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Abstract

Leveraging high-precision lattice QCD data on the equation of state and baryon number susceptibility at a vanishing chemical
potential, we constructed a Bayesian holographic QCD model and systematically analyzed the thermodynamic properties of
heavy quarkonium in QCD matter under varying temperatures and chemical potentials. We computed the quark-antiquark
interquark distance, potential energy, entropy, binding energy, and internal energy. We present detailed posterior distribu-
tion results of the thermodynamic quantities of heavy quarkonium, including maximum a posteriori (MAP) value estimates
and 95% confidence levels (CL). Through numerical simulations and theoretical analysis, we find that an increase in the
temperature and chemical potential reduces the quark distance, thereby facilitating the dissociation of heavy quarkonium
and leading to a suppressed potential energy. The increase in temperature and chemical potential also raises the entropy and
entropy force, further accelerating the dissociation of heavy quarkonium. The calculated results of binding energy indicate
that a higher temperature and chemical potential enhance the tendency of heavy quarkonium to dissociate into free quarks.
The internal energy also increases with rising temperature and chemical potential. These findings provide significant theo-
retical insights into the properties of strongly interacting matter under extreme conditions and lay a solid foundation for the
interpretation and validation of future experimental data. Finally, we also present the results for the free energy, entropy,
and internal energy of a single quark.

Keywords Holographic QCD - Bayesian inference - In-medium heavy quarkonium - Thermodynamics of heavy
quarkonium

1 Introduction

Ultra-relativistic heavy-ion collisions at the Relativistic
Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC) are believed to have created a new state of matter
known as the Quark—Gluon Plasma (QGP) [1-14]. In these
extreme environments, heavy quark systems serve as sensi-
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tive probes, enabling the investigation of QGP properties
and the underlying strong interaction dynamics governed by
Quantum Chromodynamics (QCD) [15-21]. Heavy quark-
antiquark pairs form bound states through strong interac-
tions mediated by gluons. It has been pointed out that owing
to the formation of the hot and dense QGP medium [22],
these pairs have a maximum dissociation distance, beyond
which the pair becomes unstable and separates. The inter-
quark potential governs the formation and stability of these
bound states. As the temperature and density intensify,
the medium’s color screening effect weakens the binding
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potential between heavy quarks, prompting dissociation—a
hallmark phenomenon signifying the transition from con-
finement to deconfinement. Hence, exploring the in-medium
heavy quark potential has emerged as a pivotal endeavor
for deepening our understanding of hadronic structure and
shedding light on the fundamental nature of QCD matter.
Furthermore, the concept of the holographic potential for
heavy quark-antiquark pairs was systematically introduced
for the first time in [23], providing a theoretical foundation
for investigating the structure of hadrons and the dynamics
of QCD [17, 18, 24-47].

Heavy-ion collisions thus provide a unique and pow-
erful experimental setting for probing QCD matter under
extreme conditions. However, fully interpreting these experi-
ments through lattice QCD simulations at finite chemical
potentials is hindered by the fermion sign problem [48, 49],
which severely limits numerical calculations in regions of
high density. Although several innovative methodologies
[50-61] have been developed to circumvent this obstacle,
a complete and rigorous first-principles theoretical descrip-
tion of strongly coupled QCD matter under experimental
conditions remains elusive. Consequently, complementary
theoretical frameworks, particularly holographic QCD
approaches inspired by the gauge/gravity duality from string
theory, have gained prominence. Presently, the "top-down"
approach is centered on constructing a realistic holographic
QCD theory derived from string theory [62—-66], whereas the
“bottom-up” approach prioritizes the development of holo-
graphic model [67-73] informed by experimental observa-
tions and lattice QCD data. For instance, the incorporation
of black hole configurations in five-dimensional spacetime
to elucidate boundary phenomena at finite temperatures,
along with the exploration of broader theoretical frame-
works, constitutes pivotal research directions in this field
[34, 38, 74-79].

