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Abstract
Based on the generalized reduced R-matrix theory, the R-matrix analysis code (RAC program) was used to analyze the 
experimental data of all the nuclear reaction channels related to the 5 He system. The current calculations provide accurate 
and reliable evaluation data and are in good agreement with the experimental data. In this study, self-consistent evaluation 
data for each reaction were obtained using multi-channel and multi-energy fitting. In particular, the error propagation theory 
of generalized least squares was used to determine the error of the evaluation data and the covariance matrix of the integral 
cross section. This R-matrix analysis for the 5 He system has three features. First, for the first time, the error in the evaluation 
data of the T(d,n)4 He reaction cross section and the covariance matrix of the integral cross section are provided. Second, we 
used only one set of R-matrix parameters to depict the reaction cross section of each reaction channel of the 5 He system for 
the entire energy region in our work. Third, in this evaluation, we considered some of the latest measured experimental data, 
especially after 2000. The T(d,n)4 He reaction cross section at 0.1 MeV and below was carefully studied. The effect of different 
energy levels in T(d,n)4 He was analyzed, with the energy levels 3/2+ making a major contribution to the cross section, and 
the role of the S-wave and P-wave from 3/2− determines the lean forward trend of the angular distributions at 0.01–0.1 MeV.
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1  Introduction

In astrophysics and fusion energy applications, deuteron-
induced fusion reactions are important sources of energy 
and neutrons, and the corresponding nuclear reaction cross 
section is the core data for the application of this fusion 
reaction. Fusion cross sections are essential for designing 
fusion reactors [1–3] and analyzing nuclide abundance in 
the early universe [4, 5].

There are five types of fusion reactions currently available 
to us: the two reaction channels of the DD reaction, the DT 

reaction, the D 3 He reaction and the TT reaction [6]. Figure 1 
shows the cross sections of the five reactions. Notably, the 
DT cross section shows a large 5 b peak owing to the pres-
ence of the 3/2+ resonance, and the magnitudes of the DD 
and TT reactions are similar, being two orders of magnitude 
smaller than those of DT at energies below 100 keV. The 
D 3 He reaction also has a peak at low energy owing to the 
5 Li 3/2+ state (a mirror of the A = 5 , 5 He state); however, 
because the charge of 3 He is larger than T, the Coulomb 
repulsion between D and 3 He is larger, so that the peak of 
the D 3 He reaction cross section is lower than that of the DT 
reaction. As the most likely fusion reaction to be achieved, a 
precise study of the reaction cross section of the DT reaction 
is very meaningful.

Since the 1960s, it has been well established that big bang 
nucleosynthesis produces light elements through a series of 
fusion reactions. However, it is less widely recognized that 
the T(d,n)4 He reaction is responsible for producing more 
than 99% of the 4 He generated during the big bang. This 4 He 
accounts for approximately 25% (by mass) of the primordial 
elemental composition, with the remainder being primar-
ily 1 H. The 4 He produced in this way serves as a crucial 
precursor for the triple-alpha process, which forms 12 C and 
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subsequently enables the synthesis of heavier elements in 
the universe (the CNO cycle and the proton–proton chain in 
stars synthesize additional helium). In this sense, a portion 
of our human existence can be traced back to the fusion 
reactions.

After decades of development, many theoretical and 
experimental results have been accumulated [6, 7], of which 
the R-matrix method is an important method for nuclear data 
evaluation. The R-matrix theory has been primarily used in 
the data evaluation of light nuclear systems corresponding 
to fusion reactions. The introduction of R-matrix theory is 
aimed at theoretically describing the resonance phenomena 
in low-energy nuclear reactions and is mainly applied to the 
study of light nuclei, low-energy and nuclear reactions with 
distinct resonance structures. Wigner and Eisenbud were the 
first to propose and develop the general R-matrix theory in 
1947 [8]. Starting from the Schrödinger equation of quantum 
mechanics, the theory uses the important concepts of atomic 
nucleus grouping space and channel surfaces to make the 
logarithmic derivatives of the wave functions of the inner and 
outer regions articulate on the channel surfaces, which leads 
to the R-matrix. By relating the R-matrix and the collision 
matrix, an equation can be derived that describes the cross 
section of the resonance phenomena in nuclear reactions.

Concerns about the current evaluation data of the 5 He 
system. Of the five major international nuclear databases, 
only the evaluated nuclear data file (ENDF) provides evalua-
tion data for reaction cross sections in both neutron and deu-
terium channels, whereas the other databases provide evalu-
ation data for neutron channels only. According to the ENDF 
file description, the current data in the ENDF database 
come from the R-matrix analysis of 5 He by Hale [9–11] and 
T(d,n)4 He Legendre coefficients evaluated by Drosg [12]. 
They use a multi-channel fit to data for n+4 He and DT 
reactions that extends to approximately 24 MeV excitation 
energy in 5 He system. The ENDF provides n+4 He data only 
over the original range up to 20 MeV, where single-channel 
scattering occurs. For the DT reaction, ENDF provides inte-
grated cross sections and angular distributions at deuteron 
energies up to 10 MeV. The energy range for the T(d,n)4 He 

reaction has been extended to 30 MeV by the matching to 
Legendre coefficients obtained by M. Drosg. ENDF does not 
give errors and the covariance matrix in the evaluation data, 
and the comparison of the evaluation data of this work with 
ENDF is shown in Table 1.

At present, international R-matrix analysis programs for 
light nuclear data evaluation mainly include the R-matrix 
energy-dependent analysis code (EDA) [9], an R-matrix 
analysis program for light nuclear systems developed by Los 
Alamos National Laboratory (LANL) in the USA. We used 
the R-matrix Analysis Code (RAC) [13] developed by Prof. 
Chen Zhenpeng of Tsinghua University, which combines 
the generalized reduced R-matrix theory and covariance 
analysis theory, which has the functions of highly automated 
adjustment of all the R-matrix parameters and fitting a large 
amount of experimental data.

