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Abstract

Preserving beam quality during the transport of high-brightness electron bunches is crucial for advanced accelerator applica-
tions, such as particle colliders, free-electron lasers, and recirculating linacs. However, coherent synchrotron radiation (CSR)
significantly degrades beam quality when electron bunches pass through multi-bend isochronous beamlines, particularly for
short bunches with non-ideal longitudinal profiles. Although several methods have been proposed to mitigate CSR effects,
most rely on small-angle approximations or are limited to idealized bunch profiles. In this study, we present two improved
methods for designing isochronous triple-bend achromat (TBA) beamlines that effectively mitigate CSR-induced emittance
growth and longitudinal profile distortion without relying on small-angle approximations. The first method, an enhanced
integral optimization approach, simplifies numerical optimization and can accurately handle larger deflection angles, making
it suitable for practical applications that require flexible lattice configurations. The second method, an optimized I-matrix
approach, completely cancels steady-state and transient CSR kicks through specific matrix constraints and higher-order
dispersion optimization, enabling effective CSR suppression even with very large deflection angles. Systematic simulations
demonstrate that both methods achieve excellent preservation of transverse emittance and longitudinal profiles.

Keywords Lattice design - Coherent synchrotron radiation - Horizontal emittance

1 Introduction

Large-angle deflection of high-current, ultra-short electron
bunches is essential for achieving higher luminosity and
enhanced photon brightness in recirculating linacs and X-ray
free-electron lasers [1-7]. However, maintaining bunch qual-
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Methods for suppressing the CSR effect in compressed
multi-bend structures have been extensively studied. The
research focuses on achieving both CSR suppression and
bunch length compression in compressors [10—16]. Unlike
the optimization objective of the compressor, non-com-
pressed multi-bend structures need to maintain the longitu-
dinal profile of bunches while suppressing the CSR effect.
Since non-compressed multi-bend structures are often used
to bend high-intensity bunches, the intensity of the CSR
effect in the isochronous arc region, under the same bend-
ing angle, is greater than in the compressor. This can lead to
degradation of bunch length, micro-bunching structure, and
other properties [17-20].

The triple-bend achromat (TBA) is a relatively simple
structure that can adjust the Ry4, and it is commonly used
for beam transport and deflection where preservation of the
longitudinal profile is required. Research has also shown
that, under certain special designs, the TBA structure can
deflect high-brightness bunches while suppressing the CSR
effect. The beam envelope matching method minimizes pro-
jected emittance growth through Twiss function adjustment,
while the R-matrix method analyzes CSR effects in achro-
matic cells and aligns the undisturbed beam distribution in
the transverse phase space [21, 22]. The R-matrix method
was modified in [23] with the objective of analyzing the
horizontal displacement caused by CSR in one dipole mag-
net, which is called the kick-point method. The C-S formal-
ism analysis [11] was also modified and combined with the
kick-point method to effectively reduce the transverse emit-
tance growth caused by the CSR effect. Using the kick-point
method, Huang derived the general conditions for eliminat-
ing CSR effects in a single TBA cell and obtained a set of
numerical solutions that could be applied in TBA design
[24-26]. Another set of numerical solutions was demon-
strated [27, 28], which not only suppressed CSR effects but
also achieved optical stability, enabling the serial connection
of multiple cells to increase the deflection angle. Moreo-
ver, longitudinal control such as Rs¢ and T's¢q was applied
to maintain the longitudinal profile of the bunch after a 60°
deflection, effectively suppressing the gain of microbunching
instability (MBI). The integral method achieves CSR sup-
pression through minimizing the integrated R‘;Z Ti=1,2)
under small angle approximation in TBA cells [29].

In this study, two methods were employed to optimize a
beamline for large-angle deflection to mitigate the effects of
CSR. The first method builds on the work in [29, 30]. Our
enhanced integral optimization method eliminates the small-
angle approximation, enabling accurate CSR suppression
even at larger deflection angles. This approach significantly
simplifies numerical optimization processes and extends its
applicability to various complex lattice designs. The second
approach, our optimized /-matrix method, systematically can-
cels both steady-state (ss CSR) and transient CSR (tr CSR)
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kicks through precise matrix conditions and second-order
dispersion optimization. The beamline based on this method
effectively suppresses residual CSR kicks and preserves beam
quality even after multiple deflection cells, making it particu-
larly suitable for large-angle deflection beamlines. In Sect. 2,
the physics model of emittance degradation caused by CSR
is introduced, and we further simplify the integral method. In
Sect. 3, a single TBA cell is studied to meet multiple require-
ments, and a multi-objective optimization algorithm (MOGA)
is combined with the integral method to design an isochro-
nous TBA structure. In Sect. 4, the I-matrix method is used to
design a double TBA cell, with further optimizations enabling
the bunch to be deflected at a larger angle. Additionally, a brief
discussion of the SXFEL upgrade plan and preliminary experi-
mental results is provided. Section 5 concludes the study.

2 Theory analysis for emittance degradation
caused by CSR

The effect of CSR on bunches is often investigated using
a 1D projected model that neglects vertical influences and
considers only longitudinal interactions. Within this approxi-
mation, the CSR effect depends exclusively on the natural
coordinates s and the longitudinal coordinate of particle z.
As the particles are deflected in a beam transport line, the
transverse displacements x and x” of the observation point s;
along the beam line can be expressed as:

R(51.2) = Fpaey (51:2) + e (51, 2).