Within the framework of holographic theory, the dissocia-
tion of heavy quark bound states in QGP medium have been
extensively studied [80, 81]. These heavy quark bound states
can be geometrically represented by open strings [82, 83]
whose endpoints correspond to a heavy quark and antiquark
pair located at the spacetime boundary, separated by an inter-
quark distance L. In such models, the thermodynamics of QCD
matter at finite temperature is mapped onto a five-dimensional
black hole geometry, where the gravitational attraction of the
black hole horizon dynamically captures the medium-induced
effects experienced by the heavy quark-antiquark string. The
string serves as a geometric representation of a bound state in
QCD within the holographic framework. Initially, the string
remains static at the boundary. However, influenced by the
gravitational effects of the background spacetime metric, the
string is gradually drawn toward the black hole’s event hori-
zon. This dynamic evolution of the string captures the micro-
scopic mechanisms underlying the quark pair dissociation. As
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the string approaches the horizon, the system achieves equilib-
rium, and the binding energy of the string diminishes to a criti-
cal value, resulting in the dissociation of the quark-antiquark
pair. The timescale associated with this process, known as dis-
sociation time of the quark-antiquark pair, is a critical param-
eter in the study of quarkonium suppression and provides a
key indicator of the non-equilibrium properties of strongly
interacting media under extreme conditions. This timescale
provides essential theoretical insights into the formation and
evolution of the QGP. Moreover, examining the variations in
the dissociation time not only helps elucidate the strongly cou-
pled dynamics of QCD but also explains the experimentally
observed suppression of heavy quarkonium states. Such analy-
ses significantly enhance our understanding of matter under
extreme conditions in high-energy nuclear physics.

Based on the holographic QCD models described in prior
works [84—-86], the main research objective of this study is
to analyze the impact of varying temperature and chemical
potential on the thermodynamic properties of heavy quarko-
nium in a 241 flavor system. The remainder of this paper is
organized as follows: Sect. 2 provides a brief review of the
holographic model that incorporates information about the
QCD phase transition. In Sect. 3, we analyze the dissocia-
tion distance, potential energy, entropy, entropy force, binding
energy, and internal energy of the heavy quark-antiquark pair
under different temperature and chemical potential conditions.
Section 4 examines the effects of temperature and chemical
potential on the thermodynamic properties of a single quark.
Finally, Sect. 5 summarizes the research findings and presents
the concluding remarks.

2 The setup

This section provides an overview of the Einstein—-Max-
well—dilaton (EMD) model. Within the context of the string
frame, the action for the EMD model reads [17, 18, 42, 44,
46, 84, 85, 87-90]

1 5 S 24
S, = Exy/ge 2
b ]6ﬂG5/n vTEe

(1
X lRS —fs(fs)

F? +40,¢,0" ¢, — V(o) |-

Here, ¢ is a neutral dilaton scalar field. f(¢) is the gauge
kinetic function coupled to the Maxwell field A, and V(¢)
defines the dilaton field’s potential. Parameter G5 corre-
sponds to the Newton constant in five-dimensional spa-
cetime. By solving the equations of motion (EoMs), the
functional forms of f(¢) and V(¢) can be determined con-
sistently. The action is rewritten in the Einstein frame from
the string frame through a specific set of transformations.
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In this context, z serves as the holographic coordinate in
the fifth dimension, and the AdSs space is characterized by
a fixed radial parameter R 45 = 1. By employing the afore-
mentioned metric ansatz, one can derive the correspond-
ing equations of motion and constraints for the background
fields
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Among these five equations, only four are independent in
a linear sense. The infrared (IR) boundary conditions for
the equations of motion (EoMs) near the horizon (z = z,)
represent the boundary of the black hole, which is physi-
cally associated with the concept of temperature. This can
be expressed as

A(z,) =g(z,) =0. (10)

As the IR boundary is approached z — z,, we impose the
condition that the metric in the string frame converges to
AdS5. The conditions at the ultraviolet (UV) boundary
(z = 0) are as follows:

A(O) = _\/gd)(o), g(()) = 1, At(()) =Uu + p’zz + .- s
11

where u denotes the baryon chemical potential, while p’
scales proportionally with the baryon number density, The
baryon number density can be calculated based on [91, 92]
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pis related to the quark-number chemical potential u = 34,
This allows us to derive
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The Hawking temperature [93, 94] is defined by
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In order to achieve an analytical solution, we make use of
A®@) = dIn(az* + 1) + dIn(bz* + ). (19)
The gauge kinetic function f(z) is defined as
f(z) = eTA@H, (20)

In the string frame, the potential of a quark-antiquark pair is
determined via A (z) = A(z) + \/g ¢(z). Standard techniques

enable the computation of their separation distance and
interaction potential [30, 32, 40, 74, 79]. The dynamics of
the string world-sheet are described by the Nambu—Goto
action in the form shown below

! / &/ ~detg,,. @1

2mal

SnG = —

In this context, g, refers to the induced metric, defined as

8 = 0. X" X", a,b=0,1, (22)
and o' is associated with the string tension and assigned a
value of 1. In this context, X represents the coordinates,
and g, ., denotes the metric in the string frame. To calculate
the heavy quark-antiquark potential, the string is anchored
at a static quark-antiquark pair located at x, = —L/2 and
x, = L/2. The most straightforward parametrization of the
string world-sheet coordinates is & = ¢ and &' = x,. In this
scenario, the effective Nambu—Goto action can be repre-
sented as

