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Abstract
The structures of even–even Gd and Dy isotopes around N = 100 were investigated using a fully self-consistent microscopic 
model. The systematics of the exited 2+

1
 and 4+

1
 energies reveal a peak-like structure at N = 100 along the Gd ( Z = 64 ) and 

Dy ( Z = 66 ) isotopic chains. This supports the evidence for a subshell gap near N = 100 . The nuclear structure properties 
studied are important to understand the r-process elemental abundance peak at A ∼ 160.

Keywords  Nuclear structure · Deformed shell gap · Deformed Hartree–Fock · Angular momentum projection · EM 
transition

1  Introduction

The study of exotic nuclei, especially nuclei toward the neu-
tron drip line, has opened a new field in the study of the 
structure of finite quantum mechanical systems. The study 
of exotic nuclei has revealed novel phenomena that have not 
been observed in stable nuclei. As we move away from the 
line of stability toward the dip-lines, traditional spherical 
shell closures disappear, and deformed shell gaps emerge. 
The deformed shell gap in single-particle structures stabi-
lizes nuclei with large deformations, similar to spherical 
shell closures for traditional magic nuclei. The disappear-
ance of the traditional magic numbers and the appearance 
of new magic numbers [1–5] are evident in lighter mass 
regions and challenge our understanding of nuclear forces. 
Such new phenomena in heavier unstable nuclei have gained 

attention recently, but remain to be thoroughly investigated. 
The existence of a new neutron shell gap at N = 100 has 
been predicted from mean-field calculations [6–8] and is 
also evident from experiments [9, 10]. The study of neutron-
rich midshell nuclei is relevant to the new shell structure.

The study of neutron-rich nuclei far from the line of �
-stability is also important from an astrophysical perspective. 
Elements heavier than Fe are known to be synthesized by 
s-, r- and p-processes. The rare-earth nuclei are assumed to 
be produced via s- and r-processes. However, the sites for 
r-process are not accurately known. A huge breakthrough 
was made in 2017, when the Advanced LIGO and Advanced 
Virgo gravitational-wave detectors discovered a binary 
neutron star merger named GW170817 [11]. Gravitational-
wave observations were followed by the detection of the 
electromagnetic radiation of GW170817 over a wide range 
of frequencies. The measurements [12–15] of the afterglow 
of GW170817 (known as ‘kilonova’) provided important 
clues about the synthesis of heavy elements by r-process. 
Other possible candidate sites are neutronized ejecta mate-
rial from supernova explosions and neutrino-driven wind 
from a neutron star formed from a type II supernova [16]. 
The r-process abundance distribution has large peaks at A ∼ 
80, 130, and 195. The neutron shell closures are responsible 
for the observation of these peaks in the spectrum. This is 
because closed-shell nuclei have longer beta-decay lifetimes 
and capture neutrons reluctantly. Therefore, in the r-process 
path, neutron closed-shell nuclei act as waiting points and 
their abundance increases. This mechanism has been known 
for several years [17]. The rare-earth region has a small but 
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distinct peak at A ∼160. This is known as the rare-earth ele-
ment (REE) peak. In contrast to the large peaks, the origin 
of this peak or bump-like structure in the abundance pattern 
is not clearly understood. Deformation has been suggested 
to play an important role in the formation of the REE peak 
[18]. The existence of a deformation maximum can act like 
a neutron closed shell if the next isotope is less stable for 
deformation and the binding energy decreases with the addi-
tion of a neutron.

The nuclear ground-state quadrupole deformation ( �2 ) is 
predicted by the macroscopic-microscopic calculation (finite 
range droplet model, FRDM) by Möller et al. [19], the rela-
tivistic mean-field (RMF) theory by Lalazissis et al. [20], 
and the Hartree–Fock-BCS+MSk7 (HFBCS) by Goriely 
et al. [21] and others. Both FRDM and RMF predict the 
maximum deformation at N = 102 . However, the HFBCS 
predicts at N = 100 . The development of quadrupole defor-
mation and the position of the maximum deformation are 
not well understood. Experimentally, these lighter rare-earth 
nuclei with N = 100 and beyond have scarcely been studied 
because of the enormous difficulties.