R (sp2) = &), (50.2) + 30, (55 2), M

Ccsr

;3&'1
cles constrained by the magnetic elements and are solely
dependent on the initial coordinates of the particles in the
six-dimensional phase space and lattice parameters. The
transverse offsets x, and x/_ arise due to the coupling
between the longitudinal and transverse directions, caused
by the energy spread generated by the CSR effect; the energy
spread induced by the CSR effect is represented by 6., at
any point s;, the variation in energy spread is denoted as
Ad,, ;- In the beamline with nonzero dispersion, the coupling
terms between the transverse and longitudinal directions
lead to additional transverse offsets Ax,, ; and Ax/ o> Which
are produced by Aé, ; generated at point s;. The transverse
offsets Ax_,, ; and Axé ori generated at observation point s; are:

where ¢, and X - are the oscillation motions of the parti-

csr,i

— Si St
Axcsr,i - A(Scsr,iRm ’ (2)

/ _ Si—>Sl-

Axcsr,i - AéCSfJR% >

R (i = 1,2) represents elements R, s and Ry in the trans-
fer matrix from any point s; to observation point s;. The total
transverse offset generated by the CSR effect from the initial
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point s, to the observation point s; is obtained by summing

the transverse offsets Ax,,, ; and Ax’_ . produced at each point
s CSr,i

along the path. This sum can be represented in the form of

an integral, given as

rdé =
jCcsr(Z) =/ Csr(Z) : RS sfds,

ds 16
20
5 €)]
- Tdoe (@) s,
¥ (@) = / iis; "Ry 'ds.
So
We define % (z) and &/ _ (z) as the CSR kick at point z in the

particle longitudinal coordinate. According to the discus-
sion in Sect. A, the CSR-induced energy spread variance
for arbitrary longitudinal profiles can be approximated as:

5csr csr
(u,s) =

as 0= gt @)

o,(s) is the RMS bunch length at point s, u = Ui is the nor-

malized longitudinal position, k., = 34/3% and the formula

of I'(u) is presented in Eq. (A.2), which is only dependent on
the longitudinal profile of the bunches. In this study, we aim
to deflect a beam with high peak current while maintaining
the distribution of the longitudinal profile. Therefore, two
conditions must be satisfied: (i) the lattice must be isochro-
nous, and (ii) the deflection angle of a single bend must be
kept small to prevent excessive local effects Rs4. Larger local
Rs¢ can cause significant changes in the longitudinal profile
of the bunch, potentially leading to irreversible beam degra-
dation. Once the above two conditions are satisfied, the vari-
ance in bunch length can be neglected in all regions of the
beamline. From Eq. (B.6) in Sect. B, the emittance at the exit
of the beamline is

2

e2 =2y + e, (Bylt + 2a L 1) + v 15 ) Loy + Ae

csr csr

= 5)2(0 + €08 colosr + Aszsr, )
€., €, denote the geometric emittance at the entrance and
exit of the beamline, respectively; f,, a,, and y, are the Twiss
functions at the exit of the lattice. The definition of I; and
I, can be found in Sect. B. when the effects of ss CSR are
neglected; Ae? = <Ax2> <Ax’2> — (AxAx')?, when only ss
CSR is considered. Therefore, the emittance growth stems
from €., in Eq. (5). Minimizing this term can suppress the
emittance variation induced by ss CSR in the design process.
Moreover, for the lattice with periodic solutions, the £, can

be further simplified to

Eese = Bepsl; + 15/ Bps: (6)

Prps = \/M?,/(1 — M?) is the periodic solution of TBA

cell. Consequently, in this study, an objective function for

the lattice with solutions can be defined for evaluating the
impact of ss CSR:

fobj=<\/M?2/<1—Mf1>1f+1§/ M%2/<1—M%1>>- %)

By optimizing the transfer matrix elements as shown in
Eq. (7), the integral can be effectively minimized, thereby
mitigating the impact of ss CSR. This result is valid for any
bunch distribution. The computation of the integral can be
achieved either by fitting the evolution of R5;(i = 1, 2) within
the bends during the optimization process or by uniformly
sampling points along the bends and summing their contri-
butions. In practical applications, particularly for an asym-
metric lattice without periodic solutions, a more universally
applicable approach involves deriving all elements of the
matrix M or adjusting the Twiss functions at the exit of the
beamlines as variables to search for the optimal solution.

3 CSR effects in single isochronous TBA cells
with periodic optics function

In this study, we focused on the isochronous TBA cells. And
the following conditions need to be met to completely elimi-
nate the ss CSR kick in a single TBA cell: (1) and (2): isoch-
ronous and achromatic, (3) and (4) /, and I, equal to zero, (5)
|M,, + My,| < 2. In the case of symmetric TBA configura-
tions with three identical bends, no structure can simultane-
ously satisfy all the specified conditions [27, 29]. This is due
to the fact that the number of constraints exceeds the number
of degrees of freedom. As a result, the ratio between the
middle bend and the side bends in the symmetric TBA struc-
ture is introduced as an additional degree of freedom. An
analytical investigation incorporating this additional degree
of freedom is presented in Sect. C. In this investigation, it is
described that the value of |M,, + M,,| decreases with the
reduction of the absolute value of the ratio kK when condi-
tions (1) to (4) are met; however, its minimum value still
reaches 17‘1‘. Section C revealed the absence of an exact solu-
tion that satisfies all of these conditions, necessitating the
search for an asymptotic solution for the symmetric TBA.
The Non-dominated Sorting Genetic Algorithm IT (NSGA?2)
[31], a versatile multi-objective optimization algorithm, was
employed for this task. It utilizes non-dominated sorting and
genetic operators to efficiently generate diverse and effective
solutions in a single run. The accelerator physics simulation
program BMAD [32] was used to simulate beam dynamics
with CSR effects, and to ensure accuracy, the simulation
outcomes were validated using the accelerator physics pro-
gram ELEGANT [33]. All results presented in this paper
are based on BMAD simulations and have undergone com-
parative validation. The parameters of the bunch used in the
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simulation are listed in Table 1. The bunch in the first col-
umn of the table is a Gaussian bunch with a peak current of
2000 A. The second column represents the actual case, with
the non-ideal bunch coming from the Shanghai Soft X-ray
Free-Electron Laser (SXFEL) [34, 35], the first X-ray FEL
facility in China. Within the TBA design, the angular ratio
between the middle bend and the side bends is defined as k,
resulting in a total deflection angle of 15°. The TBA assem-
bly comprises six quadrupole magnets and four sextupole
magnets, intricately arranged to refine both the first- and
second-order transfer matrices. The strategic placement and
calibrated strengths of these magnets exhibit a symmetrical
distribution with respect to the central axis of the TBA cell.

