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Abstract

The neutron diffusion equation plays a pivotal role in nuclear reactor analysis. Nevertheless, employing the physics-informed
neural network (PINN) method for its solution entails certain limitations. Conventional PINN approaches generally utilize
a fully connected network (FCN) architecture that is susceptible to overfitting, training instability, and gradient vanishing
as the network depth increases. These challenges result in accuracy bottlenecks in the solution. In response to these issues,
the residual-based resample physics-informed neural network (R%-PINN) is proposed. It is an improved PINN architecture
that replaces the FCN with a convolutional neural network with a shortcut (S-CNN). It incorporates skip connections to
facilitate gradient propagation between network layers. Additionally, the incorporation of the residual adaptive resampling
(RAR) mechanism dynamically increases the number of sampling points. This, in turn, enhances the spatial representation
capabilities and overall predictive accuracy of the model. The experimental results illustrate that our approach significantly
improves the convergence capability of the model and achieves high-precision predictions of the physical fields. Compared
with conventional FCN-based PINN methods, R?>-PINN effectively overcomes the limitations inherent in current methods.
Thus, it provides more accurate and robust solutions for neutron diffusion equations.

Keywords Neutron diffusion equation - Physics-informed neural network - CNN with shortcut - Residual adaptive
resampling

1 Introduction
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software such as COMSOL [9], ANSYS FLUENT [10],
and OpenFOAM [11] to address neutron diffusion problems.

However, these methods require discretization of the
solution domain. This can be computationally complex and
time-consuming when high-precision physics reconstruc-
tion is required [12], also, considering the complex envi-
ronment in nuclear reactors, which exist in multi-physics
fields such as neutron transport and heat transfer. Numeri-
cal methods need to simplify and approximate the model
to solve the equations. This introduces a certain number of
solution errors. Meanwhile, owing to the development of
neural networks (NNs), the interest in machine learning-
based approaches has been increasing [13]. Training an
NN enables the prediction of the physical field to be faster
than that with conventional numerical methods. Prior engi-
neering knowledge should then be incorporated into the
network to make the NN predictions more consistent with
physical laws. PINNs was introduced by Raissi [14]. These
incorporate partial differential equations (PDEs) as con-
straints during network training by increasing the penalties
for violating PDE data points. Thus, it yields more precise
and physically consistent solutions. To date, PINNs have
been applied successfully to various scientific computation
problems in engineering fields such as fluids [15, 16], heat
transfer [17, 18], flows [19, 20], and solid mechanics [21,
22], and have yielded significant results [23]. The differ-
ences between PINNs and conventional numerical meth-
ods are listed in Table 1. The Monte Carlo method [24,
25] and CFD [26] can also be used to solve reactor prob-
lems in nuclear reactor core analysis. In recent years, deep
neural networks (DNNs) have been used increasingly in
reactor cores [27, 28]. Dong [29, 30] applied PINNs to
solve multiple neutron diffusion benchmark equations and

Table 1 Comparison between PINN and conventional numerical methods

demonstrated highly accurate predictive results. Utilizing
FCN to capture the neutron distribution, they achieved
a neutron flux distribution solution with an accuracy of
1077 and successfully applied it to the search for critical
parameters.

Moreover, FCNs are vulnerable to gradient vanishing and
encounter nonconvergence during training. When the gradi-
ent vanishes, the NN parameters are not updated, and it is
challenging for the network to learn new knowledge [31].
This may cause the network to have difficulty converging
to an optimal solution, miss a large amount of information,
and affect the expressive capability of the model. In terms
of solving the neutron diffusion equation, the error in the
predicted result renders the critical assessment inaccurate.
Furthermore, it was observed that regions with large gradi-
ents exhibited insufficient training under uniform sampling,
particularly when the number of sampling points was lim-
ited. This resulted in significant errors in regions with large
gradients, thereby limiting further improvement in network
accuracy. When solving the neutron diffusion equation, the
limited accuracy may result in inefficient parameter searches
that significantly increase the search time.

Recent studies proposed adaptive sampling based on
gradient information [32] and assigned adaptive weights to
sample points in loss calculations [33, 34]. These enhance-
ments improved the prediction performance of PINNs in
regions with significant gradients and limited sampling
points. Furthermore, the problem of gradient disappearance
in FCNs remains unresolved. Researchers have evaluated
the replacement of FCNs with other neural network tech-
niques [35] such as CNNs [36] and recurrent neural net-
works (RNNs) [37] to achieve better performance and more
precise results.