The RAC has two main features. First, using generalized 
least squares (GLS) and error propagation theory, the covari-
ance matrix of the experimental data was used to calculate the 
error and covariance matrix of the accurate evaluation values. 

Table 1   Comparison of the final results of this work with ENDF/B-VIII.0, including reaction channels, energy range and whether or not to give 
errors

 RAC​  ENDF/B-VIII.0

Reaction channel Energy range (MeV) Error (Y/N) Reaction channel Energy range (MeV) Error (Y/N)

4He(n,tot) 2.53×10−8–46.0 Y 4He(n,tot) 1×10−11–20.0 N
4He(n,el) 2.53×10−8–46.0 Y 4He(n,el) 1×10−11–20.0 N
4He(n,d)T 22.02–46.0 Y T(d,n)4He 1×10−4–30.0 N
T(d,n)4He 1×10−4–30.0 Y T(d,n)4He∗ 3.71–10.0 N
T(d,n)4He∗ 3.71–30.0 Y T(d,el) 1×10−2–10.0 N
T(d,el) 1×10−4–30.0 Y

Fig. 1   (Color online) Five thermonuclear fusion cross sections versus 
energy in CM coordinates, data from ENDF
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Second, using the reduced R-matrix theory, it is possible to 
extend the analyzed energy region to the region of indistin-
guishable energy levels and to fit all available experimental 
data in the major energy regions. The RAC program has been 
used in various international collaborative projects organized 
by the International Atomic Energy Agency (IAEA), such 
as the neutron standard cross section, R-matrix program for 
the analysis of charged particles and International Neutron 
Data Evaluation Network. It has also been used to analyze 
the 12C(n,n+3� ) and 12C(n,�0)9 Be cross sections [14], neutron 
cross section standards file [15] and has obtained satisfac-
tory results. In recent years, several efforts have been made 
in China to advance nuclear reaction data evaluation. Early 
developments, such as the UNF code for fast neutron reaction 
calculations [16] and the establishment of the China Evaluated 
Nuclear Data Library (CENDL) [17], laid an essential founda-
tion for subsequent work [18, 19]. More recently, the continu-
ous refinement of the CENDL−3.2 library [20] and its verifica-
tion against a variety of benchmark experiments [21–23] have 
further strengthened China’s capabilities in nuclear data eval-
uation. Complementary experimental studies have enriched 
the experimental basis for improving evaluated data libraries, 
including measurements of key light nucleus reactions such as 
14N(n,�)11B [24] and 6Li(n,t)4He [25], as well as 238 U shielding 
benchmarks with DT neutrons [26]. The final goal is to build a 
complete and independent database for light nucleus reactions, 
covering both neutron-induced and charged-particle-induced 
reactions. As an indispensable component of charged-particle 
reactions, nuclear fusion reactions require renewed and sys-
tematic evaluations to support the development of accurate 
nuclear data for theoretical research and practical applications. 
In this study, the RAC program was used to analyze the 5 He 
system, focusing on obtaining the evaluation cross section 
of the neutron incident channel n+4 He from 2.53×10−8 to 46 
MeV and the deuteron incident channel D+T from 1 ×10−4 to 
30 MeV.

This paper provides a brief introduction to the basic reduced 
R-matrix theory and how to construct covariance matrices 
using generalized least squares. The three selected reaction 
channels of 5 He and their experimental data are discussed. The 
integral and differential cross sections of the T(d,n)4 He reac-
tions within 0.01–0.1 MeV were analyzed. Finally, the integral 
cross sections and important differential cross sections for the 
remaining reaction channels are shown.

2 � Theoretical descriptions

2.1 � Generalized reduced R‑matrix theory

In the generalized reduced R-matrix theory, “generalized” 
means that generalized least squares and “reduced” mean 
reduced channels. The basic R-matrix theory is described 

below, and the role of the reduced channels is explained.
Generalized least squares is described in detail in Sect. 2.3.

The R-matrix theory is well suited for describing reso-
nance phenomena in low-energy nuclear reactions. This 
allows for the adjustment of the contributions of different 
energy levels to each reaction channel based on experimental 
data, thereby achieving optimal agreement with the observa-
tions. For light nuclear systems relevant to fusion reactions, 
the number of resonance peaks is relatively low. In such 
cases, the R-matrix method can describe the cross section 
behavior across a wide energy range using only a few energy 
levels. However, the R-matrix theory has some limitations. 
One major issue is its inability to directly treat multi-body 
reaction channels. Two approaches are commonly used to 
address this issue in generalized reduced R-matrix theory. 
The first is to approximate the multi-body reaction as an 
effective two-body reaction. The second is to treat the multi-
body channel as a reduced channel and consider only its 
overall contribution. This study employs the second method 
to handle multi-body reactions.

In 1958, Lane and Thomas explained the R-matrix theory 
of nuclear reactions in detail [27]. In the R-matrix approach, 
nuclear wave functions are described inside the channel 
radii by many-body basis functions, and outside the chan-
nel radii, they are described by a linear combination of two-
body Coulomb functions. The reduced width amplitude is 
defined as the projection of the basis function to a particular 
channel configuration at the channel radius. This interpre-
tation assumes that nuclear interactions occurring beyond 
the radius of the channel are negligible and that channels 
involving three or more nuclei are not essential. In addition, 
it is assumed that the basis functions used as Hamiltonian 
eigenfunctions obey a predetermined boundary constraint 
at the channel radius.

