution of the thermal
group antiderivative function
[Foy (s i1/ [Fogo(x )] @
distribution of the antideriva-
tive function [F (l)’s’l(x, )] of the
first-order scattering source in
the fast group; f distribution

of the antiderivative function
[F (1),5’2(x, 1)] of the first-order
scattering source in the thermal
group; g center-normalized
scalar flux of fast group; and h
center-normalized scalar flux of
thermal group

Eigenvalue constraint

2 Constraint of the definite solution

Constraint of the de’

-05

DpXit)

Constraint of the definite solution

# VNM calculation value

Network calculation value %

OpenMC calculation value|

#
[Fo 2011

* Network calculation value %
¢ # VNM calculation value \
OpenNIC calculation value|

-0.8 -0.6 0.4 -0.2 0 0.2
X
®
VR GRTR )
In Eq. 55, it is given that 2 OS““I’;I/J =i, ),
VR GNTR )
e = P o .
21—l ]
Mo 00— i /(1 = ™) Psing! ,
2rplid ]
Pl 0 = i @1 = 1) Pcosg.
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At this point, the following are the constraints of the defi-
nite solution for the antiderivative function:

[F20 (=L@ = [FS0 (o, 0)] = [FOO (. 0,0)] = 0
[Fo. ol 9l = [FY0 o 0] = [FY (r.0,0)] =
[ 05;4¢>(r —1L, @)l = [Fy,,0r 1, 0] = [F, _l¢(r 0,0)] =
[Fot po=L@)] = [Fy) (r, 1,00 = [Fy) (r,0,00] =0
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The angular flux density ¢(r, u, @) is represented by neu-
ral network N¢(x,,xu,xq,). Let Ng;o represent the zeroth-
Y

order scattering source antiderivative function and N }pm
0,8,4¢p

represent the first-order scattering source antiderivative
functions for different values of m.

NE™ (X X5 X ) = [Fl‘”‘ (r, u’,(p’)]. Machine learning

Fosue O.s,1
was performed according to the complete process illustrated
in Fig. 1.

The machine learning method and parameter selection
were as follows: The neural network was set with n = 100
and / = 5. The other parameters were identical to those in
Sect. 6.1.

The zeroth-order scattering source antiderivative function
FoO (r, u, @), first-order scattering source antiderivative

0.s,10
function Fé:gyw(r, ", @), F(]):;ll‘(p(r, ", @), Fé”sl’w(r, U, @), and
the angular flux density ¢(r, u, @) at r = 0.5 m are presented
in Fig. 8. Additionally, the results for the angular flux density
¢(r, u, ) and the flux in the cylindrical geometry for
variable r are also provided. In addition, Fig. 8 compares the
results of the DL method [39, 40], OpenMC [36], and
discrete ordinate discontinuous finite element method
(SN-DFEM) [41]. The DL method uses a fully connected
neural network to solve the conventional transport equation
in a differential-integral form (Eq. 54). The integral terms in
Eq. 54 adopts the conventional numerical integration method
for finite integral sums as follows: | b p(x)dx = Z;':] w;p(x;)

Table 7 compares the results and final loss function.
MSE),;c represents the mean-squared error with respect to
OpenMC. MSEg represents the mean-squared error with
respect to the SN-DFEM. The results indicate that the
M-AIM and DL method display comparable accuracies.
However, the training time of the M-AIM was approximately
93% shorter than that of the DL method. Compared with the
DL method for solving the original differential-integral form
of the transport equation (Eq. 54), the M-AIM for solving
Eq. 55 has a significant advantage in terms of computational
efficiency.

To analyze the performance of the adjustment strate-
gies, several numerical experiments were conducted. We
set the weight of the governing equation loss term to one.
The other loss terms used different weight values. The first
five sets used fixed weight values, whereas the last three sets
employed a dynamic adjustment strategy. All the cases were
trained 500 times. Table 8 presents the results for different
PB weight values. Figure 9 shows the weight values of the
PB in the fixed-source homogeneous single-group problem
with an infinite cylindrical geometry. The results indicate
that the weight values of the loss terms affect the accuracy
of the model. Experiments 1-5 could not achieve optimal
computational results using fixed weight values. In contrast,

experiments 68, which employed adaptive adjustment strat-
egies, dynamically adjusted the weight values within the
range of 10-50. This yielded a higher precision. Therefore,
in actual hyperparameter settings, a dynamic adjustment
strategy can be adopted to achieve better computational
accuracy. The actual dynamic adjustment strategies depend
on specific problems, and the hyperparameters can be deter-
mined and optimized based on experiments and experience.
No “one-size-fits-all” adjustment strategy exists for any
problem.