PN By L k% 4+ k) 23
NG 27T |1 11/ k1 dx% 2(2), (23)

where
4
A
kl = e_zs,
N 24)
e*A, (
ky = 78(Z)~

Based on the research in [28, 74, 95-98], the Wigner-Wil-
son loop’s expectation value is linked to the on-shell string
action by:

(W(©)) = /DXe_SNG ~ ¢ Son—shell _ 25)

Here, C represents a closed loop in spacetime. The heavy
quark potential is defined as [23, 39, 99]:

(W(C)) =~ e VDT, (26)

L denotes the distance between the quark-antiquark pair.
Consequently, calculating the potential requires solving the
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on-shell string world-sheet action. Based on the standard
framework [17, 28, 30, 32, 40, 46], we establish an effective
“Hamiltonian”.

,0L ky(2)
H=7— - =2—. (27)

o7 Vi (2)2% + ky(2)

d . )
Here, 7/ = ﬁ’ and solving for 7’ forms the equation
1
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Here, z, marks the vertex where the quark-antiquark string
connects, with values from z, = 0 to z, = z;,. This allows us
to calculate the interquark distance and the potential energy,
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In our computational framework, the potential energy of the
heavy quarkonium is equal to its free energy (Fpp = Vp)
[39, 100, 101]. The potential is regularized by subtracting
the UV-divergent term.

The entropy of the quark-antiquark pair is derived as

a0 _ 9Fgp 0z,

Spp = ,
o0 oT 0z, oT (D

where T represents the QGP temperature, and the binding
energy can be given by [39]
Egp = Fop = 2Fp. (32)

F, represents the free energy of a single quark, which can
be computed as shown in Ref. [18], with the integral’s upper
limit fixed at z;,. Specifically:

FQ 1 h 1 27/ —6ad
ﬁ—#/o (VG- (5+25))
- <Zl _ 2\/—6adln(zh)> )
h

(33)

In this study, we set /A = 1 for convenience. The internal
energy of the quark-antiquark pair, as described in Refs. [39,
102], is
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Ugp = Fop + TSgp + HNgp (34)

with Ny related to the baryon number density.

For the 241 flavor system, the six parameters
(a,b,c,d, k,Gs) in our model are derived from Ref. [86]. In
Ref. [86], we obtained the posterior parameter distribution of
the EMD model through Bayesian analysis, which integrates
lattice QCD data (S/73, )(f , Cf) at zero chemical potential
[103, 104] within the EMD framework. The Bayesian analy-
sis procedure consists of the following steps. First, based on
Bayes’ theorem:

P(6|data) « P(data|@)P(0), 35)

P(6|data) represents the posterior distribution, which is the
conditional probability of the parameters given the observed
data. P(0) denotes the prior distribution, reflecting our ini-
tial assumptions or prior knowledge about the parameters.
P(data|0) refers to the likelihood function, that is, the prob-
ability of observing the data based on specific assumed
parameter values. Here, “data” corresponds to the lattice
QCD data (S/T?, x2, C?), while 0 represents the parameters
of the EMD model.

Then, for the prior distribution P(0) pertaining to the EMD
model parameters @ = (a, b, ¢, d, k, Gs), we established a range
of prior parameters based on Ref. [85], as detailed in Table 1
of Ref. [86]. Within this prior range, 300 parameter sets @ were
sampled using the Latin Hypercube Sampling (LHS) [105,
106]. These parameter sets were subsequently input into the
EMD model to compute the observables S/73, y2, and C2. The
computation results were then processed via Principal Compo-
nent Analysis (PCA) [107]. Finally, a Gaussian process emula-
tor [108] was constructed by pairing the input 300 parameter
sets with their corresponding PCA-transformed outputs for
subsequent likelihood function development.

For the likelihood function P(datal@), we employed a
Gaussian distribution:

Iyj(0)ylatice 2

1 —
e T (36)

P(datal0) = [ |

i \2ro;

yia“ice represents the lattice QCD data, y;(6) denotes the out-
put values of the EMD model, where the EMD model is
replaced by a Gaussian processes emulator (to accelerate

Table 1 Parameter ranges for

prior distribution in the EMD Prior

model [86] Parameter ~ Min Max
a 0.110 0.310
b 0.005 0.031
c -0.280 -0.205
d -0240 -0.110
k -0910 -0.770
Gs 0.375 0.430

computational speed). o; represents the combined uncer-
tainties from both the lattice QCD data and the Gaussian
emulator. Finally, by performing Markov Chain Monte Carlo
(MCMC) [109, 110] sampling on the posterior distribution,
we obtained the posterior parameter distribution of the EMD
model. As shown in Table 2, we present the 95% confidence
level (CL) parameter ranges along with the maximum a pos-
teriori (MAP) values [86].