The asymptotic solution must lie within the opti-
cally stable region of the isochronous TBA structure.
By combining the achromatic, isochronous, and sym-
plectic conditions of the transfer matrix, it is known that
for any given k, the two optical stability regions of the
isochronous TBA structure are denoted as regions S1 and
S2 in Fig. 1. The S1 region is defined within the inter-
val [—k, —k/Z], which aligns precisely with the curves in
Fig. 13, where I, = 0,52 and I, = 0, S2. Notably, within
the S1 region, the magnitudes of I, and I, are observably
lower than those within the S2 region. Furthermore, the
€., Was calculated within the S1 region which is defined
in Eq. (6). When m,, approaches —k or —k/2, as shown in
Fig. 2, e, becomes smaller than in other cases in region
S1, resulting in a lesser impact of ss CSR on the transverse
quality of the bunch. It is worth mentioning that the TBA

Table 1 Bunch parameter of simulation

Parameters Gaussian bunch ~ SXFEL bunch
Bunch length (pm) 30 57

Beam energy (MeV) 1500 1500
Normalized emittance (pm rad) 1 1.19

Bunch charge (pC) 500 500

Relative rms energy spread (%)  0.05 0.06

Fig. 1 (Color online) Optical
stability region for a symmetric
isochronous TBA structure
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Fig.2 (Color online) €., in S1, the two boundaries of this region are,
respectively m,, = —k/2 and m,, = —k

structures corresponding to m,, = —k and m,, = —k/2 have
M,, = M,, = 1 with a nonzero M,,, which indicates that
these TBA cells do not have a periodic solution for the
f function. Simultaneously, the periodic solutions corre-
sponding to the f function are large in the adjacent areas
of m,, = —k and m,, = —k/2, although theoretical calcula-
tions indicate that the ss CSR does not have a significant
impact in these cases. Therefore, when considering the
impact of TR CSR at the entrance and exit of the bend,
X, and x/_ no longer conform to the form described in
Sect. B. Furthermore, when m,, = —k or my, = —k/2,
(xzsr> or <x§r> no longer equals zero. As known from
Eq. (5), alarger g, and y, coupled with the residuals <x§r>
and (xgsr> will lead to a significant increase in emittance.
Therefore, in the optimization process of this study, the
p function corresponding to the periodic solution was
constrained to lie within the range [0.5, 1.5] to effectively
mitigate this effect.

0.0
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In the optimization process, a set of 12 variables is
used. These include three quadrupole magnet strengths
(ranging from [—10, 10]), two sextupole magnet strengths
(ranging from [—500, 500]), one angular ratio k (between
the middle and side bends (ranging from [0.2, 2]), and
six drift lengths between magnetic elements (each ranging
from [0.1, 2]). The optimization is formulated as a multi-
objective problem with two goals:

fat =F % <\/Mf2/(1 —M2)E + L /A M2 /(1 —Mf1)>,

Jobip =S % |(R56 X 8, + Tsee X 582)/%

E}

®)
where f,; represents the impact of the ss CSR on the trans-
verse dimension. As discussed in Sect. 2, it denotes the mini-
mum growth in emittance when @, = 0 at the exit of the
TBA. fo denotes the relative change in bunch length due
to passage through the TBA while accounting for second-
order effects. fis an additional coefficient that equals 1 when
the TBA satisfies the following conditions: (1)
Ws mia < 10745 ) ¥t + 01, <2 (1= 1,35 =2.4) (3)

0.5 < 1/M?,/(1 - M?)) < 1.5; otherwise, it is a large num-

ber related to these conditions. Condition (1) ensures that
the TBA structure is achromatic. Conditions (2) and (3), on
the other hand, are designed to enforce the existence of a
periodic solution in the TBA cell, characterized by low val-
ues of the f and y functions. The value of /, and I, within
Jobj1 Was calculated by uniformly distributing points across
the lattice. The parameter n is the number of points in TBA
cell. When n = 1000, the error between the statistical result
and the actual result is within 5%. It is worth mentioning that
when [, is significantly smaller than the maximum value of
Rs; of the lattice, then this method may lose accuracy. The
results can be made more precise by either increasing the
number of points or employing curve fitting method. After
evolving over 500 generations, the optimization results con-
verged. Figure 3 illustrates the objective functions and key
parameters of the TBA in the final generation. As shown in
Fig. 3a, the solutions converge toward a working point near
m,, = —k/2 (the dashed line in the figure), which is consist-
ent with the results in Fig. 2. However, due to errors intro-
duced by the small-angle approximation and constraints
imposed by the periodic conditions of the beta functions, the
solutions do not converge indefinitely toward this boundary.
Then, two notable cases are marked: case A
( forj1 =3%x 107, fin =2x107) and case B
(fapjt = 2% 1075, f,» = 0.01), which correspond to the
emphasis on preserving the longitudinal profile and sup-
pressing the emittance growth caused by the ss CSR effects,
respectively.
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Fig.3 (Color online) Distribution of solutions in the final generation.
a Relationship between the bending ratio k and the transfer matrix
element m,, as defined in Eq. (C.2). b Values of |/, | and |/, | computed
without the small-angle approximation. ¢ Sextupole strengths k, for
the two sextupoles in the TBA cell. d Pareto front illustrating the two
objective functions. Red and black asterisks denote the selected solu-
tions corresponding to Case A and Case B
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€
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Fig.4 (Color online) For both TBA cases, the emittance growth
induced by ss CSR is illustrated: the solid curve represents the theo-
retical analysis, the circular markers (o-markers) denote the simula-
tion results obtained using BMAD, and the cross markers (x-markers)
correspond to the cases where the optics satisfy the periodic solution

To thoroughly evaluate the suppression capability of ss
CSR in Case A (point A) and Case B (point B), we altered the
beta function at the midpoint of the TBA under the condition
@, mia = 0and employed the transfer matrix from the midpoint
to the endpoint in conjunction with Eq. (5) to theoretically pre-
dict the emittance variation at the TBA exit under symmetric
optical conditions (as shown by the curve in Fig. 4). Simula-
tion results across different f, ., values reveal that a larger f
function leads to more gradual emittance growth, consistent
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with theoretical predictions, as indicated by the circular mark-
ers in Fig. 4. Furthermore, for practical implementation involv-
ing the serial connection of multiple TBA cells, the periodic
solution—denoted by the cross markers in Fig. 4—deserves
special attention. When using a Gaussian bunch as specified
in Table 1, the emittance growth due to ss CSR in both Case
A and Case B remains below 1%. However, the bunch length
variation in Case B is only 16% of that observed in Case A.
For the transport of high peak current beams, preserving the
longitudinal beam profile is as critical as minimizing emit-
tance growth. Therefore, Case B is selected to ensure both the
transverse and longitudinal beam qualities are well maintained
across multiple connected TBA cells.