R-matrix theory allows the use of a set of R-matrix 
parameters to describe the experimental data for all two-
body nuclear reactions associated with the compound 
nucleus. For the standard R-matrix model, the R-matrix 
parameters include the reduced width amplitude � (eV1∕2 ), 
the position of the energy level E� (eV) and the channel 
radius ac (fm). For the reduced R-matrix model, the R-matrix 
parameters also include the reduced channel width ampli-
tude Γr

��
 (eV), in addition to the standard R-matrix param-

eters, which represent the total contribution of all unconsid-
ered reaction channels in the compound nuclear system. The 
advantage of considering a reduced channel width amplitude 
is that the R-matrix analysis can be extended to a higher-
energy region.

It is assumed that a nuclear reaction system is formed 
after the collision between the incident particle and target 
nucleus. Regardless of whether the nuclear reaction system 
is a real compound nuclear system, the data of each reaction 
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channel can be fitted using the R-matrix theory. The gener-
alized reduced R-matrix theory is then a mathematical tool 
that can simultaneously fit the experimental data of many 
types of nuclear reactions in a nuclear system. The R-matrix 
parameters obtained by this method are no longer required to 
have a clear physical meaning, as long as we can accurately 
describe all the experimental data. The generalized reduced 
R-matrix theory has been applied in the USA. R-matrix 
analysis program EDA and RAC were used in this work.

2.2 � RAC program

Figure 2 shows the flow diagram of the RAC program. It 
shows the main input and output files of the RAC program 
and the parameter optimization process. The reliability of 
the R-matrix analysis results is mainly determined by the 
degree of conformity between the overall fitting value and 
the experimental data. If the fitting and experimental values 
are consistent within the error range, then the fitting value 
is reliable. The RAC program uses the GLS method to fit 
all the experimental data of a compound nuclear system 
simultaneously and finally obtains a complete set of inter-
nal self-consistent evaluation data and a covariance matrix. 
The formulas used to calculate the reaction cross section in 
the RAC program were all provided by Lane and Thomas 
in Chapter 10 [27].

The elements of R-matrix used in the RAC program are 
defined by

(1)Rc
�
c =

∑N1

��
��c��c�A�� +

∑N2

�

��c� ��c

E� − E
,

(2)

�
A−1

�
��

=�
Eres
�

− E +
∑

c

�
Sc(E) − Bc

�
��c��c −

i

2
Γ
e
��

�
���,

where c and c′ represent the different reaction channels. � 
and � represent the energy levels of the compound nuclear 
system. ��c represents the reduced width amplitude. A�� rep-
resents the energy level matrix. E represents the energy in 
the center-of-mass system. Eres

�
 represents the resonance 

energy. Sc(E) represents the displacement function. Bc rep-
resents the boundary condition. Γe

��
 represents the total 

reduced channel width amplitude, which is equal to the con-
tribution of all reduced channels.

The main feature of the generalized reduced R-matrix 
model is the consideration of the reduced channel. In a 
composite nuclear system, as the energy of the composite 
nucleus increases, reaction channels, such as three-body and 
four-body reactions, will open up. However, owing to the 
lack of experimental data for most many-body reaction chan-
nels, it is not possible to consider them as separate reaction 
channels in data evaluation. Reaction channels that cannot 
be considered separately are categorized as reduced chan-
nels. The setup of the reduced channels can help extend the 
data evaluation to higher energies.

2.3 � Covariances, generalized least squares 
and error propagation law

Smith [28] presents the professional theory for evaluation 
of nuclear data and is a guide to developing computer pro-
grams. Key components of nuclear data evaluation and self-
contained methods are: (i) the theory of error distribution and 
error propagation, (ii) the formulas for covariance fitting, (iii) 
the theory of generalized least squares, (iv) the experimental 
method for modification of Pearl’s pertinent puzzle (PPP), (v) 
Lette’s criteria for minimizing the effect from occasional “out-
liers” (constrain the �2 value of “outliers,” their maximum 
contribution is typically limited to 9), and (vi) the test for the 
definiteness of the covariance matrix. These components can-
not be ignored if one wants to obtain an accurately evaluated 
value and describe the experimental nuclear data objectively 
and with high precision. The inherent reason for this situa-
tion stems from the fact that nuclear measurements invariably 
encompass long-, middle- and short-range inaccuracies in the 
observable factors. These inaccuracies are inevitable part of 
the process. A correlation was also observed between long- 
and middle-range errors, establishing a link between them.

In the least squares formalism, the conventional least 
squares (CLS) formalism is quite adequate for addressing 
problems in which the relationships between the observa-
bles, y, and the parameters, � , to be estimated are inherently 
linear. The true values, �0 , can never be known exactly, but 
our procedures aim to provide the best estimates possible 
for the given data. We showed that the procedure could also 
be used to solve nonlinear problems, provided that they are 
first linearized using Taylor series expansions.

Fig. 2   (Color online) Flowchart for running the RAC program
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This can be accomplished only if the initial estimates 
of the parameters, �a , are provided. This step within the 
theory is rather arbitrary. If we are in a position to make 
an estimate, �a , then we ought to be in possession of some 
information on its uncertainty, which should be taken into 
consideration in the estimation process.