3 Thermodynamics of heavy quarkonium

In this section, we systematically investigate the thermody-
namic properties of heavy quark-antiquark pairs in a 241 fla-
vor system, focusing on the effects of temperature and chem-
ical potential on these properties to elucidate their behavior
within a strongly interacting medium and the mechanism
underlying their transition from the confined phase to the
deconfined phase. Specifically, this chapter is divided into
five subsections: (A) The interquark distance of heavy quark-
antiquark pairs, in which we explore how the dissociation
distance varies with temperature and chemical potential, as
well as its relationship with confinement effects; (B) The
potential energy of heavy quark-antiquark pairs, where we
analyze the composition of the potential energy and the phe-
nomenon of its truncation under the influence of temperature
and chemical potential; (C) The entropy and entropy force
of heavy quark-antiquark pairs, studying the variation of
entropy with temperature and chemical potential to reveal
the degree of disorder within the system; (D) The binding
energy of heavy quark-antiquark pairs, investigating how
the binding energy changes with temperature and chemical
potential and its connection to quark dissociation; (E) The
internal energy of heavy quark-antiquark pairs, analyzing
the variation of internal energy with temperature and chemi-
cal potential and its role in thermodynamics. Through these
studies, we aim to achieve a comprehensive understanding
of the thermodynamic behavior of quark-antiquark pairs in
a 2+1 flavor system.

3.1 The dissociation of heavy quark-antiquark pairs

In this subsection, we investigate the behavior of the inter-
quark distance L of heavy quark-antiquark pairs in a 2+1
flavor system as a function of the z;. Our calculated results
of L(z,) with the maximum a posteriori (MAP) inference
setup for the Bayesian holographic model [86] are depicted
in Fig. 1, with Fig. 1 (a) shows the results of calculating
the effect of different temperatures on L with the chemical
potential fixed at zero, and Fig. 1 (b) shows the results of
calculating the effect of the chemical potential on L with the
temperature fixed at 7 = 0.134 GeV.

@ Springer
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As illustrated in Fig. 1, it has been observed that the inter-
quark distance L increases with z, until it reaches a peak
value known as the dissociation distance L,,,. After this
maximum point, further increases in z;, lead to a decrease in
the interquark distance, L. This trend suggests that the quark-
antiquark pairs transition into a deconfined state, resulting
in the melting of the string connecting them. Consequently,
the bound state of the quark-antiquark pairs dissociates, and
they eventually become free heavy quarks. This phenom-
enon highlights the color screening effect of the medium on
these bound states, which means that partons in the medium
(QGP) can “shield” the interactions between the quark and
antiquark pairs, preventing their tight binding.

By analyzing the behavior of the dissociation distance,
we found that as the temperature and chemical potential
increased, the dissociation distance L, gradually became
smaller. This is related to the increasing parton density
in the medium with increasing temperature and chemical
potential, which thereby enhances the screening effect on
the heavy quark bound states. This leads to a decrease in the

Table 2 In the 2+1 flavor system, the 95% CL ranges and MAP val-
ues for the six model parameters a, b, ¢, d, k and G5 are determined
through Bayesian inference [86]

Posterior 95% CL

Parameter Min Max MAP
a 0.229 0.282 0.252
b 0.019 0.027 0.023
¢ —0.261 —~0.231 —0.245
d —0.143 —0.127 —0.135
k —0.871 —0.808 —0.843
G;s 0.388 0.406 0.397
20 T T T T T
- —— T=0.10GeV MAP (a)
B T=0.15GeV ]
1.5~ —— T=0.20GeV -
| =— T=0.25GeV _
E 10— M=0GeV ]
~ B i
0.5 -
0'00.0 1.0 2.0 3.0 4.0 5.0
Zo(GeV'1)

dissociation distance, making it easier for the quark-anti-
quark pairs to enter a deconfined state and transition into
free quarks.