In the simulation work, to better reflect realistic beam
dynamics, the effects of TR CSR from components upstream
and downstream of the bend were also taken into account. The
default order of magnetic elements was set to three. Simulation
results for a single TBA cell are summarized in Table 2. As the
bunch propagates through a TBA cell, the variation in bunch
length for both bunch profiles remains below 0.1%. When only
ss CSR is considered, the emittance growth is limited to less
than 1%, which is in good agreement with the theoretical pre-
dictions from Eq. (5). However, when TR CSR is included, the
emittance increases by approximately 3% compared to simula-
tions neglecting CSR effects.

In the simulation of the multi-cell TBA structure, six TBA
cells were connected in series to achieve a total deflection
angle of 90°. In this section, the values of 1, and 7, at the exit of
each cell were computed and compared with the results from
ss CSR simulations. In the multi-cell configuration, emittance
variation is influenced not only by /, ,, but also by the transfer
matrix of each individual TBA cell, as /, and 1, are not exactly
zero. Consequently, their values differ at the exits of various
cells. To determine these values, the Rs; and Rs, curves were
extracted from BMAD for the cascaded cell configuration.
Furthermore, to maintain statistical accuracy, the number of
sampling points was scaled proportionally to the number of
connected TBA cells. For example, when calculating /; and
I, at the exit of the sixth TBA cell, the curve_n_pts parameter
was set to 6000. As illustrated in the top panel of Fig. 5, the
theoretical analysis based on Eq. (5) aligns well with the simu-
lation results for the multi-cell TBA scenario. When including
both ss CSR and TR CSR effects, the emittance growth for
both bunch types is presented in Fig. 5. Simultaneously, the
bunch length was well preserved throughout the structure, as

Table 2 Simulation result of single TBA cell in BMAD

Parameters Ao, (%) 2% (%) Ao (7
o. €y €0

Gaussian bunch 0 0.87 2.6

SXFEL bunch 0.02 0.83 34
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—H—allcSRBMAD SX__

TBA cells

Fig.5 (Color online) Simulation results of multi-cell TBA cells
in BMAD: (top) emittance growth. ‘Gau’ represents the Gaussian
bunch, and ‘SX’ represents the SXFEL bunch. The left Y-axis rep-
resents the case considering only ss CSR, and the right Y-axis repre-
sents the case considering ss CSR and tr CSR

depicted in Fig. 6, with less than 1% variation observed for
both bunch profiles.

For the Gaussian bunch, the longitudinal profile remained
well-preserved throughout the bunch range. At the exit of the
sixth TBA cell, there was no significant deviation from the
initial bunch profile, as shown by the red and black lines in
the right panel of Fig. 6. For the SXFEL bunch, the longitu-
dinal profile in the core region (highlighted within the purple
box in the left panel of Fig. 6) was well-maintained. How-
ever, degradation in bunch quality was primarily observed
at the sides of the bunch. As indicated by the black curve in
the left image of Fig. 6, the slices at the edges of the bunch
exhibited higher current intensity and steeper gradients in
current strength. In practical applications, the core region
of the bunch is typically of primary interest. Therefore,
the impact of CSR effects on the longitudinal profile of the
bunch can be considered negligible within a limited number
of cells. For small-angle deflections, the single TBA struc-
ture used in this study effectively mitigates beam quality
degradation. Compared to the two-cell configuration dis-
cussed in Sect. D, the single TBA cell is more practical due

2000

1000

Current[A]

s[mm]

Fig.6 (Color online) The longitudinal profile of the bunch at the exit
of each TBA cell. (Left) The SXFEL bunch; (Right) The Gaussian
bunch. The black line represents the initial bunch and the term ‘cell 7’
refers to the bunch located at the exit of the ith TBA cell. The purple
box with dash line is the core region of SXFEL
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to its simpler structure and fewer magnets. However, as the
number of cells increased, the projected emittance exhibited
a noticeable rise for both bunch types. This increase can be
attributed to the neglected CSR effects during the sequence
drift and at the entrance of the bends in the design phase.
Previous studies have shown that completely canceling CSR
effects in the sequence drift of TBA cells is impossible [36].

4 CSR effects in double isochronous TBA
cells with periodic optics function

For a single isochronous TBA cell, the complete elimination
of ss CSR effects remains a challenge. As outlined in Sect. 3,
an optimal working point is determined that strikes a balance
between suppressing CSR effects and preserving the longi-
tudinal bunch profile. Although the design and optimization
process considers only the ss CSR kick, the TBA configura-
tion presented in Sect. 3 proves highly effective in mitigating
CSR kick, both in theoretical analysis and simulations. How-
ever, as the number of cascaded cells increases, the quality
of the bunch progressively degrades. This degradation is
primarily due to the cumulative impact of tr CSR effects
throughout the beam transport process. Similar to Eq. (5)
for ss CSR, the tr CSR kick, in combination with the Twiss
functions, contributes to a significant increase in emittance.
Consequently, to achieve larger deflection angles while pre-
serving beam quality, it becomes crucial to simultaneously
suppress both tr and ss CSR effects.