Feature PINN

Traditional numerical methods

Calculation method

Accuracy dependency Data noise level, physics model accuracy

Computational efficiency Low computational demand, training process requires

hyperparameter optimization
Reliability Robust to data noise and uncertainty

Model complexity Can handle complex nonlinear problems
Training speed
hyperparameters is time-consuming
Grid dependency Grid-independent
Parameter tuning
eters

Parallel computing Efficient parallel computing
Applicability

scarcity

Combines neural networks with physics equations

Relatively high training speed, however, adjusting model

Suitable for complex nonlinear problems and data

Uses analytical solutions or numerical methods
Grid resolution, numerical methods

High computational demand, requires significant compu-
tational resources

Sensitive to initial conditions, boundary conditions, and
numerical parameters

Typically suitable for specific types and relatively simple
problems

High computational complexity, longer runtime

Results are influenced by grid accuracy and partitioning

Requires tuning of network architecture and hyperparam- Requires tuning of grid partitioning and solver parameters

Has challenges in parallel computing

Suitable for known equations and stable boundary condi-
tions
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To address this, this study proposed a novel framework
called the R%-PINN. It combines the S-CNN architecture with
the RAR method to solve neutron diffusion equations [38,
39]. The proposed model effectively alleviates the gradient
vanishing problem by adding the gradient backpropagation
path [40]. Moreover, the network can balance the loss between
regions and achieve a higher accuracy by using a resample
mechanism. The R%-PINN was evaluated against the FCN
to solve the neutron diffusion equation benchmark problems
(introduced in Sect. 2). Additionally, it was demonstrated that
our method effectively suppressed the loss function oscillation
and achieved high-precision field prediction. In addition, our
method significantly reduced the time required for an eigen-
value search. This enabled us to obtain an accuracy of 107
within 10 min and an accuracy of 10~#in 250 .

The remainder of this paper is organized as follows:
Sect. 2 introduces the benchmark problems used in Sect. 4.
Section 3 introduces the basic architectures including the
structure of the S-CNN and RAR resample methods and
the overall R%-PINN architecture. Section 4 presents the
multiple experiments conducted to optimize the hyperpa-
rameters and verify the superiority of the proposed model.
In particular, different search algorithms are compared for
the parameter search to reduce the search time. It also pre-
sents generalizability validation experiments using the same
model for multiple benchmark problems. Section 5 analyzes
and discusses the experimental results. Finally, Sect. 6 con-
cludes the study and discusses future research directions.

2 Problem Setup

2.1 One-dimensional reactor diffusion equation
for a single energy group

In this section, a single-group k-eigenvalue problem is intro-
duced for the criticality calculations. The largest value of &
(known as the effective neutron multiplication factor or k.g)
should be determined. The single-group neutron diffusion
model is given by Eq. (1):

%@ =V -DV¢(r,E, t)=2,(r, E)p(r, E, 1)+
I(E)/ V(E')Zf(r, E’)(l)(r, E,,t)dE,-F (1)
0

S(r,E,t)+/ S(rE' > E)p(r, E', n)dE’,
0

where ¢(r, E, f) denotes the neutron flux of the energy group
E in the r-coordinate at the instant 7, v represents the neutron
velocity, D denotes the diffusion coefficient, v represents the
neutrons per fission numbers, y(FE) represents the prompt
neutron spectra, X, represents total macroscopic cross sec-
tion, X, represents the macroscopic scattering cross section

from group E’ to group E, X; represents the fission macro-
scopic cross section, and S(r, E, f) represents the neutron
source.

In the absence of S(r, E, t), the initial neutron flux den-
sity is symmetric along the x-axis. Equation (1) can be
simplified into Eq. (2)[1]:

1 0g(r.1)
Dv ot

—V%(o+k Lpr.). 2
Here, k, represents the infinite multiplication factor, and L
denotes the diffusion length. Consider a uniform bare reac-
tor [41] that is shaped as an infinite-plate bare reactor with
dimensions of infinite length and width, and a thickness
(including the extrapolation distance) of a. This is illustrated
in Fig. 1. The analytical solution for the neutron flux can be
obtained using the separation-of-variables method, as shown
in Eq. (3):

B0 = l‘/¢¢xm @n= D g

2n— N«
cos—( ) xeka= i/,
a

3

The critical conditions for a bare reactor in the single-
group approximation are given by Eq. (4).

k e 1 )]
R

where k. is the effective neutron multiplication factor.