3.2 Potential energy

In this subsection, we investigate the potential energy of
heavy quark-antiquark pairs, a crucial physical quantity that
characterizes the interaction between quark and antiquark.
Recent pNRQCD [111] studies and one-loop hard-thermal-
loop (HTL) calculations [112] have shown that the heavy
quark potential at finite temperatures also develops a non-
vanishing imaginary part, reflecting the Laudau damping and
color singlet to octet transition. In holographic models, the
imaginary part of the heavy quarkonium potential was first
computed in Ref. [113]. In the holographic model employed
in this study, similar methods to those in Ref. [113] could
also be utilized to calculate the imaginary part of the poten-
tial. We plan to address the computation of the imaginary
part in a future study, as this study serves as a preliminary
exploratory analysis, where we first aim to examine the real
part of the potential obtained through Bayesian analysis.
Subsequently, we intend to further investigate the imaginary
part of the potential in follow-up work, again using Bayesian
analysis combined with the EMD model. Currently, in lattice
QCD, there is no definitive consensus regarding either the
temperature dependence of the heavy quarkonium potential
or the precise forms of its real and imaginary parts, and this
issue remains under active debate. For example, Ref. [114]
applied four distinct methods to compute the real and imagi-
nary parts of the potential, and the conclusions drawn from
these four methods are not entirely consistent. Although we
also plan to compute the imaginary part of the potential in

1-5| T T T
| — u=0GeV MAP (b) ]
- Y =0.3GeV -
- —— u=0.6GeV -
1.0 —
| T=0.134 GeV b

20 30 40
20(GeV-)

Fig.1 (Color online) When selecting MAP setup for the Bayesian Holographic model, the calculated interquark distance L as a function of z;, for
the quark-antiquark pair at different temperatures when y = 0 (a) and at different chemical potential when 7' = 0.134 GeV (b)
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our future work, how to directly compare it with lattice QCD
results remains an open and debated question.

This real part of the potential energy typically consists
of a short-range Coulomb potential and a long-range lin-
ear potential. At short distances, the Coulomb potential
dominates, expressed as F(r) o —%, where «a is the effective
coupling constant of the strong interaction. The Coulomb
potential reflects the attractive force between the quark and
antiquark, similar to the Coulomb potential in electromag-
netic interactions, but is mediated by the color charge of the
strong interaction. At long distances, the potential energy
gradually shifts to being dominated by the linear potential,
reflecting the binding mechanism of quark pairs, expressed
as F(r) < or, where o is the string tension constant. This
linear potential represents the binding effect of the "string"
formed by the gluon field between the quark and antiquark,
corresponding to the manifestation of confinement and
is a significant feature of the strong interaction, ensuring
that quarks and antiquarks remain bound together at large
distances.

As shown in Fig. 2, when the separation distance between
quarks is very small, the potential energy is primarily
influenced by the Coulomb potential, resulting in a nega-
tive value. As the quark separation distance increases, the
potential energy gradually transitions to being dominated
by the linear potential. In Fig. 2, we calculated the results
for the 95% CL (shaded area) and the MAP (red solid line)
setup, subfigure (a) displays the calculation results of the
effect of different temperatures on the potential energy
with the chemical potential fixed at zero, while subfigure
(b) presents the calculation results of the effect of chemi-
cal potential on the potential energy with the temperature

2.0 : : .
B (a) |

1.0 —]

S ¢ ]
8 0.0 -
< B ]
B = T=0.10GeV 7]

1.0 —— T-015GeV _]

- H=0GeV = T-020GeV -

B E== T-025GeV |

_ L 1 1 ]
200 05 1.0 15

L (fm)

Fig.2 (Color online) a The dependence of the potential energy V of
quark-antiquark pairs on the interquark distance L at different tem-
peratures when g = 0. b The dependence of the potential energy V of
quark-antiquark pairs on the interquark distance L at different chemi-

fixed at T = 0.134 GeV. Our calculations indicate that
with an increase in the system temperature and chemical
potential, the linear potential component of the quark pair
slightly decreases but does not show a clear color screen-
ing effect. This phenomenon may be related to the tendency
for quark pairs to dissociate owing to the increased thermal
energy, which reduces the length of the linear component
of the potential energy. Meanwhile, the Coulomb potential
component remains almost unaffected, indicating that the
short-range strong interactions remain stable under higher
temperatures and chemical potentials. At extremely small
interquark distances (typically far smaller than character-
istic medium scales, such as the Debye screening length),
the interaction enters the perturbative QCD regime. Under
these conditions, the strong coupling constant becomes suf-
ficiently small [115-117], rendering the potential energy
predominantly governed by the Coulomb interaction medi-
ated through single-gluon exchange. This perturbative
mechanism is intrinsically dictated by the local quark-gluon
dynamics of QCD. Consequently, across the temperature and
chemical potential range considered in our study, medium
modifications to the potential remained negligible. As shown
in Fig. 3, we compare the results from our model with the
recent lattice data [118], where the data points represent the
lattice results, and the colored shaded regions along with
the red lines depict our model’s predictions, this comparison
clearly depicts a significant resemblance between the Bayes-
ian holographic model’s results and the lattice data for heavy
quark potential.