A —I matrix between bends with identical deflection
directions (while an I matrix for bends with opposite deflec-
tion directions) is a common approach to suppress ss CSR
kicks: For any points s, and sy in bends A and B, the Rj;
meets

Rsi(sp) = —Rs5,(sg) (i=1,2). )

This results in the complete cancelation of the ss CSR kick.
Following the four cases presented in [37], we investigate
the energy spread induced by tr CSR. The analysis assumes
constant magnetic fields in the bends and negligible bunch
length variation. Under these conditions, the energy spread
induced by tr CSR depends on two key parameters: the
position s’ relative to the entrance of the single n-bend ach-
romatic structure (TBA in this study), and the position x
relative to the upstream bend. So, for any s’ and x in double
TBA cell, 6 meets

Sésr,A (S’ ’ x) = aésr,B (S’ ’ x)' ( 1 O)

The subscript ‘A’ and ‘B’ denote any points in different
TBA in double TBA cells. Moreover, similar to Eq. (9), the
transfer matrix for the reverse beamline (detailed description
provided in Sect. B) satisfies:

Rs;(s") = —R5;(s' + L),

Rs;(x) = —Rs;(x + L), (11)

L is the distance between the entrances of adjacent TBA
cells. Thus, for the beamline consisting of two TBA cells,
the reverse beamline meets

So+L So
/ Rsy (s8], 5(s)ds" + / Rsy(s")6! A (s)ds" =0,
K S

+L

So+L So
/ R51(s’)5ésr’B(s')ds’ +/ R51(s')6ésr’A(s’)ds’ =0.
se+L S¢
(12)

Based on the I matrix method, a large-angle deflection
beamline was designed, with a focus on investigating the
CSR effects on high-peak-current bunches. A detailed
overview of this design is provided in Sect. D. As the
bending angles within the TBA cell increase, the local
Rs, becomes more significant, which invalidates the rigid
beam approximation. This leads to substantial and unpre-
dictable growth in the CSR kick. To maintain the validity
of the rigid beam approximation, the number of TBA cells
in series should be increased proportionally with the bend-
ing angle. Additionally, when two double TBA cells with
a —[ matrix are connected in series, inserting an / matrix
between them further enhances the suppression of the CSR
kick at the exit of the beamline.

Figure 7 illustrates a simple model for CSR kick error
cancelation achieved through an I matrix. While the Dou-
ble TBA cell theoretically suppresses CSR effects, higher-
order dispersion and local bunch length variations result
in residual nonzero values of x. and x/_ at the double
TBA cells exit. The err; in Fig. 7 represents the residual
values at the i-th double TBA cell. A —] matrix connection
between double TBA cells results in aligned err| and err,,
leading to cumulative errors with increasing cell numbers
(top inset in Fig. 7). In contrast, an / matrix connection
generates opposing errors that mutually cancel each other
(bottom inset in Fig. 7). These errors result in CSR-
induced displacements across different slices, ultimately
contributing to emittance growth.

Figure 8 presents the simulation results for both cases,
with the bunch parameters provided in Table 1. The I matrix
configuration results in smaller displacements, which helps
preserve the bunch quality. Conversely, for the double TBA

Fig.7 (Color online) The CSR
kick errors can be mutually

canceled by introducing an / —T 1 1
matrix between double TBA l " -
cells with —/ matrix 7
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cell described in Sect. D, implementing a —/ matrix between RS — _RStLlos j#5,6
two double TBA cells effectively reduces these displacements. v V) (16)

Furthermore, to achieve larger deflection angles while sup-
pressing CSR-induced emittance and maintaining the longi-
tudinal profile, the second-order matrix cannot be neglected.
Similar to R}, ™, the second-order matrix element T;s couples
with the additional energy spread, leading to growth in ¢;. The
elements of the second-order matrix can be expressed as

S¢
Ty = 8jk/0 dsR;, (5 = 5¢) BupcRyRopo (13)

where B, is the quadratic coefficient of x, and x_ in the
dynamical differential equation for x,. It depends solely on
the type of elements and remains constant for uniform ele-
ments. And

2j#k,

To simplify the formula of Eq. (13), we employ Einstein’s
summation convention, where repeated indices imply sum-
mation, and the summation signs are omitted in Eq. (13).
Under the assumption that the matrix between the entrances
of two TBA cells is a —/ matrix, we have:

Ry(s') = =Ry (s" + L) j # 5,6
(15)
Rjk(s’) = Rjk(s’ + L) otherwise,

and

200

100

-100

Xglice = Xhunch [#m]
(=]

-200

02 03 04 05 06 0.7 08
t [ps]

Fig.8 The CSR-induced displacements along the x-axis at the exit of
the second double TBA cell are shown for two configurations: black
points represent the case with a —/ matrix between the double TBA
cells, while red points indicate the case with an / matrix connection.
Here, xp,,, refers to the center of the entire bunch, and xg;.. repre-
sents the center of each individual slice

slice
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R‘;.J'l_”‘, otherwise.
In this investigation, we focus on a beamline system char-
acterized by horizontal-plane bending and the absence of
x — y coupling in its first-order transfer matrix. A significant
consequence of Egs. (15) and (16) is that 7 vanishes when
the indices (i, j, k) contain an even number (including zero)
of occurrences of 5 or 6. This mathematical property leads to
an important result: the second-order dispersion terms (spe-
cifically T ¢4 and T,¢) automatically vanish for the double
TBA cell configuration. To effectively control the horizon-
tal emittance growth, four critical second-order matrix ele-
ments require careful consideration: T 4, 7126, 116, and Thyg.
Furthermore, in a symmetric beamline configuration, we
observe the relationship T ;, = —7T5,¢. For beamlines with
either an / or —/ transfer matrix, the Twiss functions exhibit
periodic behavior under all conditions, with &« = 0 being
characteristic of periodic arc-like sections. The emittance
growth at the beamline exit follows a formulation similar to
Eq. (6), where §, can assume arbitrary values. However, the
CSR kick must also include higher-order terms. For f,; > 1,
the CSR kick in x’ provides the dominant contribution, with
its effect strengthening as f, increases. Conversely, when
Bys < 1, the CSR kick in x dominates and becomes stronger
as f, decreases.