The GLS formalism was introduced to rectify this defi-
ciency in the CLS formalism. This approach represents an 
amalgamation of the Bayesian methodology with the least 
squares condition, and it is clearly the method of choice 
for solving nonlinear problems where the introduction of a 
priori estimates for the parameters is a requirement. Further-
more, the method can also be used to solve inherently linear 
problems that involve combining a priori information with 
new data to provide a refined solution. For example, we per-
form a Legendre fit to the differential cross-sectional data. In 
the first pass, estimates can be made for the Legendre expan-
sion coefficients, � , based only on differential data. The CLS 
technique can be used because no prior information is avail-
able (or required). The integral information could then be 
introduced to derive refined values for the parameters, alpha. 
If the GLS is employed, all available uncertainty informa-
tion will always be properly incorporated into the formalism. 
In fact, this approach can be used to solve problems that 
can be handled just as well by simpler methods. All that is 
required is to introduce any reasonable choice for the prior 
parameters, with errors sufficiently large so that the new data 
will be dominant.

The optimization process of the GLS method consid-
ers the full covariance matrix of the experimental data. 
In the GLS, both statistical and systematic errors are con-
sidered, which means that the sample no longer satisfies a 
strictly normal distribution, which is the actual state of our 
experimental dataset. There is no rigorous statistical the-
ory that can prove that the least squares method described 
above can lead to the generation of an unbiased estimate. 
However, according to the classical statistical theory, the 
“Gauss–Markov” theory [28] under certain conditions, GLS 
can lead to the minimum variance estimation.

In the case of experimental data, the systematic error usu-
ally has great uncertainty and complexity. Some experiments 
yield relative measurements, some do not yield systematic 
errors, and some yield systematic errors that are either 
too large or too small. The RAC uses a repeated iterative 
approach to gradually replace the systematic error of the 
experimental data with the error of the evaluation value. To 
obtain the most reliable and consistent fit to the data. The 
analytical process of RAC requires repeated computation of 
the covariance matrix of the intermediate evaluated values 
and parameters, which involves a large amount of computa-
tion. The covariance matrix was constructed with reference 
to D. Smith [28].

In the following, we describe how to construct a covariance 
matrix with error information obtained from the experimental 
data. Suppose U2

i
 , S2

i
 , L2

i
 , M2

i
 and Y2

i
 are total variance, statis-

tical variance, long-range component (LERC) of systematic 
variance, medium-range (MERC) component of systematic 
variance and total systematic variance of ith experimental data 
point respectively, and let U2

i
 = S2

i
 + L2

i
 + M2

i
 , Y2

i
 = L2

i
 + M2

i
.

The diagonal elements Cjj of the correlation coefficient 
matrix C are 1 for all. The non-diagonal elements for integral 
cross sections are

Here CL
ij
 refers to the LERC of systematic errors, CM

ij
 refers 

to the MERC of systematic errors, and

where W is the distribution width parameter, and Ei and Ej 
are the energy points of the data.

The non-diagonal elements of C for differential cross sec-
tion are

The correlation coefficient is determined by the total and 
systematic errors, and a larger systematic error leads to a 
larger correlation coefficient. The absolute covariance matrix 
elements of the simulated data can be calculated from the 
corresponding correlation coefficients as follows

The theoretical formula for error propagation within the 
R-matrix model fitting is as follows

Here, y refers to the vector of calculated values, D is the sen-
sitivity matrix, and P is the vector of R-matrix parameters. 
Subscript “0” indicates the optimized original value, and k 
and i are for the fitted data and R-matrix parameter subscript, 
respectively. The covariance matrix of parameter P is

(3)Cij = CL

ij
+ CM

ij
.

(4)CL
ij
=

LiLj

UiUj

,

(5)CM
ij
=

MiMj

UiUj ⋅ fij
,

(6)fij = exp
{
−[(Ei − Ej)∕W]

2
∕2

}
,

(7)Cij = (CL
ij
+ CM

ij
) ⋅ Gij.

(8)Vij = Cij ⋅ Ui ⋅ Uj.

(9)y − y0 =D(P − P0),

(10)Dki =(�yk∕�Pi)0.

(11)VP = (D+V−1D)−1.
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Here V refers to the covariance matrix of the data to be fitted, 
and its inversion matrix can be expressed as follows

where V1 , V2 ... Vk refers to the covariance matrices of the 
subset data, which are independent of each other. The covar-
iance matrix of calculated values is

The formula adopted for optimizing the R-matrix fitting is

where � refers to all R-matrix parameters, VP is the covari-
ance matrix of the R-matrix parameters, � is the vector of 
experimental data, y is the vector of calculated values and 
V refers to the covariance matrix of the experimental data.

At the beginning of the analysis, the RAC uses �2 consid-
ering only the second term of Eq. (14) to fit the experimental 
data. After obtaining an appropriate parameter set � and its 
covariance matrix VP , the optimization formula of GLS, that 
is the full Eq. (14), is used to fit the experimental data. This 
group of � and VP is used as the initial values for the subse-
quent iteration. RAC uses an iterative process to continu-
ously improve the estimated value of � , and decrease the �2 
with respect to � and VP simultaneously. This comes at the 
cost of using 100 times more CPU time than that required 
when using CLS or others [13]. The primary benefit of GLS 
is its capability to apply error propagation theory to accu-
rately generate a covariance matrix for the evaluation data; 
all matrix elements of the covariance matrix are considered, 
whereas CLS considers only non-diagonal elements.

3 � 5 He system analysis process

3.1 � Reaction channels

Three reaction channels were considered in this study. The 
channel radii are listed in Table 2. The contributions of all 
other reaction channels are expressed in terms of the total 
width of the reduced channel. The initial value of channel 
radii ac is given by the equation in the literature, and the 
equation is as follows

(12)V−1
=

⎛⎜⎜⎜⎝

V−1
1

0

V−1
2

⋱

0 V−1
k

⎞⎟⎟⎟⎠

(13)Vy = DVPD
+.