Here, we theoretically study the systematics of the bulk 
and microscopic properties of even–even 154−170 Gd and 
156−172 Dy rare-earth isotopic chains employing the deformed 
Hartree–Fock (HF) and angular momentum (J) projection 
method [22, 23]. Self-consistent microscopic calculations 
were performed by directly considering the residual interac-
tion. This model with the residual interaction built into the 
HF states is very close to the shell model as has been shown 
by earlier studies [24, 25].

2 � Deformed Hartree–Fock and angular 
momentum projection

In this section, we briefly discuss the model for the sake 
of completeness. The details of the deformed Hartree–Fock 
and angular momentum projection methods can be found 
in Refs. [22, 26, 27]. The model (namely DHF model) used 
by us is based on a quantum many-body method which has 
been quite successful in explaining the structure of nuclei 
in the rare-earth region [8, 28–30] as well as lighter mass 
region [26, 27]. It is based on the deformed Hartree–Fock 
model for the intrinsic states and angular momentum projec-
tion (J-projection, for short) for the physical states, based on 
these intrinsic states.

This basis is enriched compared to the Nilsson basis 
because the pp, nn, and pn correlations are built in by 
the inclusion of residual interaction in a self-consistent 
manner through the HF iteration procedure. Occupation 
of the lowest HF orbits by the active neutrons and protons 
forms the ground band ( K = 0 ) intrinsic configuration for 
even–even nuclei. Here we use an axially symmetric basis 

with K quantum number for each intrinsic state. This is 
actually not a limitation of our model because we can diag-
onalize among various K configurations after J-projection.

An intrinsic wave function ∣ �K⟩ is a superposition of 
states of good angular momenta:

One needs to project out states of good angular momenta 
from the intrinsic state ∣ �K⟩ using the angular momentum 
projection operator:

Here, R(Ω) is the rotation operator e−i�Jz e−i�Jy e−i�Jz and Ω 
represents the Euler’s angles � , � and � . The Euler’s angles 
� and � are integrated out because of the axial symmetry, 
but the remaining one � has to be integrated numerically. 
We use 64 point Gauss–Legendre quadrature to evaluate � 
integration. It is important to restore rotational symmetry 
using such a projection operator. The angular-momentum-
projected normalized states are given by 

The energies of the states are obtained from the Hamiltonian 
overlap given by

with NI
KK

= ⟨� ∣ PIK
K

∣ �⟩ . NI
KK

 represents the intensity of 
angular momentum I in a K configuration.

In general, two states �ΦI1M

K1
⟩ and �ΦI2M

K2
⟩ projected from 

two intrinsic configurations ��K1
⟩ and ��K2

⟩ are not orthog-
onal. We orthonormalize them using the following 
equation

Here NI
KK′

 are amplitude overlap and bI
K′

 are the orthonor-
malized amplitudes, which can be identified as band-mixing 
amplitudes. The orthonormalized states are given by
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elements of various tensor operators.
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The reduced matrix element of a tensor operator TL of 
polarity L between projected states ΨI1

K1
 and ΨI2

K2
 is given by

3 � Results and discussions

3.1 � Deformation properties

In deformed (axial) Hartree–Fock and angular momentum 
projection technique [for details see [23, 27] and references 
therein], we start with a model space and an effective inter-
action. The model space is presently limited to one major 
shell for protons and neutrons lying outside the 132 Sn core. 
The 3 s1∕2 , 2 d3∕2 , 2 d5∕2 , 1 g7∕2 , 1 h11∕2 , and 1 h9∕2 proton states 
have energies 3.654, 3.288, 0.731, 0.0, 3.205, and 6.96 MeV, 
and the 3 p1∕2 , 3 p3∕2 , 2 f5∕2 , 2 f7∕2 , 1 h9∕2 , and 1 i13∕2 neutron 
states have energies 4.462, 2.974, 3.432, 0.0, 0.686, and 
1.487 MeV, respectively [30, 31]. We use surface delta inter-
action (SDI) [32] as the residual interaction among the active 
nucleons within the valence space. The strength of the SDI 
was taken to be 0.3 MeV for p-p, n-n, and p-n interactions in 
our calculation [28, 33]. The strength was fixed to reproduce 
relative binding energies of nuclei in the rare-earth mass 
region [33]. Despite its simplicity, this interaction provides a 
good description of the systematic deformations in this mass 
region [33, 34]. Also the interaction reproduces quite well 
the relative experimental binding energies of the Gd and Dy 
isotopic chains, respectively [30]. Therefore, despite being 
a simpler schematic interaction, the SDI is very useful for 
understanding the simplicity of complex calculations. It can 
simulate the main important correlations, short range (pair-
ing), and long range (quadrupole) of nuclei in a rather simple 
way [35, 36]. It is also evident that SDI gives qualitatively 
the same behavior as the pairing plus quadrupole interaction 
for the first excited 2+