From a practical implementation perspective, extremely
small initial § functions impose stringent requirements on
upstream focusing conditions. To address this, we adopt
Bys > 1in the current design work, with particular emphasis
on mitigating the CSR kick effects in the x"-axis. While the
calculation of T;.;S" presents significant mathematical chal-
lenges, the optimization strategy of minimizing the 7
terms in the double TBA cell configuration proves effective
in reducing the CSR effects from the upstream TBA cell. In
the design process, three quadrupoles in the TBA cells are
optimized to ensure achromatic and isochronous conditions.
Matching sections are added to both sides of the TBA to
achieve an overall —/ transfer matrix while maintaining
T,y = 0. Two families of sextupoles are then incorporated
into the lattice to minimize 754 and 7, 4. The beamline con-
sists of six double TBA cells designed to achieve a 180°
deflection. Additionally, a matching section between the
final two double TBA cells forms an [-matrix for error elimi-
nation. Figure 9 illustrates the x’-axis displacements at the
beamline exit for both cases with and without T, correc-
tion. Relative to the uncorrected case (black dots), reducing
|T5,6| (red dots) effectively controls the displacements,
thereby suppressing CSR kicks in the x’ axis. This results in
reduced growth in horizontal emittance. The simulation
results incorporating both tr CSR and ss CSR effects are
shown in Figs. 10 and 11, with the initial bunch parameters
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XPglice — XPbunch [1rad]

02 03 04 05 06 07 08
t [ps]

Fig.9 The CSR-induced displacements along the x’-axis at the beam-
line exit are shown, where red and black dots represent the cases with
and without 754 correction

listed in Table 1. Figure 10 shows the projected emittance at
the exit of multiple double TBA cells for different bunches.
For the Gaussian bunch, although the projected emittance
increases with the number of double TBA cells, the growth
remains below 25%. Meanwhile, the longitudinal profile and
slice emittance of the Gaussian bunch remain nearly
unchanged, as shown in the left inset of Fig. 11. The varia-
tion in projected emittance is primarily attributed to centroid
offsets. For the SXFEL bunch, the emittance growth reaches
approximately 35% at the exit of the sixth double TBA cell.
As shown in the right inset of Fig. 11, significant variations
occur at the bunch edges due to the dramatic changes in cur-
rent distribution at both the head and tail regions. Moreover,
for quasi-uniform bunches, the CSR effect exhibits a stronger
influence at the bunch tail, leading to intense CSR effects in
these regions and resulting in projected emittance degrada-
tion. Similar phenomena are observed in the simulation
results for the single TBA cell, as shown in Fig. 6. However,
the emittance degradation in the core region (the purple box
in Fig. 6) remains negligible, and the projected emittance

Normalized Emittance [a.u.]

1 2 3

F 4 5 6
Cell index

Fig. 10 The normalized project emittance evolution at the exit of
multiple double-TBA cells. The ‘SX Core’ denotes the purple box
with dashed line in Fig. 6

3 T T T
— beam;,
25+ = = beamy,
Tout

EHERTH|
o

I [a.u]

0
0.2 0.6

z [mm)]

Fig. 11 (Color online) The longitudinal profiles at the exit of the 6th
double TBA cell and the normalized slice emittance of the bunches
presented in Table 1

growth for this region stays below 20%, which is an accept-
able range for the primary radiation region of FELs.

5 Conclusion

This study introduces two enhanced methods for CSR sup-
pression in isochronous structures, addressing the challenges
associated with high-peak-current bunch transport through
bending systems.

For single TBA cells, the reverse beamline design facili-
tates an effective evaluation of ss CSR effects without rely-
ing on small-angle approximations. This approach preserves
excellent transverse beam quality and longitudinal profiles,
even under the combined ss and tr CSR effects, proving par-
ticularly effective for small bending angles. Furthermore, the
reverse beamline optimization method directly determines
CSR kicks through accelerator simulations, eliminating the
need for additional calculations. This streamlined process
not only enhances the efficiency of the design phase but also
extends its applicability to more complex structures, such as
Multi-Bend Achromats (MBA).

The —I matrix method has been further enhanced through
two key improvements: implementing an / matrix between
cells and optimizing the higher-order term 7, to effectively
reduce CSR-induced displacements in the horizontal phase
space. This enhanced approach theoretically suppresses both
ss and tr CSR effects. For large bending angles, the —/ matrix
method shows exceptional preservation of bunch quality.
Our study demonstrates that combining these improvements
allows a configuration of six double TBA cells to achieve
a 180-degree deflection while maintaining both transverse
emittance and longitudinal profiles for bunches with varying
longitudinal distributions. Experimental validation of CSR
suppression using the / matrix method is currently under-
way at SXFEL, with further research planned for future
development.
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Fig. 12 The simulation of ss 4.5 T T T T T
CSR for bunches with differ- ‘
ent longitudinal profiles. The \ -
dependence of Ao, on bunch \ e nonideall
length maintains consistent 4+ \ ideal2 7
characteristics across all bunch \\ ¢ nonldaea
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Appendix 2r
PP Sl (W) = ———=T(w), (A2)
34/3,,2/3},62/
A.The variance in energy spread caused '
by steady-state CSR where
u
Assuming that the magnet is uniform, P’ is the radiation  [(y) = / ;,4/3 Au)du'. (A.3)
point, and P is the observation point. ss CSR is considered in (U= 1"

this study; other cases are neglected in the subsequent deri-
vations. For an ultra-relativistic beam where o, < ,()(,1)133 /24
and the bunch density approaches zero near z,,, (the posi-
tion of the tail particle), the ss CSR energy spread can be