(14)
�2

= (� − �P)
+V−1

P
(� − �P)

+ (� − y)+V−1
(� − y) ⇒ minimum,

(15)ac = r0(A
1∕3

1
+ A

1∕3

2
),

where A1 and A2 are the mass numbers of the incident par-
ticle and target nuclei, respectively. r0 is a constant in the 
range of 1.40 − 1.50 fm. However, in the actual param-
eter adjustment process, the channel radii ac is an adjust-
able parameter, and the final result is obtained by fitting 
the experimental data. The channel radii mainly influence 
the computation of Coulomb wave functions. By fixing the 
channel radii after the initial tuning, we retain the original 
set of Coulomb wave functions, thereby accelerating the 
overall optimization process.

According to the classification of incident particles, the 
evaluation data of the 5 He system were divided into the data 
of the neutron incident reaction channel (n+4 He reaction) 
and the data of the deuteron incident reaction channel (DT 
reaction). The nuclear reaction channels for neutron inci-
dent include: 4He(n,tot), 4He(n,el), 4He(n,d)T and 4He(n,np)
T, and the nuclear reaction channels for deuteron incident 
include: T(d,n)4He, T(d,el) and T(d,n)4He∗ , where multiple 
reaction channels are inverse to each other. There are also 
deuterium capture reaction channels with very small reac-
tion cross sections. Because both the multi-body reaction 
and deuterium capture cross sections are small compared 
to the main reaction channels for major neutron and deute-
rium incidences, the aforementioned reaction channels are 
not considered in this study.

In the calculations of R-matrix theory, the computa-
tional amount is approximately proportional to the cube 
of the number of reaction channels. If the incident particle 
energy is sufficiently high and the compound nuclear system 
involves many two-body and multi-body reaction channels, 
the number of R-matrix parameters and the computational 
amount can be significantly reduced using the reduced chan-
nel width amplitude. The reduced channel width amplitude 
is usually used to replace the contributions of two-body and 
multi-body reaction channels without experimental data.

In this study, the lack of experimental data on multi-body 
reaction channels such as 4He(n,2np)D and T(d,2np)D is 
addressed. The contributions of these reaction channels were 
uniformly replaced by a reduced channel width amplitude. 
Based on the literature of D.R. Tilley [29], in the deuterium 
and tritium exit channel, the deuterium has a high prob-
ability of breaking up into a proton and a neutron. There-
fore, the reaction channel 4He(n,np)T was also considered in 

Table 2   Channel radii of 
reaction channels

Reaction channel Channel 
radii ac 
(fm)

4 He + n 3.6
T + d 4.7
4He∗ + n 5.9
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this study. However, owing to the lack of experimental data 
for this reaction channel, we used the reaction T(d,n)4He∗ 
with deuteron incidence in ENDF/B-VIII.0 as the inverse 
reaction channel for this reaction and calculated the cross 
section of the neutron incidence channel using the detailed 
balance principle in the RAC program. For 4He(n,2n)3He, 
the two-neutron emission cross section is not present in any 
of the evaluated nuclear data libraries or experimental data 
libraries, except for the special library for activation EAF-
2010 [30]. The cross sections from this library were adopted; 
however, because the cross section of the reaction channel is 
extremely small, we temporarily treated its contribution as a 
background in the program calculations.

3.2 � Use of experimental data

A more comprehensive collection of experimental data on 
nuclear reaction cross sections is contained in the EXFOR 
database [7]. This work refers to almost all the experimental 
data of 4He+n, T+d in EXFOR. The experimental data are 
listed in Table 3.

When using the RAC program to optimize the R-matrix 
parameters based on experimental data, obvious “odd 
points” in the experimental data need to be excluded, and the 
various experimental data need to be normalized, if neces-
sary, to prevent them from interfering with the optimization 
of the program and causing the R-matrix parameters to fall 
into erroneous positions in the high-dimensional space.

4 � Analysis and discussion of results

4.1 � Low energy cross section for T(d,n)4He

The deuterium–tritium fusion reaction cross section is the 
most important reaction cross section of the 5 He system, 
dominated at low energies by a J� = 3/2+ resonance. This 
3/2+ state increases the cross section of the DT reaction com-
pared to other fusion reactions in the thermonuclear fusion 
energy region. For reactor applications, the cross-sectional 
data within the thermonuclear fusion energy region up to 0.1 

MeV are of the greatest importance. Because the T(d,n)4 He 
reaction cross section below 0.01 MeV is extremely small, 
the low-energy T(d,n)4 He reaction cross section discussed 
below is mainly for 0.01–0.1 MeV. In this energy range, the 
T(d,n)4 He reaction has only experimental data for the inte-
gral cross section at its peak. There is a lack of experimental 
data on the differential cross section, which creates a great 
deal of difficulty in obtaining evaluation data, especially for 
the evaluation of the low-energy differential cross section.

Theoretically, the differential cross section of the 
T(d,n)4 He reaction below 0.1 MeV is very close to iso-
tropic, and we adjusted the isotropic distribution to have 
a slight forward tilt and used this as an initial value. After 
several iterations, the initial value was replaced by the cal-
culated value of the program, and its final calculated value 
was determined by fitting the entire set of experimental data. 
Without adding the reference data when the initial fit is in 
progress, it would leave too much freedom for adjusting the 
parameter, and it is highly possible that the low-energy dif-
ferential cross-sectional data would change irregularly.