In our model, when computing the potential energy as a
function of L at a specific temperature or chemical potential,

there exists a dissociation distance L. As shown in Fig. 1,

20 : —— ———
- (b) -
10 —
S ]
8 0.0 -
S b .
- T=0134 GeV /J=03 Gev ]
L == -06GeV _|

200 02z 04 06 08 10

L (fm)

cal potential when 7' = 0.134 GeV. The shaded area represents the
95% CL, and the red solid line denotes the result of the MAP calcula-
tion
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3.0 M T T —

20 —

1.0— —

% 0.0 == T-010GeV ]

O] == T-015GeV

= 1.0 &= T-0.20GeV __]

> u=0GeV == T-025GeV

® T-=00GeV ]

T=0.182GeV_T]

2.0 * T=0203GeV

< T=0250GeV |

A T=0251GeV_

3.0 T=0.305GeV ]

C ¢ T=0352GeV ]

- [ . . . . 1 . . . . 1 . . . —
4'00.0 0.5 1.0 1.5

L(fm)

Fig.3 (Color online) A comparison is made between the potential
energy of quark-antiquark pairs from model calculation results and
lattice data [118] for the case of N; =241 and u = 0. The lattice
data are represented by various shapes of points. The shaded area rep-
resents the 95% CL, and the red solid line denotes the result of the
MAP calculation

the peak value of the computed L corresponds to this dis-
sociation distance. When L exceeds L,,,,, the bound state
of the heavy quarkonium dissociates and ceases to exist.
At a temperature of 0.25 GeV, the dissociation distance
L., 1s approximately 0.3 fm, which confines our calculated
potential energy range to approximately L ~ 0.3 fm at this
temperature. In Ref. [118], the real part of the lattice QCD
potential does not exhibit screening behavior, indicating that
it shows no signatures of dissociation. To account for the dis-
sociation dynamics of heavy quarkonium in lattice QCD, it
is necessary to incorporate both the real and imaginary parts
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Fig.4 (Color online) a The dependence of the entropy S of quark-
antiquark pairs on the interquark distance L at different temperatures
when y = 0. b The dependence of the entropy S of quark-antiquark
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of the potential. As an exploratory analysis, our compari-
son was confined to the real part of the lattice QCD results.
Therefore, our model provides additional information in the
form of the dissociation distance, which is not present in the
lattice QCD data.

3.3 Entropy

In this subsection, we systematically investigate the entropy
of heavy quark-antiquark pairs, an important physical
quantity used to characterize the degree of disorder in the
micro-states induced by the interactions between quarks and
antiquarks. Entropy not only provides crucial insights into
the thermodynamic properties of the heavy quark system
but also reveals the underlying mechanisms of its dynamic
behavior. The specific expression for the entropy is given by
Eq. (31). Furthermore, we examine how the entropy varies
with the interquark distance L and analyze its behavior under
different temperature and chemical potential conditions.
The relevant results are presented in Fig. 4, We calculated
the results for the 95% CL (shaded area) and the MAP (red
solid line), subfigure (a) displays the calculation results of
the effect of different temperatures on the entropy with the
chemical potential fixed at zero, while subfigure (b) presents
the calculation results of the effect of chemical potential on
the entropy with the temperature fixed at 7 = 0.134 GeV.
Our research indicates that as the temperature and chemi-
cal potential increase, the value of the entropy also rises.
This finding leads us to conclude that, in environments
with higher temperature and chemical potential, the pro-
duction rate of heavy quark-antiquark pairs is significantly
suppressed.
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pairs on the interquark distance L at different chemical potential when
T = 0.134 GeV. The shaded area represents the 95% CL, and the red
solid line denotes the result of the MAP calculation
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Under specific temperature or chemical potential condi-
tions, an increase in the distance between quarks leads to a
significant rise in entropy. This increase in entropy directly
results in a larger entropy force, expressed as F, = T%
[119]. As shown in Fig. 5, in our calculations, as L — L.,
heavy quarkonium approaches dissociation, accompanied by
a sharp increase in entropy. According to the definition of
entropy, the entropic force corresponds to the derivative of
entropy with respect to distance. Consequently, this force
tends to infinity under such conditions. In the calculations
of Ref. [120], when heavy quarkonium is in the deconfined
state, the entropy exhibits a peak, which corresponds to an
infinite entropic force. This finding is consistent with our
computational results. This phenomenon indicates that the
increase in entropy is not merely a thermodynamic charac-
teristic; it is closely related to the dynamic dissociation pro-
cess of quark-antiquark pairs. As discussed in detail in Ref.
[24, 119, 121], the enormous entropy force is considered a
key factor driving the dissociation of heavy quark-antiquark
pairs, further emphasizing the importance of entropy in the
study of quark physics.