1
 state in even–even nuclei [37]. The HF 

calculation for the valence nucleons lying outside the 132 Sn 
core is performed for both prolate and oblate shapes. How-
ever, the oblate HF energy lies above (1 MeV or more) the 
prolate HF ground-state energy for the Gd and Dy isotopic 
chains. Therefore, we considered the prolate shape as the 
ground configuration.

As the proton and neutron orbits are filled beyond the 
closed shell, the deformation and collectivity increase. 
The maximum deformation was expected at the middle 
of the shell. The 170 Dy isotope with Z = 66 and N = 104 
lies in the middle of the proton shell Z = 50 − 82 and 

(7)

⟨ΨI1
K1
��TL��ΨI2

K2
⟩ = 1

2

(2I2 + 1)(2I1 + 1)1∕2

(N
I1
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N
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�
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I2
�K2

(�)⟨�K1
�TL

�
e−i�Jy ��K2

⟩ .

neutron shell N = 82 − 126 . Hence, 170 Dy is expected to 
have the most collective nuclei in its ground state [40]. 
However, experimental data are not currently available 
for this isotope. In Fig. 1, we have plotted the quadru-
pole deformation ( �2 ) parameters for N=90–106 isotopes 
of Gd and Dy. Our DHF results for �2 are compared with 
available experimental  [38, 39] as well as RMF  [20], 
FRDM [19], and HFBCS [21] calculations. All theoreti-
cal values, including the DHF results, were slightly lower 
than the experimental data. However, the overall trends 
were correctly reproduced. The �2 values increased stead-
ily with N and were nearly stabilized after N = 96 , with 
a maximum at N ∼ 100 . This shows that �2 value tends to 
decrease beyond N = 102 . The quadrupole and hexadeca-
pole moments for the prolate Hartree–Fock solutions are 
listed in Table 1. From Table 1, we can see that the nuclei 
studied here possess large static ground-state quadrupole 
moments.
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�

Fig. 1   Quadrupole deformation ( �
2
 ) versus neutron number (N) plot 

for Gd and Dy nuclei. Experimental data are taken from [38, 39]
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3.2 � Single particle configuration

The prolate-deformed HF single-particle levels for 
even–even 154−170 Gd and 156−172 Dy are shown in Figs. 2 
and 3. The proton and neutron Fermi surfaces are denoted 
by “dashed” lines, below which the levels are completely 
filled. The proton single-particle levels remain largely 

similar throughout the respective isotopic chains both for 
both Gd and Dy. The neutron single-particle spectra, how-
ever, show considerable variation with the change in the 
valence neutron number, as can be seen from Fig. 2 for the 
Gd isotopes. It is interesting to note that a considerable 
gap at the neutron Fermi surface is opened at N = 100 
isobars compared to its neighboring nuclei. A similar trend 

Table 1   The values of the 
quadrupole [ Q

2
=

⟨
r
2
Y
20
(�)

⟩
 ] 

and hexadecapole 
[ Q

4
=

⟨
r
4
Y
40
(�)

⟩
 ] moments 

obtained for prolate Hartree–
Fock ground states in 154−170 Gd 
and 156−172Dy

The quantities are given in units of the harmonic oscillator length parameter, b2 = 0.9A
1∕3

+ 0.7 fm2

Z A E
DHF

B.E. (expt) Q
2
 [b] Q

4
 [ b2]

(MeV) (MeV) Proton Neutron Proton Neutron

64 154 −1266.55 −1266.55 13.45 14.34 14.01 41.25
156 −1280.26 −1281.59 13.57 15.86 13.40 20.78
158 −1293.77 −1295.88 13.60 18.20 13.68 41.97
160 −1307.56 −1309.28 13.63 20.27 13.75 54.29
162 −1320.93 −1321.76 13.70 21.89 13.17 36.25
164 −1332.94 −1333.32 13.73 23.37 13.00 33.37
166 −1345.67 −1344.27 13.75 22.86 12.76 12.47
168 −1357.27 −1354.25 13.75 21.99 12.55 − 10.13
170 −1369.02 −1362.89(sys) 13.77 22.61 12.17 − 28.98