/_: Z Z
tail ( ) /

p is the dipole radius, y is the relativistic factor, r, is the clas-
sical radius of the electron, A(z, s) is the normalized longitu-
dinal density of the bunch at point s. Equation (A.1) can be
expressed in a more commonly used form following a con-
volution integral. Furthermore, by substituting z with the
normalized longitudinal position u = Gi, the additional

do, @ = 2r,

ds - 34/3p2/3y

MZHdZ. (A1)

energy spread caused by ss CSR can be e)épressed as

@ Springer

The % in Eq. (A.1) was simplified as 5ésr in Eq. (A.2).
Then, Eq. (A.1) consists of two fundamental terms: the I'(«)
function that characterizes only the longitudinal distribution
shape, independent of other beam parameters, and a scaling
factor that accounts for bunch-specific parameters. Based
on statistical principles, the # remains invariant under linear
transformations. Therefore, for cases where bunches are in
isochronous structures or only linear compression is con-
sidered in the compressor, the I'(#) remains constant. Thus,

8l luts1) < 0,(5,) > 3 "
8! (u,s,) o,(s))) '
and

AO-csr(sl) — <Gz(s2) > % (A 5)
Ao-csr (s2) Gz (sl ) . -
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The Ao, (s) = <5ésr(u, DE As)u is the RMS variance
in energy spread caused by ss CSR at s. The expression in
Eq. (A.1) is not limited to any specific distribution; therefore,
the relationship established in Eq. (A.4) and Eq. (A.5) holds
true for any bunch distribution, not just for Gaussian bunches.
The simulation of ss CSR for bunches with varying longitu-
dinal profiles is illustrated in Fig. 12. The energy spread vari-
ance across all four bunch types exhibits a o, dependence that
conforms to the relationship given in Eq. (A.5), demonstrating
that Ao, follows a universal 1 /6%/3 scaling regardless of the
bunch longitudinal distribution.

B. The RMS of the ss CSR kick

According to the discussion in Sect. A and Egs. (3)—(4), the ss
CSR kick at the exit of beamline for any u can be expressed as

S—>S¢

St
j\Ccsr (u) = kcsr/ 42 ds - F(u)’
So O’z (s)
RS (B.1)

Sf
R W) = ke / 4?2 ds - T(w).
So GZ (S)

To anticipate the influence of ss CSR during the optimiza-
tion process, we simplify Eq. (B.1). However, in practical
design processes, it is common to optimize the transmission
matrix with a fixed initial point rather than a fixed endpoint.
To find a substitute for R'."**, we assume that there are only
bends, quadrupoles, and drifts in the beamline and that there
is no coupling between the horizontal and vertical direc-
tions. Due to the properties of the transfer matrix and the
symplectic condition:

Fig. 13 For different values of
k, the solutions of Egs. (C.4)
and (C.5), where S1 and S2
represent different solutions of
an equation

MYS@)" = 3. (B.2)

M is the transfer matrix from s to s;. M" is the transpose
matrix of M. § is the matrix sometimes called the symplectic
form which meets §2 = —J. And it is easy to derive

(#17) 1 = (Mjf>52’ (A157) 55 = —<AA/I‘;{>51-

The following abbreviations Rs; and Rs, are used for (M§r>

(B.3)

51

S5 S>3, . .
- Tand R}, appearing in

and <M‘Yf >52, respectively. The R,

Eq. (B.1) can be substituted with Rs, and —Rs,, respectively.
This substitution necessitates appropriate adjustments to the
integration limits. In the optimization process, the exit point
of the lattice s; is set as the optimized initial point. This
reversed lattice configuration is abbreviated as “reverse
beamline” for ease of description in this study. Additionally,
during reverse integration, the CSR-induced energy spread
must be enforced to remain consistent with the forward inte-
gration direction, which corresponds to the actual direction
of beam motion. It is important to note that this step is intro-
duced purely for computational convenience and does not
have a physical basis. Furthermore, the influence of ss CSR
kicks on the overall bunch must be carefully examined to
ensure that the optimization process accounts for potential
changes in beam quality due to these effects. Specifically,
the goal is to analytically determine the values of (x2_) and
(xé §r>u at the exit of beamline, where (), denotes the averag-
ing over the longitudinal distribution in phase space. Based
on principles of statistics, the impact of ss CSR on the over-
all bunch can be expressed as

@ Springer



50 Page120f15

X.-J. Chen et al.

Fig. 14 The relationship
between I;(i = 1,2) and m,,
whenk =1

<xgsr > u =kzsr

2
S5 R
2 ) 51
<x£sr>u _kcsr</ 4/3 dS) XII’?
ss 0y (8)

/ 12
<xCSchsr>u _kcsr

where

+00 2 +00
Iy = (/ A(u)l“(u)du) —/ AT (u)du.

Notice that these equations are held when only the linear
transformation for z is considered. For the cases where
Rss — 0, the beam size o, remains constant along s. Then,
the RMS of ss CSR kicks can be simplified as

(XD =leselss

(B.5)

2 2
(Heeu =esel (B.6)
<xcssx(,;sr>u :IcerIIZ'
And
So
I, = / Rs;ds,
St
e (B.7)
__ost r
csr 0-4/3

Z

C. Analytical solution for isochronous symmetric
TBA cells with complete suppression of SS CSR
effects

In this context, we exclusively consider a centrally symmetric

TBA structure, where the side bend angles are identical,
defined as 05 = O, = 0, and the angle of the middle bend is

@ Springer
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Integration of Rs; and Rs;

Fig. 15 The relationship between the transverse focusing parameter
‘MU + Mzz‘ and k, where k = 0 is a singularity

Fig. 16 (Color online) The experimental area (top) and layout (bot-
tom) of LAD beamline. The diamonds represent quadrupole magnets,
and the rectangles represent bending magnets
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932 = k6, (k C [-2,2]). The strengths and positions of the
quadrupole magnets exhibit symmetry about the midpoint,
focusing solely on the interplay between the horizontal and
longitudinal directions while disregarding the vertical direc-
tion and higher-order transfer matrices. Under the hard-edge
model approximation, the transfer matrix for a bend with a
small angle can be approximated as shown in Eq. (C.1). And
the transfer matrix of the first matching section M 4,1 Detween
the bends is defined in Eq. (C.2). For the symmetric TBA cells,
the second matching section meets M 2= M;i, the super-
script —1 denotes the reverse matrix.