3.4 Binding energy

In this section, we use Eq. (32) to calculate the binding
energy of heavy quark-antiquark pairs as a function of the
distance L between quarks at different temperatures and
chemical potentials. As shown in Fig. 6, We calculated the
results for the 95% CL (shaded area) and the MAP (red
solid line), subfigure (a) displays the calculation results of
the effect of different temperatures on the binding energy
with the chemical potential fixed at zero, while Subfigure
(b) presents the calculation results of the effect of chemical
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Fig.5 (Color online) When selecting MAP value, a The dependence
of the entropy force F, on interquark distance L for the quark-anti-
quark pair at different temperatures when ¢ = 0. b The dependence of

potential on the binding energy with the temperature fixed
at T = 0.134 GeV. The binding energy increases with ris-
ing temperature and chemical potential. When L reaches
the critical value L, (where L, < L, ), the binding energy
becomes zero, indicating that the potential energy of the
bound heavy quark-antiquark pair is equal to the free energy
of the unbound pair, that is, E(L,) = 0. When L exceeds
this critical value L, the binding energy becomes posi-
tive, indicating that the potential energy of the bound heavy
quark-antiquark pair is higher than the free energy of the
unbound pair. Notably, a physical distinction exists between
the position of zero binding energy L_ and the actual dis-
sociation distance L,,,. L. marks a thermodynamic critical
point where the free energies of the bound state and the
free quark states become equal. However, the heavy quark-
antiquark pair does not dissociate at L > L, but continues
to exist as a metastable bound state [18, 39], for further dis-
cussion on this issue, see e.g. Ref. [122]. True dissociation
occurs at L., which constitutes a dynamic instability point.
When the distance exceeds L, the string configuration
connecting the quark pair becomes dynamically unstable
(i.e., ‘string snapping’), leading to the dissociation of heavy
quarkonium. Consequently, the relationship between these
two distances satisfies L, < L,,,,. As shown in Fig. 6, in our
calculations the increase in temperature and chemical poten-
tial reduces the maximum value of the binding energy. How-
ever, we emphasize the effects of temperature and chemi-
cal potential on the binding energy at a fixed distance. At
a fixed distance, the binding energy increases with rising
temperature and chemical potential, while the corresponding
absolute value of the binding energy decreases. Simultane-
ously, the increase in temperature and chemical potential
also reduces L, indicating that elevated temperature and
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the entropy force F, on interquark distance L for the quark-antiquark
pair at different chemical potentials when 7' = 0.134 GeV
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Fig.6 (Color online) a The dependence of the binding energy E of
quark-antiquark pairs on the interquark distance L at different tem-
peratures when y = 0. b The dependence of the binding energy E of
quark-antiquark pairs on the interquark distance L at different chemi-

chemical potential promote the dissociation of the heavy
quarkonium.

3.5 Internal energy

In this section, we employ Eq. (34) to calculate the relation-
ship between the internal energy of heavy quark-antiquark
pairs and the interquark distance L under varying tempera-
tures and chemical potentials. As depicted in Fig. 7, We
calculated the results for the 95% CL (shaded area) and the
MAP (red solid line), subfigure (a) displays the calculation
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%0.0 0.5 1.0 15
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Fig.7 (Color online) a The dependence of the internal energy U of
quark-antiquark pairs on the interquark distance L at different tem-
peratures when u = 0. b The dependence of the internal energy U of
quark-antiquark pairs on the interquark distance L at different chemi-

@ Springer

T=0.134 GeV == [ -0GeV
B —— u=0.3GeV
i == ,-06GeV
o0 02 04 06 08 10
L (fm)

cal potential when 7' = 0.134 GeV. The shaded area represents the
95% CL, and the red solid line denotes the result of the MAP calcula-
tion

results of the effect of different temperatures on the inter-
nal energy with the chemical potential fixed at zero, while
subfigure (b) presents the calculation results of the effect
of chemical potential on the internal energy with the tem-
perature fixed at T = 0.134 GeV. The results indicate that
at smaller interquark distances L, the internal energy U is
negative and remains relatively unaffected by changes in
temperature and chemical potential. However, at larger inter-
quark distances L, the internal energy becomes positive and
increases with rising temperature and chemical potential.
According to the definition of internal energy, this behavior

4| T T T T
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S
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S
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cal potential when 7' = 0.134 GeV. The shaded area represents the
95% CL, and the red solid line denotes the result of the MAP calcula-
tion
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suggests that at short interquark distances, the internal
energy is predominantly governed by the potential energy,
whereas at larger distances, the entropy contributions play
a significant role.