66 156 −1278.02 −1278.02 13.64 14.54 9.74 41.98
158 −1292.49 −1294.04 13.75 15.94 9.22 18.43
160 −1306.97 −1309.45 13.78 18.28 9.56 39.68
162 −1321.81 −1324.11 13.81 20.35 9.73 52.09
164 −1336.34 −1338.03 13.87 22.04 9.19 33.10
166 −1349.04 −1350.79 13.90 23.51 9.10 30.28
168 −1364.15 −1362.91 13.91 22.98 8.76 9.65
170 −1377.56 −1374.11 13.92 22.11 8.42 − 12.94
172 −1391.12 −1384.60 13.94 22.75 8.10 − 31.71

Fig. 2   (Color online) The pro-
late Hartree–Fock single-par-
ticle levels for neutrons (black 
lines) and protons (red lines) are 
shown for the Gd isotopic chain. 
The occupied levels are denoted 
by ‘ × ’. The broken lines guide 
the eyes to the Fermi surfaces
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was also observed for the nearby Z = 62 162 Sm nucleus 
from the mean-field calculation  [33]. The gap in single-
neutron levels is prominent for the Gd isotope, whereas it 
exists for Dy isotopes, but less prominently. This indicates 
a possible deformed subshell gap near N = 100 . The pos-
sibility of a deformed subshell gap at N = 100 for Z ≤ 66 
was also discussed by Patel et al. [9].

The HF single-particle orbits shown in Figs. 2 and 3 
are obtained by fully self-consistent deformed HF pro-
cedure. We emphasize that the deformation dynamically 
follows the HF solutions and is not externally imposed. A 
more familiar Nilsson-like plot can be obtained using con-
strained HF calculations. However, the HF single-particle 
levels are largely mixed because of the inclusion of resid-
ual interactions during the HF iteration procedure. The 
components of the single-particle levels can be traced back 
to each single-particle orbital. To obtain a Nilsson-like 
deformed single-particle plot, we performed constrained 
HF calculations. For constrained HF calculation, we use a 
quadrupole-constrained Hamiltonian given by

with � being the constraining parameter; Qp

20
 and Qn

20
 are the 

quadrupole moments of protons and neutrons, respectively. 
The quadrupole constraint helps to obtain, by a self-con-
sistent procedure, the deformed HF solutions at the desired 
deformation.

In Fig.  4, we show the Nilsson-like single-particle 
orbits near the neutron Fermi surface for 164Gd. As men-
tioned earlier, a considerable gap opens up at the neutron 

(8)H�
(�) = H − �(Q

p

20
+ Qn

20
),

Fermi surface near N = 100 . Furthermore, higher-order 
deformations (e.g., �4 , �6 ) may influence the size of the 
gap.

It is to be noted (stressed) that ⟨H⟩ , the original Hamilto-
nian (and not the constrained Hamiltonian) is used to evalu-
ate the energy of the systems and other observable quantities 
presented later in the discussion.

3.3 � Systematic of the first 2 + and 4 + energies

Figure  5a shows the systematics of the first 2 + energy 
E(2+) for even–even Gd, Dy, and Er rare-earth nuclei. A 
local maximum at N = 100 is evident for the Gd and Dy 
nuclei and less prominent for the Sm isotope [39]. From 

Fig. 3   (Color online) Same as 
in Fig. 2 but for Dy

Fig. 4   Nilsson neutron single-particle levels for nuclei near 164Gd
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our calculations, we observed a similar trend for the Gd and 
Dy nuclei, as shown in Fig. 5a. Near Z = 68 , 168 Er does not 
exhibit such a trend at N = 100 . The E(2+) values decrease 
from N = 92 to N = 98 . From Fig. 5a, it can be seen that the 
2 + energy for N = 100 is higher than that of its immediate 
neighbors. A similar nature is also observed for N = 100 
and Z = 62 isotopes [9]. This supports the possible increase 
in stability at N = 100 , 62 ≤ Z ≤ 66 nuclei in the rare-earth 
mass region. Similar to E(2+) , the systematics of E(4+ → 2+) 
also show an increase at N = 100 for Gd and Dy isotopes, 
as shown in Fig. 5b. This trend was well reproduced by our 
DHF calculations. However, the Er isotopic chain does not 
show such variations, as is evident from the experimental 
and theoretical data shown in Fig. 5b.