Because the R-matrix analysis for the 5 He system is a 
systematic evaluation, for the differential cross section of 
the T(d,n)4 He reaction at low energies, not only will the 
experimental data at that location have a constraining effect 
on the evaluation results, but also the experimental data 
in other energy ranges of the other reaction channels will 
have an effect on the evaluation results. In particular, the 
differential cross section of the neutron reaction channel 4
He(n,el) around 22 MeV and the differential cross-sectional 
data of the T(d,n)4 He reaction obtained only on the basis of 
the results of the ENDF are not objective. For the objectivity 
of the evaluation work, the ENDF differential cross-sectional 
data for low-energy T(d,n)4 He reaction in the original refer-
ence data were replaced using the calculated values of the 
current RAC program when the fitting of the full system was 
almost complete. According to the calculated value of the 
low-energy differential cross section of the T(d,n)4 He reac-
tion and the experimental data of other reaction channels, 
the evaluation data of the differential cross section of the 
T(d,n)4 He reaction can be obtained relatively objectively 
in this study. Because this work is a method of covariance 

Table 3   Experimental data used 
in the RAC program

Reaction channel Cross-sectional type Energy range (MeV) Data point Average �2

4He(n,tot) total cross section 1.87×10−7 – 40.0 167 2.89
4He(n,el) integral cross section 2.53×10−8 – 23.7 4 0.09
4He(n,d)T integral cross section 22.07– 22.4 11 1.81
T(d,n)4He integral cross section 7.00×10−3 – 16.0 238 2.67
4He(n,el) differential cross section 5.45×10−1 – 23.7 1098 2.59
T(d,n)4He differential cross section 1.03×10−2 – 20.0 929 1.46
T(d,el) differential cross section 9.60×10−1 – 14.4 912 2.30
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fitting, its main role is to provide the evaluation data of the 
error of the T(d,n)4 He reaction evaluation data, which is not 
provided by ENDF.

We finally obtained the results of the evaluation of the 
integral cross section and the differential cross section of 
the T(d,n)4 He reaction below 0.1 MeV, which was obtained 
from the existing energy level structure after a systematic 
evaluation of the 5 He system.

For the integral cross section, the current results of RAC 
are in good agreement with the ENDF and experimental 
data, and the energy region below 0.1 MeV is consistent 
with the ENDF results, as shown in Fig. 3. RAC-2024 and 
RAC-2024(2) are two different schemes in the evaluation 
process. The integral cross section in this energy region was 
used as an example to verify the conformity of the results of 
the two evaluation schemes and to demonstrate the accuracy 
of the evaluation data. RAC-2024(2) in Fig. 3 shows the 
results of another independent scheme that evaluated the 
5 He system, and the results of the two schemes are basi-
cally the same, which verifies the accuracy of the evaluation 
data on the side. The error in the integration cross section 
is approximately 5‰  and the closer the energy is to the 
peak, the smaller the error, with an error of 2.45‰  at 0.1 
MeV. The errors in the integration cross section between 
0.01 MeV and 10 MeV are presented as percentages in 
Fig. 4. Because the T(d,n)4 He reaction peaks near 0.1 MeV, 
where the experimental data are most abundant, the error 
is the smallest during the error analysis. The errors in the 
other energy regions were larger than near 0.1 MeV, which 
satisfies the basic requirements of the error analysis. The 
covariance information is shown in Fig. 5, where we pre-
sent the results of the correlation coefficients (CC) of the 
covariance for the integral cross section from 0.01 to 10 
MeV. For the differential cross section, the results for the 

differential cross section are more sensitive to the energy 
level structure at this position than integral cross section, 
and the present results differ somewhat from the ENDF. The 
energy level structure at this position is mainly constrained 
by the differential cross section for the T(d,n)4 He reaction 
below 0.1 MeV and the differential cross section of the 4
He(n,el) reaction at approximately 22 MeV. For the integral 
cross section of the T(d,n)4 He reaction below 0.1 MeV, the 
integral cross section around 22 MeV for the 4He(n,el) and 
4He(n,tot) reactions and the interfering effects of the back-
ground play a certain role.

Figure 6 shows the results of the evaluation of differential 
cross sections at 0.01, 0.05 and 0.09 MeV. As can be seen 
from these figures, the center values of the RAC evaluation 

Fig. 3   (Color online) T(d,n)4 He from 0.01 to 0.1 MeV

Fig. 4   Error of the T(d,n)4 He reaction integral cross section evalua-
tion data given by the RAC-2024 at 0.01 to 10 MeV

Fig. 5   (Color online) Correlation coefficients (multiply by 1 ×104 ) of 
the covariance for T(d,n)4 He from 0.01 to 10 MeV
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results are somewhat different from the ENDF results, with 
the difference in center values being within 5‰  and the 
ENDF results are within the error range of the RAC evalu-
ation results. The differential cross section of the T(d,n)4 He 
reaction at low energy tends to be essentially isotropic. 
Detailed differential cross-sectional data on the results of 
the RAC evaluation can be found in the supplementary file 
(pages 6-19).

Here is an individual discussion of the differential cross 
section at Ed = 0.1 MeV and a discussion of why the low-
energy differential cross section is forward-sloping from the 
point of view of wave splitting. Ed = 0.1 MeV is basically 
where the peak is, and it is very important to determine how 
the differential cross section of 0.1 MeV is constructed. The 
contributions of the different energy levels at the peak are 
analyzed in the following section. As the analysis of the 
A = 5 systems progresses, an accurate knowledge of the 
reaction channel T(d,n)4 He is expected to contribute to our 
knowledge of the levels of 5He. The resonance observed at 
a low energy of Ed = 109 keV is widely recognized to be 
attributable to the J� = 3/2+ state in 5He.