When the system is in a critical state, the neutron flux-den-

sity distribution satisfies the wave equation according to the

a
2

N R

Fig. 1 Infinite Plate Reactor
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fundamental eigenfunction corresponding to the minimum
eigenvalue Bé. This is given by Eq. (5):

V2p(r) + B§¢(r) =0. (5)

If the composition of the system material (i.e., k., and L?)
is given, a unique critical size (denoted by a) results in
ks = 1. The critical size a,, corresponds to the critical state
of the reactor. For reactor sizes larger than a, k. > 1, which
indicates that the reactor is in a supercritical state. Con-
versely, for reactor sizes smaller than a, k. < 1, which indi-
cates that the reactor is in a subcritical state [42]. However,
if the reactor size is given, it is feasible to determine a fuel
enrichment (material composition) that satisfies Eq. (4) and
ensures that the reactor attains criticality. When the system
is in the critical state, the neutron flux-density distribution
within the reactor can be described as follows:

() = Acos%x. ©6)

2.2 Two-dimensional reactor diffusion equation
for a single energy group

Based on Sect. 2.1, consider a two-dimensional neutron
diffusion equation formulated as follows:

10906y,

— V2 ko =1
Do o = Vb0 + =5y, 0

By discretizing Eq. (7) and approximating the Laplace oper-
ator and partial derivatives, the equation can be converted
into the following form:

n+1
1 ¢i,j _d)zr‘l,j _ ¢?+1,j _24’?,/' + ;Z—l,j+

Dv At Ax?
i+l 2¢iJ + ¢i,j—1 + (8)
Ay?
ko —1
i

where (;')Z]. denotes the value of the neutron flux at the spatial
grid point (i, j) at time n. At is the time step. Ax and Ay are
the spatial steps in the x- and y-directions, respectively. D is
the diffusion coefficient, and v is the neutron velocity. k,
denotes the infinite multiplication factor, and L is the diffu-
sion length.

According to Eq. (8), the spatial domain meshes use
the finite-difference method to solve for the entire domain
flux magnitude, and the numerically solved data are used
as a test set to verify the model accuracy.

@ Springer
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Fig.2 Material distribution [30]
Table 2 Calculate area material properties
Material 1 Material 2
Energy Group 1 2 1 2
D,(cm) 1.268 0.1902 1.255 0.211
T, (cm™) 0.007181 0.07047 0.008252 0.1003
vZ; (em™h) 0.004609 0.08675 0.004602 0.1091
T, (em™h 0.02767 - 0.02533 -

2.3 Two-dimensional rectangular geometry
multigroup multi-material diffusion problem

In a nuclear reactor, the neutron transportation can be
described by the multigroup diffusion theory. In this case,
the fast- and hot-group neutron fluxes satisfy the following
diffusion equations:

— DV, () + Zy i (1) = [Z12181 (1) + Zg 12 (0)]+
X
k—; [VEq 1 (r) + vEpdy ()],
®
— D)V (1) + Ty (r) = [Z1_26h1 (1) + Zp_2 0, ()| +
X
22 [VE (1) + VEp (1)
keff
(10)
where D, and D, are the diffusion coefficients of fast- and
hot-group neutrons, respectively. ¢»; and ¢, are the fast- and
hot-group neutron flux densities, respectively. vZ and vX;,
are the neutron production cross sections of the fast- and
hot-group neutrons, respectively. X, _,, is the fast group to
hot-group fission source term.
For pressurized water reactors, the example is divided

into two different material regions, which is shown in Fig. 2.
The material parameters for each region are listed in Table 2.
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Meanwhile, considering that the boundary energy between
the fast- and hot-group is low enough, under such circum-
stances, no hot neutrons are directly produced by nuclear
fission. As aresult, y; =1, y, =0, and X, ,; = 0. Equa-
tions (9) and (10) can be simplified to Eqs. (11) and (12).

=DV + Zay (=[O +vEabi0] )

eff

- D2V2¢2(r) + 2 () = Z00(r) (12)

Based on the multigroup diffusion theory, the distribution
of the neutron flux in the core is obtained by iteratively solv-
ing the discretized diffusion equation. The obtained dataset
was used as a test set in the experiment to evaluate the model
prediction accuracy.

2.4 2D-IAEA benchmark problem

The 2D-IAEA PWR benchmark problem is a two-dimen-
sional static problem with two neutron groups but without
delayed neutron precursors [43]. It is modeled by the follow-
ing two-dimensional two-group diffusion equations:

{ =D V2 +(Z + 260 = Ax (VEy by +VEnd,) (13)
=D, V2hy+Z 0y = _n b = A (VE P +VER D)

The reactor has a two-zone core containing 177 fuel assem-
blies with a width of 20 cm. The core is radially reflected
by 20 cm of water. Owing to the symmetry along the x-
and y-axes, this one-quarter reactor domain is denoted by
Q. It is composed of four sub-regions of different physical
properties €2, , 5 4. The reactor is shown in Fig. 3. Neumann
boundary conditions were enforced at the left and bottom
boundaries. The group constants for this problem are listed
in Table 3.