3.4 � Electromagnetic properties

Electromagnetic properties (e.g., B(E2), quadrupole, and 
dipole moments) are very useful tools for testing collectiv-
ity in nuclear states, as these quantities are very sensitive to 
nuclear wave functions. The calculated values are often com-
pared with available experimental data to ensure the wave 
function reliability. However, the experimental information 
is limited for most of the nuclei studied here. These nuclei 
lie close to the drip line, and experiments are difficult to 
perform, even with sophisticated modern facilities.

The reduced electric quadrupole transition strength B(E2) 
from an initial state �I1 to final state �I2 is given by

where i = p and n are the protons and neutrons, respectively. 
Here, � and � correspond to two bands that can be the same 
or different. The summation is for the quadrupole moment 
operators of the active protons and neutrons. The effective 

(9)B(E2;�I1 → �I2) =
1

(2I1 + 1)

������

�

i=p,n

⟨Ψ�I2
K2
��Qi

2
��Ψ�KI1

K1
⟩
������

2

,

charges for the proton and neutron are taken as ep = 1 + eeff 
and en = eeff with eeff = (0.5, 0.75) . The B(E2;2+ → 0+) val-
ues calculated DHF are shown in Figs. 6 and 7 for the Gd 
and Dy isotopic chains, respectively. The theoretical values 
were compared with the experimental data whenever avail-
able. Experimental data are only available for lighter nuclei 
in the isotopic chains currently being studied. It can be seen 
from Figs. 6 and 7 that the experimental values are better 
reproduced with the effective charges ep(n) = 1.75(0.75) . 
Although these effective charges are larger compared to 
the standard values ep(n) = 1.5(0.5) , these values seem to be 
reasonable as our model space is not too large. The B(E2) 
values show a gradually increasing trend until N = 100 
and become nearly constant thereafter for both the Gd and 
Dy chains. As expected, this trend is similar to that of the 
quadrupole deformation parameter, as shown earlier. The 
experimental value for N = 100 , 164Gd, although has a large 

Fig. 5   (Color online) Compari-
son of theoretical and experi-
mental data for a E(2+) and b 
E(4

+
→ 2

+
) . Experimental data 

are taken from [39, 41–44]
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Fig. 6   Comparison of theoretical and experimental data for E2 transi-
tion probability for even-even 154−170 Gd nuclei. Experimental data are 
taken from [39, 41–44]
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uncertainty, well reproduced in our calculations. Beyond 
N = 100 , experimental data are not available.

We have also calculated the electric quadrupole moment, 
Q, and magnetic dipole moment, � , for the first 2 + state, as 
shown in Figs. 8 and 9 for the Gd and Dy isotopic chains. 
The quadrupole moments were calculated with the effec-
tive charges ep(n) = 1.75(0.75) . The available experimental 
data and the trend of quadrupole moments with increasing 
neutron number (N) were reproduced quite well in our cal-
culations. The experimental values are spare and suffer from 
large uncertainties for Dy isotopes. The systematic calcula-
tion of the quadrupole moments showed a smooth variation 
with the neutron number (N) throughout the isotopic chains, 

although a minor change is apparent at N = 100 for both 
the Gd and Dy isotopes. To calculate the magnetic dipole 
moments, we use the g factors gl = 1.0 �N , gs = 5.586 × 0.75 
�N for protons, and gl = 0 �N , gs = −3.826 × 0.75 �N for 
neutrons. A quenching factor of 0.75 for gs is used to con-
sider the core-polarization effect [45]. The calculated values 
for �(2+) agree reasonably well with the available experi-
mental results, as shown in the lower panel of Figs. 8 and 9. 
The dipole moments are not well reproduced for 156,158Dy. 
One of the reasons for this may be the single-particle ener-
gies. At the drip line, neutron single-particle energies are 
still not well known. The �h11∕2 orbit has a large influence 
on the g−factor or magnetic moment. Therefore, the different 
contributions of �h11∕2 in the many-body nuclear wave func-
tion can alter the final dipole moment. We have not observed 
any variation in �(2+) at N=100 for these nuclei.