In the present study, the angular distribution at the peak 
Ed = 0.1 MeV is forward-sloping, and the following explains 
the cause of the forward lean tendency of the angular distri-
bution at the peak. The angular distribution is energy level 
dependent. We used Legendre polynomials to decompose 
the angular distribution at 0.1 MeV. Each Legendre polyno-
mial coefficient reflects the contribution of a specific energy 
level with different orders corresponding to different physi-
cal effects. The formula used to calculate the angular distri-
bution is shown below

(16)pi(�,E) =
1

2
+

NL∑
l=1

2l + 1

2
al(E)Pl(�),

where Pl is a Legendre polynomial with a maximum order 
of NL. Note that the angular distribution pi is normalized 
by the integral cross section. Only the first four terms of the 
Legendre polynomial were considered, with a0 defaulting 
to 1. The other coefficients are listed in Table 4 (for higher-
order fits, see the supplementary file on pages 4-5). The 
Legendre polynomials were calculated as shown in Fig. 7.

Decomposing Legendre polynomials for the angular 
distribution, different l have different shapes. For example, 
the S-wave, l=0, is horizontal, and no extremes occur. The 
P-wave, l=1, shows a tendency to be a straight line with 
a high left and low right. The D-wave, l=2, is extremely 
large at 0◦ and 180◦ and extremely small at 90◦ . Table 4 and 
Fig. 7 show that the value of a1 is much larger than that 
of a2 and a3 , and that the S-wave together with the small 
contribution of the P-wave has basically constituted the 
shape of the angular distribution of the forward tendency. 
From the R-matrix energy level parameters, the P-wave at 
this position mainly originated from the 3/2−.

This problem can also be analyzed in terms of the wave 
splitting contribution. All waves were discussed separately, 
and for each wave, their contribution to the angular distri-
bution at that energy was calculated individually, and the 
results are shown in Fig. 8. As shown, J� = 3/2+ makes 

Fig. 6   (Color online) Differential cross section at 0.01, 0.05 and 0.09 
MeV for the T(d,n)4 He reaction

Table 4   Legendre coefficients for differential cross sections at 0.01, 
0.05 and 0.1 MeV for T(d,n)4 He reaction

Ed (MeV) CS (mb) a1 a2 a3

0.01 1.732×100 2.808×10−4 2.203×10−4 4.312×10−6

0.05 1.370×103 4.614×10−4 1.688×10−4 −4.429×10−6

0.1 4.936×103 1.342×10−3 −1.849×10−4 −3.599×10−6

Fig. 7   (Color online) Calculations of Legendre functions of different 
orders for the T(d,n)4 He angular distribution at 0.1 MeV
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the main contribution to the angular distribution at that 
energy point, and the contributions of the other waves are 
significantly smaller than the contribution of J� = 3/2+ . 
However, the contributions of individual waves are almost 
all 90◦ symmetric, which cannot explain the phenomenon 
of angular distribution leaning forward, from which it can 
be recognized that the angular distribution leaning forward 
should be formed due to the interference between individual 
waves. The angular distribution of J� = 3/2+ at 0.1 MeV is 
a raised peak, and J� = 3/2+ interferes with J� = 1/2− and J� 
= 3/2− , making the calculated values of the angular distribu-
tion larger at small angles and smaller at large angles. The 
magnitude of the interference for J� = 3/2+ with J� = 3/2− 
is larger than that for J� = 1/2− . The interference between 
J� = 3/2+ and J� = 5/2+ depresses the peak of the angular 
distribution results for J� = 3/2+ and improves the results 
for large and small angles. In summary, the four waves J� 
= 1/2− , J� = 3/2+ , J� = 3/2− and J� = 5/2+ then essentially 
compose the angular distribution of 0.1 MeV, and the result 
is shown in Fig. 9.

4.2 � Other reaction cross sections of the 5 He system

Owing to the excessive amount of data for the evaluation of 
the 5 He system, this section only shows and illustrates the 
integral cross sections and individual differential cross sec-
tions considered in this work. For detailed information, refer 
to the supplementary file (including integral cross sections, 
differential cross sections and neutron polarization differen-
tial cross sections).

Figures 10 and 11 show the comparison of the results 
of all integral cross sections in this study with the experi-
mental and evaluation data. For neutron incidence channels, 
ENDF/B-VIII.0 provides evaluation data up to 20 MeV, 
except for 4He(n,d)T. For the deuterium incidence channel, 

ENDF/B-VIII.0 provides evaluation data up to 30 MeV. The 
results of this study are generally consistent with ENDF/B-
VIII.0 within the energy range considered by the ENDF 
file. The ENDF data referenced later were obtained from 
ENDF/B-VIII.0.

It should be mentioned that for the total neutron incident 
cross section, the present work extends the incident neutron 
energy up to 46 MeV. As shown in Figs. 10a and 11, espe-
cially at the second peak caused by the energy level of 3/2+ 
owing to T(d,n)4 He opening at approximately 22 MeV, the 
RAC results are consistent with the experimental data within 
the error range. According to Tilley [29], this energy level 
corresponds to the first 3/2+ state in the compound nuclear 
system of 5He. This indirectly indicates that the level dis-
tribution obtained within the RAC framework is generally 
consistent with the experimentally measured level distribu-
tion. Here, the experimental data have large errors; there-
fore, it is not a strong constraint for the optimization of the 
R-matrix parameters. The level distribution in this energy 
region is mainly constrained by the experimental data of 
the integral and differential cross sections near the first peak 
of the T(d,n)4 He reaction as well as the differential cross 
sections of the 4He(n,el) reaction in the same energy range. 
Compared to the integrated cross sections, the differential 
data provide stronger constraints, as the differences in the 
shape of the differential cross sections directly determine 
which partial waves are involved at a given energy.