3 Methods
3.1 PINN loss formulation

In PINN, considering the general form of a parameterized
and nonlinear PDE,

F(“,X,y,t,:)=07(X’Y)EQJE[O’T]a (14)

where u represents the latent solution and € represents the
solution domain. This formula can express PDEs in almost
all the fields of mathematical physics.

N; data points were sampled to measure the physical con-
sistency. This type of loss is collectively referred to as the
PDE loss. It has the following form:

y(cm)
170

150 o

130

0, ,.’38

/]

2731 32 33 34

90
@
70 =

v25| 26 | 27 | 28 | 29 | 30

/.’.18 19 20 21 22 23 24

10 30 50 70 90 110 130 150 170 x(cm)

Fig.3 Geometric layout of the 2D-IAEA benchmark Problem [43]

Table 3 Group constants of the 2D-IAEA benchmark

Region  Group D, (cm) X, (ecm™) vEg(cm™) X, (em™
)
Q, 1 1.5 0.010 0.000 0.02
2 0.4 0.080 0.135
Q, 1 1.5 0.010 0.000 0.02
2 0.4 0.085 0.135
Q, 1 1.5 0.010 0.000 0.02
2 0.4 0.130 0.135
Q, 1 2.0 0.000 0.000 0.04
2 0.3 0.010 0.000
Nf
Lossppg = 1% Z F(u,x,y,t,:)x € Q. (15)
f =1

Subsequently, the initial and boundary losses owing to the
known initial and boundary conditions are introduced. N;
and N, data points are collected to calculate Lossy,;;, and
Lossgoundary» Tespectively. In addition, a few data points
should be used for training.

N.
1 1
Losslnitial = ﬁ Z(¢truth _d)predict);t =0,xeQ (16)
=]
1 &
LossBoundary = 17 Z (d)trulh - d)predict);x € 0Q (17)
b =1
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Ny
1
LossData = 17 Z (d)truth - ¢predict) (1 8)
d =1

Incorporating a small amount of labeled data provides infor-
mation regarding the correct order of magnitude. This ena-
bles the PINN to better calibrate its predictions and prevent
unrealistic or divergent solutions. The inclusion of such
labeled data significantly contributes to the stability and
accuracy of the training process for PINNs. By combining
the above losses, networks can be penalized, and the train-
ing process is constrained effectively. This ensures that the
obtained solutions adhere more closely to the fundamental
laws of physics. Therefore, the final network loss formula-
tion is as follows:

Lossto =Lossppp+

(Losslnitial+L0SSBoundaIy+L0ssData) "W (19)
The weights of the different loss functions and number of
data points used to calculate these losses significantly affect
the convergence speed and accuracy of the model. The final
sampling ratio was determined through multiple experi-
ments. The sampling ratio for the PDE loss, boundary loss,
initial loss, and data loss was approximately 30:10:10:1.
Multiple losses can be balanced by adjusting the weights
w. This prevents the network from prioritizing a single loss,
particularly when significant differences in the magnitude
between losses exist.

3.2 S-CNN architecture

When solving the neutron diffusion equation, the perfor-
mance of the NN can be affected significantly by the vanish-
ing gradient problem as the network depth increases. This
problem can straightforwardly result in training failure and
render the results unreliable. Moreover, it significantly limits

Fig.4 (Color online) Gradient
norm of each layer

3.50E+04
3.00E+04 -

2.50E+04

2.00E+04 -

Gradient Norm

1.50E+04
1.00E+04
5.00E+03 -

0.00E+00 .
input layer layers.1
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the increase in the number of layers, reduces the expressive
power of the network, and limits the prediction accuracy of
the network. Inspired by the effective alleviation of the gra-
dient vanishing problem in the ResNet architecture [44] in
the image domain (which introduces the concept of residual
learning), networks can learn residual mappings (the dif-
ference between the input and desired output). This facil-
itates the training of very deep neural networks. Thus, a
skip-connection mechanism was introduced into the PINN
architecture.