To summarize, the above verification demonstrates that
the proposed M-AIM is applicable to various critical/non-
critical neutron transport problems under different conditions
including different energy groups, typical geometries (slab,
sphere, and cylinder), and one/two-dimensional angular
variables. It is also suitable for fixed-source and eigenvalue
problems that involve higher-order scattering. It provided
continuous numerical solutions for the neutron transport
equation under anisotropic scattering conditions. The
numerical calculation process was standardized, and the
results showed good precision.

However, the aforementioned examples indicate that
compared with conventional numerical methods, deep
learning requires more time. This is a common challenge
confronted by the current numerical methods using deep
learning. The directions for improvement include using
higher-performance GPUs and adopting large-scale
parallel technology to reduce the training time. In addition,
improvements can be achieved using transfer learning,
training differential operators, and optimizing the structure
of deep neural networks to reduce the training time.

7 Summary

This study addressed the challenges confronted by the cur-
rent deep learning techniques when solving the neutron
transport equation with anisotropic scattering sources. It
introduced the multi-antiderivative transformation alternat-
ing iterative deep learning method (M-AIM). The method
employs multiple antiderivative functions to transform the
transport equation. This transformation converts the inte-
gral—differential form of the transport equation into an
exact differential equation suitable for deep-learning-based
solutions. Subsequently, multiple neural network functions
were used to map the unknown angular flux and antideriva-
tive functions. Deep learning was then performed using an
alternating iterative method to obtain numerical solutions
for each antiderivative function and unknown angular flux
density function. Finally, the correctness of the theory and
related methods was verified through the numerical results
of typical problems. This research has laid the foundation
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Table 7 Calculation result for fixed-source single-group problem of cylindrical geometry

Method  MSEy MSEgy Time (min)  [os s(?"on Los. sl,’,on Los. 51;'—111 Los. Sl,',]u Loss gy
M-AIM  6.4125x10™°  6.6431x10=° 1442 1.0242x107%  1.1836x 10™®  1.0453x 10 2.0745x 10~® 1.8186x 107>
DL 7.9087x107%  5.7365x10°%  2005.7 / / / / 1.7098 x 1073

Table 8 Results of different weight values of PB in the fixed-source
homogeneous single-group problem of infinite cylindrical geometry

Number Weight MSEmc MSEsn Lossy

1 100 1.1176 x 107*  1.1459 x 10™*  4.0336 x 107°
2 80 33023 x 107 3.2613x 10™* 2.0588 x 107°
3 50 1.0796 x 107*  1.0657 x 10™* 1.9826 x 1076
4 30 2.0696 x 10> 1.5756 x 10~ 1.0382x 107°
5 10 4.1371x 107 4.0113x 10~ 7.6040 x 1077
6 strategy 1 1.3919x 1075 1.0784 x 10~ 1.4721 x 107°
7 strategy 2 1.6479 x 10~ 1.1058 x 10~ 7.1233 x 10~/
8 strategy 3 1.5255x 10~ 1.0176 x 10~  7.6950 x 1077

for solving more complex neutron transport equations in
geometry and energy groups using deep learning methods.
New technical approaches for numerical calculation methods
of anisotropic scattering neutron transport equations were
evaluated.

The current numerical solution methods for transport
equations using PINN are still in the early stages of research.
Numerous unknown challenges need to be addressed
urgently. The areas that deserve particular attention include
the following:

¢ Enhancing the training efficiency of deep learning mod-
els: As described in the numerical experiments in this
paper, the current training time for deep learning models

is relatively long, and the convergence speed should be
improved significantly. Adopting advanced neural net-
work structures, machine learning optimization algo-
rithms, and large-scale parallel technology based on
specialized GPU hardware is recommended to enhance
the computational efficiency.

Strengthening the generalization capability of deep
learning models: Currently, deep learning models
exhibit good generalization capabilities for non-training
data samples within the solution space. However, for
regions outside the solution space, particularly for
problems with different cross-sections and geometries,
the generalization capability of the model is weak. It is
necessary to achieve improvements through methods
such as transfer learning and the training of differential
operators.

There is an urgent need to perform uncertainty analy-
ses and assessments of deep learning models to enhance
their interpretability. Numerical solution methods and
the related software for neutron transport, which play a
role in reactor engineering, are crucial for nuclear safety.
Thus, these require rigorous verification and uncertainty
analysis. However, the “black box” characteristics of cur-
rent deep neural networks complicate this process. This
necessitates a thorough uncertainty analysis and assess-
ment before these can be applied in practice. A feasi-
ble approach is to provide a comprehensive uncertainty
assessment for deep learning models by referring to the

Fig.9 (Color online) Differ- 50 . . r . : Y : . g
ent weight values of PB in the - strategy 1
fixed-source homogeneous + strategy 2
single-group problem of infinite TR e I W strategy 3 | |
cylindrical geometry 0
m 30 7
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evaluation methods of conventional numerical methods.
Furthermore, it is important to develop new methods that
can improve the interpretability of deep learning models
and ensure their reliability and safety.
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