4 Thermodynamics of single quark

In this section, we investigate the free energy of a single
quark, as shown in Eq. (33), as well as the entropy and inter-
nal energy, with the following expressions:

OFQ _ aFQ aZO

Sp=———==———2,
2 oT 0zy oT (37

Ug=Fy+TS,. (38)

In this section, we investigate the effect of the chemical
potential on the thermodynamic quantities of a single quark.
We have calculated the results for the 95% CL (shaded area
with color) and the maximum a posteriori estimate (red
solid line). The free energy of a single quark is shown in
Fig. 8, where it can be seen that an increase in chemical
potential leads to an increase in free energy, and F,/T
approaches a conformal situation in the high-temperature
limit. The entropy of a single quark is illustrated in Fig. 9,
where the results indicate that S, also increases with the
chemical potential and will tend toward conformal limit in
the high-temperature limit. The internal energy of a single
quark is shown in Fig. 10, and the results also indicate that
the internal energy increases with the chemical potential,
with Uy, /T also approaching the conformality limit in the
high-temperature limit.

5 Summary

In this study, we investigated the effects of temperature
and chemical potential on the dissociation distance, poten-
tial energy, entropy, binding energy, and internal energy
of heavy quarkonium based on a Bayesian holographic
QCD model. Our study finds that an increase in tempera-
ture and chemical potential decrease the dissociation dis-
tance and suppress the heavy quark potential. When the
interquark distance L is small, the effects of temperature
and chemical potential on the potential energy are mini-
mal; however, they become more pronounced when the
interquark distance L is large. An increase in the tempera-
ture and chemical potential results in an increase in the
entropy. Within the dissociation distance, the entropy also
increases significantly with the interquark distance, lead-
ing to a larger entropic force. This larger entropy force
facilitates the dissociation of heavy quark-antiquark bound

04 05 07
T(GeV)

01 03

Fig.8 (Color online) The dependence of the single quark free energy
on the temperature for different chemical potentials. The shaded area
with color represents the 95% CL, and the red solid line denotes the
result of the MAP calculation

= [ -0GeV
i “— §=03GeV |

0.1 0.3 0.4 05 0.7
T(GeV)

Fig.9 The dependence of the single quark entropy on the tempera-
ture for different chemical potentials. The shaded area with color rep-
resents the 95% CL, and the red solid line denotes the result of the
MAP calculation

states. Correspondingly, the binding energy reaches zero at
smaller interquark distance L as temperature and chemical
potential increase, indicating that under high-temperature
and high-chemical potential, the binding force of heavy
quark-antiquark pairs becomes weaker. The internal energy
increases with rising temperature and chemical potential.
At smaller interquark distance L, the internal energy is
primarily dominated by potential energy, whereas at larger
interquark distance L, it is dominated by T'S. The effects
of temperature and chemical potential on the internal

@ Springer
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Fig. 10 (Color online) The dependence of the single quark inter-
nal energy on the temperature for different chemical potentials. The
shaded area with color represents the 95% CL, and the red solid line
denotes the result of the MAP calculation

energy are minimal at small quark interquark distance,
but become significant at larger interquark distance.

Our results robustly demonstrate that elevated tempera-
ture and chemical potential accelerate heavy quarkonium
dissociation by enhancing entropic forces and suppressing
binding energy. These findings deepen our understanding
of quark-gluon plasma (QGP) signatures in heavy-ion col-
lisions and provide a framework for probing QCD matter
under extreme conditions. The consistency of the single-
quark free energy and entropy trends further supports the
generality of our conclusions.

It should be noted that within the holographic model
framework, the model parameters obtained from lattice QCD
thermodynamic data at zero chemical potential can be uti-
lized to compute the thermodynamic quantities at a finite
chemical potential. In Ref. [123], using the holographic
model combined with lattice QCD data for the equation
of state and second-order baryon number susceptibility at
zero chemical potential, the model parameters were derived
(Table 1). Calculations based on these derived parameters
agree with the lattice QCD data at zero chemical potential
(as shown in Fig. 1). Furthermore, thermodynamic quan-
tities calculated at finite chemical potential using these
derived parameters also show good agreement with the cor-
responding lattice QCD data (as demonstrated in Fig. 2).
This approach has been widely adopted in holographic
model calculations. Our calculations were also based on
this methodology.

Although our model captures the essential features
of quarkonium dissociation, several limitations warrant
discussion. The Bayesian framework relies on specific
assumptions about the holographic dual, which may
not fully capture the non-perturbative QCD effects; the

@ Springer

chemical potential range studied here is applicable to
heavy-ion collision scenarios; however, extensions to
neutron star matter or other high-density systems require
further exploration.
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