4 � Summary and conclusions

A systematic study of the bulk and microscopic properties 
and the resulting possible deformed subshell gap around 
the neutron drip line was carried out for N = 90 − 102 
isotopes of Gd and Dy. To understand the structure of 
deformed nuclei, the basis is to study single-particle motion 
in a deformed potential. The deformed Hartree–Fock theory 
for the intrinsic structure and angular momentum projec-
tion for the restoration of rotational symmetry are useful 
techniques in such studies. The intrinsic configurations 
were generated by self-consistent deformed Hartree–Fock 
calculations, including the effect of residual interaction. 
The residual interaction causes mixing among the valence 
nucleons. The deformation follows dynamically based on the 
deformed HF theory. The intrinsic states are not the physi-
cal states of the nuclear system. One needs to do angular 

Fig. 7   Comparison of theoretical and experimental data for E2 transi-
tion probability for even-even 156−172 Dy nuclei. Experimental data are 
taken from [39, 41–44]

Fig. 8   Comparison of theoretical and experimental data electric 
quadrupole moment, Q (upper panel), and magnetic dipole moment, 
� (lower panel), for the first 2 + state of even–even 154−170 Gd nuclei. 
Experimental data are taken from [39, 41–44]

Fig. 9   Same as Fig.  8, but for even–even 156−172 Dy nuclei. Experi-
mental data are taken from [39, 41–44]
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momentum projection to obtain a physical state with good 
angular momentum.

Our DHF calculations predict a smooth variation in 
quadrupole deformation with increasing neutron number. 
The �2 value reaches a maximum at N ∼ 100 and nearly 
stabilizes after that for both the Gd and Dy isotopic chains. 
The HFBCS+MSk7 [21] calculations show a distinct peak 
at N = 100 . The Skyrme Hartree–Fock calculations predict 
the maximum deformation for Dy isotopes at either N = 100 
or N = 102 , depending on the various parameterizations 
[46]. The FRDM [19] and RMF [20] predict maximum �2 
with smooth variation at N = 102 for Sm, Gd and Dy nuclei. 
Despite the variation in the position of the maximum defor-
mation, all calculations predict that the maximum deforma-
tion occurs before N = 104 in the neutron midshell.

The systematic E(2+) energies exhibit a peak-like struc-
ture at N = 100 . This local maximum was also observed in 
earlier calculations [8] and is evident from experiments [9, 
39]. This is an indication of a possible subshell closure 
at N = 100 . Recently, it was predicted that the localized 
maximum deformation and hence the subshell closure may 
present at N = 98 [47]. To understand this result, a recent 
study modified the standard Nilsson parameters with the 
introduction of an isotope dependence � and � [48]. With 
this modification, deformed gaps may appear at N=98 or 
N=100, depending on the isotopes and deformation. An 
increase in E(4+ → 2+) at N = 100 is also observed and 
also visible from our calculations, as shown in Fig. 5b. The 
local maximum for E(2+) and E(4+ → 2+) is not present for 
Er(Z = 68 ) at N = 100 . A deformed shell gap usually mani-
fests a discontinuity in the two-neutron separation energy 
( S2n ) in a manner similar to that of the spherical shell gap, 
but less prominently. However, no such major changes in S2n 
are visible for the Dy isotopic chain, where the experimental 
mass is known [49–51]. For other isotopes, the experimental 
masses are still unknown. Hence, the masses of these nuclei 
may be determined using the new generation of experimen-
tal facilities.

As the deformation peaks near N = 100 , we expect simi-
lar behavior for B(E2;2+ → 0+) values. The maximum B(E2) 
values and hence high collectivity are observed in the pre-
sent DHF calculations, as shown in Figs. 6 and 7. This may 
indicate maximum deformation-driven subshell closure at 
N = 100 . Although this prediction is not clearly evident 
from the calculated quadrupole moments, a minor variation 
in the quadrupole moments at N = 100 indicates a change 
in the shell structure.

From our self-consistent microscopic calculations, a 
deformation maximum at N = 100 was observed, which 
may act like a subshell closure for 62 ≤ Z ≤ 66 nuclei. 
This gap influenced the r-process abundance peak at A ∼

160. However, experimental data on these drip-line nuclei 
are still insufficient. Further experimental and theoretical 

investigations are required. Because of ambiguities regard-
ing the single-particle energies in neutron drip-line nuclei, 
it is necessary to study the deformed Nilsson levels in these 
areas of the nuclear chart. In particular, their variations have 
higher-order deformations (e.g., �3 , �4 , �6 ). All of these are 
planned for future studies in a systematic way.
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