1 p0 02
N 0 1 06
My = _g % | _e | (C.1)
2 6
0 0 01
my; mp 00
o | Moy my, 00
M, = 0 0 10f (C.2)
0O 0 01

In the derivation, we assume that all bends have the same
radius, denoted as p. When the structure satisfies the fol-
lowing conditions: (1) Ryg ig = 0, (2) Rs6 g = 0, (3) sym-
metric condition. To facilitate subsequent calculations, we
eliminated m,, and m, . The relation between the dimension-
less quantities m;, and m,, can be expressed as:

—16k + k* — 8m,, + 2k’m,,

my = 612 (k > 0)5
16k + k* + 8my, + 2k>my, €3
my; = — (k <0).
11 6k2

LINAC FV-LAD

LINAC FV-LAD

Fig. 17 The initial diagnostic results for the LAD beamline. The
growth in horizontal emittance is approximately 22% (left), while the
energy spread variation is about 18.6% (right)

Based on the relationships described in Eq. (C.3), the
integrals for Rs5; and Rs, in TBA cells can be expressed as
follows:

361, k* 2 4 5 5
S— =(k + 2my) (28k + 126> + 8K* + 3K° + 8my, + 4k my, )
Orr (C4)
(k € [-2,2]),
361,k
322 =(k + my,) (28k + 1267 + 8k* + 3k° + 8my, + 4k’ my, )
Oir (C.5)

(k C [-2,2]).

To eliminate the influence of ss CSR completely, it is neces-
sary to set /, and I, in Eq. (5) is equal to 0, which implies that
the right-hand side of Egs. (C.4) and (C.5) should be equal to
0. It is evident that for any given k, the relationship between
m,, and k is shown in Fig. 13. As shown in the figure, for
any angular ratio k, there exist four solutions (with the black
and orange curves overlapping), which can make either I,
or I, equal to zero. This overlapping indicates a solution
that simultaneously satisfies both /; = 0 and I, = 0. When
k =1 (Fig. 14), the three solutions were m,, = —14—7 (point

A), my, = —1 (point B), m,, = —% (point C). Points A and
C are discussed in detail in Refs. [27] and [29]. According
to these studies, both points can suppress the ss CSR effect,
with point A (corresponding to the overlapping solution)
completely eliminating the ss CSR effect. Furthermore, for
any value of k, point A can be found such that both /; and
I, are equal to zero. The relationship between m,, and k at
this time is

28k + 12k% + 8k* + 3k

= k C (0,2]),

My, 12+ 1) (k< (0,2)) e

28k — 1207 — 8K + 3K° k€ [-2.0) (6
2 4(=2 +k3) .

Therefore, when m,, satisfies the conditions shown in
Eq. (C.6), the TBA can achieve isochronicity while com-
pletely eliminating the impact of ss CSR. Simultaneously,
it is essential to maintain the horizontal emittance of the
bunch in order to connect multiple TBA cells and deflect
the beam at a greater angle. This requires satisfying the
criterion for periodic stable optics in the transverse direc-
tion, which is: |M11 +M22| <2, where M is the transfer

matrix of the TBA cell.

M = My M My M, M . (C.7)

By substituting the m,, obtained from Eq. (C.6) into
Eq. (C.7), the transverse focusing parameter |M n+ M22| is

determined, and it can be known that the relationship
between this parameter and k is shown in Fig. 15. As k
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approaches 0, the transverse focusing parameter reaches its
minimum value of 17.25, yet it still fails to satisfy the condi-
tion for periodic stable optics. Additionally, due to the large
transverse focusing parameter, controlling the transverse size
of the bunch becomes challenging when connecting multiple
cells in series. Thus, within the range k C [—2, 2], there is no
analytical solution that simultaneously satisfies the follow-
ing: (1) Isochronicity. (2) Meeting optical stability condi-
tions. (3) Complete elimination of the ss CSR effect. There-
fore, it was necessary to obtain an asymptotic solution.

D.The large angle deflection beamline for SXFEL

Based on the —/ matrix method, a large-angle deflection
(LAD) beamline has been designed. This project aims to
study the CSR effects on bunches with high peak current.
The beamline is implemented at the SXFEL, specifically at
the exit of the main accelerating modules. The floor plan
of the LAD is shown in Fig. 16. The total deflection angle
of the LAD is 2 X 18°. Each TBA in the LAD consists of
three bending magnets and four quadrupoles. Due to spatial
limitations, the deflection angles of the two TBA cells are
in opposite directions. To prevent interference between the
LAD and adjacent beamlines, a 2 m drift section is intro-
duced after the first bend, with the transverse dimension of
the first quadrupole (marked with a red-edged diamond in
Fig. 16) constrained to under 150 mm. The matching section
contains seven quadrupoles, ensuring an / matrix for the
transfer matrix between the entrances of the two TBA cells.

The quadrupole scan method was employed to measure
the emittance at both the linac exit and the LAD exit. By
scanning quadrupole strengths and measuring the transverse
beam size on the screen, the emittance was obtained through
curve fitting. The energy spread at both locations was meas-
ured using the spectrometer method. Using a dipole spec-
trometer, the beam spot was observed at the screen center.
The central beam energy was determined from magnetic
measurements, while the energy spread was calculated
from the dispersed beam profile combined with the cen-
tral energy parameters [39]. These initial beam diagnostics
measurements were completed in June 2024, with prelimi-
nary results shown in Fig. 17. The normalized emittance
at the exit of the main linac is 2.52 pm rad with an uncer-
tainty of 0.27 pm rad, and the normalized emittance at the
exit of LAD beamline is 3.0 pm rad with an uncertainty of
0.27 pm rad, showing a relative increase of approximately
22%. The energy spread at the exit of main-linac is 0.166%
with an uncertainty of 0.0058%, and the energy spread at
the exit of LAD beamline is 0.2% with an uncertainty of
0.0043%, corresponding to a variation of 18.6%. Further
experimental investigations are ongoing, and the results will
be presented in forthcoming publications.
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