The elastic scattering cross section for neutrons is shown 
in Fig. 10b. Because the other reaction channels of the 5 He 
system are not yet open before 20 MeV, the neutron elastic 
scattering cross section is completely consistent with the 
total neutron cross section in this energy range. This reaction 

Fig. 8   (Color online) Independent contributions of each wave to the 
T(d,n)4 He angular distribution at 0.1 MeV in center-of-mass systems

Fig. 9   (Color online) Contributions of the four waves 1/2− , 3/2+ , 3/2− 
and 5/2+ versus the final result in center-of-mass systems
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cross section shows a small peak at approximately 22 MeV, 
as does the total cross section, which again is the contribu-
tion of the 3/2+ energy level at this energy. The experimen-
tal data for neutron elastic scattering have only four energy 
points, at thermal energy and near 20 MeV, and the results of 
the RAC are consistent with both the ENDF evaluation data 
and the experimental data within the error range.

The deuteron emission cross section for the neutrons 
is shown in Fig. 10c. The deuteron emission cross section 
has a threshold of 22.02 MeV, and only Shamu [31, 32] 
measured the cross section at the first peak at 22.2 MeV. 
The FENDL-3 library references these experimental data, 
and the FENDL-3 library requirement is for all evaluation 
data to be at least 60 MeV, extrapolating the cross section 
to 60 MeV by following the trend of the last four measured 
points on a log–log scale. The extrapolated data were pub-
lished in the FENDL-3.2b. Drosg [12] has also calculated 
the results for this reaction channel by detailed balance 

(a) (b)

(c) (d)

Fig. 10   (Color online) Evaluation data of the integral cross sections 
for other reaction channels of the 5 He system. a 4He(n,tot) from 1 ×
10−11 to 46 MeV; b 4He(n,el) from 1 ×10−11 to 25 MeV in linear coor-

dinate. The micrograph shows results from 1 ×10−11 to 1 ×10−3 MeV in 
log–log coordinates; c 4He(n,d)T from 22 to 27 MeV; d T(d,n)4He∗ 
from 3.5 to 30 MeV. 4He∗ is the first excited state of 4He

Fig. 11   (Color online) 4He(n,tot) from 21.5 to 23 MeV
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calculations. A comparison of the RAC with FENDL-
3.2b, Drosg’s data and the experimental data is shown in 
Fig. 10c. There is a lack of experimental data after the 
first peak, and because this work is a systematic evalua-
tion of 5 He system, the region lacking experimental data 
follows the cross section of the inverse reaction T(d,n)4
He. This is the reason why the RAC results are consistent 
with Drosg’s results. Following the principle of detailed 
balance, after the first peak of this reaction, the cross sec-
tion rises gradually as the energy increases and does not 
decrease.

Figure 10d shows the reaction cross section of T(d,n)4He∗ 
where 4He∗ refers to the first excited state of 4He. The RAC 
and ENDF results were generally in agreement. We extrapo-
lated the cross tion for this reaction based on the R-matrix 
parameters of the present work to a maximum energy of 30 
MeV.

The differential cross section of each reaction channel 
was consistent with the experimental data. It should be men-
tioned that the differential cross section of neutron elastic 
scattering around 22 MeV plays a very important role in 
constraining the low-energy differential cross section of the 
T(d,n)4 He reaction. Figure 12a shows a comparison of the 
RAC at 21.85 MeV with the experimental data.

It should be noted that, for the T(d,el) reaction, we used 
experimental data that were not included in the ENDF evalu-
ation. The RAC results showed good agreement with the 
experimental data. Figure 12b shows the results of the evalu-
ation of the RAC at 13.85 MeV in comparison with the new 
experimental data [33].

5 � Summary

In this study, based on the generalized reduced R-matrix 
theory, the RAC program was used to simultaneously calcu-
late and analyze all available experimental data on the 5 He 
system. The evaluation values of the main reaction cross 
sections of the 5 He system were obtained after setting rea-
sonable reaction channels, gradually adding and adjusting 
suitable R-matrix energy levels, and repeatedly iterating and 
adjusting the R-matrix parameters. Compared with the exist-
ing mainstream evaluation database, the overall conformity 
was good, and the errors were within the allowable range. 
Simultaneously, we combined physical principles or math-
ematical methods to obtain valid data that could be added to 
the analysis, expanding the data sources and improving the 
credibility of the calculated values. In particular, the error 
and covariance matrix of the T(d,n)4 He reaction cross sec-
tion evaluation are provided for the first time.

For the integral cross section, the maximum energy of 
neutron incidence is generally widened to 46 MeV, and the 
maximum energy of deuterium incidence is generally wid-
ened to 30 MeV, which enlarges the scope of the evalua-
tion data. For the differential cross section, the results are 
given for the four reaction channels 4He(n,el), 4He(n,d)T, 
T(d,n)4 He and T(d,el) at different incidence energies, which 
is very broad and basically covers the range of the existing 
experimental data. In particular, the low-energy differen-
tial cross section for the T(d,n)4 He reaction was analyzed in 
detail, and wave splitting analysis of the angular distribution 
at 0.1 MeV was performed using Legendre polynomials. The 

(a) (b)

Fig. 12   Evaluation data of the integral cross sections for other reaction channels of the 5 He system. a Differential cross section of the 4He(n,el) 
at 21.85 MeV; b Differential cross section of the T(d,el) at 13.85 MeV
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reason for the forward slope of the differential cross section 
near the peak is given in terms of the contribution of the 
S-wave and P-wave from 3/2− . For error analysis, the errors 
in the integral and differential cross sections of each reaction 
channel, as well as the covariance of the integral cross sec-
tions, were calculated using the generalized least squares and 
error propagation theories. In the evaluation data of several 
reciprocal reactions in the 5 He system, the cross-sectional 
data were precisely matched, which further ensured the reli-
ability of the final evaluation data.
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