The input sampling features are the coordinates, namely,
x,y, and ¢. These are independent. Therefore, a separate filter
was applied to each feature in the experiment. A one-dimen-
sional convolution was used as the basis for each network
layer. Each hidden layer is expressed as follows:

7 =fi(Wizi_y + b)), (20)

where z; denotes hidden layer / between the input and output
layers; W, and b, are the weight and bias, respectively; and
f;(+) denotes the activation function (e.g., the Tanh function).

On this basis, skip connections were added between dif-
ferent layers. The corresponding hidden layer is expressed as

=Wz +b)+2,0) [ >n+ 1, 21

where n represents the skip distance, that is, the number of
crossed hidden layers. To determine where a skip connec-
tion should be added, the contribution of each layer to the
training of the entire network was measured by calculating
the gradient norm for each layer. Here, the gradient norm
was computed as in [40]:

|1gI| = sqrt(sum(g)). 22)

For example, in the 10-layer network, the gradient contribu-

tion was calculated for each layer of the network (Fig. 4).
When the gradient is significant, the parameters of the

layer can be updated conveniently. A large gradient results

Weight Gradient
Bias Gradient

output layer
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in an unstable model, and a small gradient indicates that the
layer may need to undergo more iterations to attain the opti-
mal state and may encounter a gradient vanishing problem.
Thus, the network increases the shallow gradient paths by
establishing shallow-to-deep skip connections. This provides
more gradient paths in the shallow layers and prevents van-
ishing gradients in the deep layers. The detailed 10-layer
S-CNN architecture used in Sect. 4 is presented in Table 4.
Here, B, C, and L represent the batch size, channel, and
length, respectively.

In the experiment, the skip distance n was set to 3 for
larger gradient propagation spans. It is the best parameter for
shallow networks. When n < 3, the jump distance is insuf-
ficient. This may limit the network’s capability to learn com-
plex physical fields and does not prevent the gradient van-
ishing problem. When n > 3, the number of jumping layers
is excessively large. This may pose a challenge to gradient
propagation and, thus, increase the difficulty of optimiz-
ing the network. Experiments were conducted on S-CNN
models with varying depths, and high-precision results were
obtained consistently. This validated the effectiveness of the
residual module in addressing the gradient problem.

3.3 RAR Mechanism

Owing to specific regions with large gradients in the over-
all solution domain, if sampled uniformly, the network
displays inadequate fitting of the local regions. This issue
can be addressed by increasing the weights of specific sam-
pling points (as shown in Eq. (23)) or by resampling using
Eq. (24):

Xoow = Xraw + W - X; (23)
Xnew = Xraw + Xresample (24-)
where X, represents the original dataset, X, represents

the new dataset, X; represents the set of sampling points with

Table4 S-CNN structure

Layer name Input size(B,C,L) Output size(B,C,L) Param
input layer (None,2,1) (None,26,1) 78
convl layer (None,26,1) (None,26,1) 702
conv?2 layer (None,26,1) (None,26,1) 702
conv3 layer (None,26,1) (None,26,1) 702
conv4 layer (None,26,1) (None,26,1) 702
convS5 layer (None,26,1) (None,26,1) 702
conv6 layer (None,26,1) (None,26,1) 702
conv7 layer (None,26,1) (None,26,1) 702
conv8 layer (None,26,1) (None,26,1) 702
output layer (None,26,1) (None,1,1) 27

more significant PDE residuals, X, represents the set
of resampling points, and w represents the penalty weight.

Meanwhile, referring to the grid division of conven-
tional numerical computation methods, fine-grained sam-
ples should be collected from regions with large gradients
to improve the prediction accuracy of the network in these
regions.

Based on this, we consider using Eq. (24) to update our
dataset, that is, introducing RAR [38] to improve the dis-
tribution of residual points during the training process of
PINNS to address the bottleneck phenomenon that originates
from the difficulty of reducing the PDE residuals in certain
regions. This ultimately enhances the predictive accuracy
of the model.

By selectively sampling more points in regions where
the PDE residuals are significant, this approach enables the
network to focus on challenging areas and adjust the sam-
pling density accordingly. This, in turn, results in improved
learning and prediction capabilities. The method is particu-
larly effective for capturing the complex behavior of PDE
solutions and identifying sharp gradient regions.

The pseudocode for the RAR method is as follows:

Algorithm 1 RAR Algorithm.

Input : Set S with randomly sampled initial points
Output: Updated set S
Divide the solution domain into o subintervals;
Train PINN for n iterations;
repeat
Compute Lossppg for points in set S; Calculate
the average residual of each subinterval;
Randomly sample S’ from the subinterval with the
highest average residual. Update set S
S=S5uUs,
Train PINN for n iterations;
until the maximum number of iterations is attained or
the total number of points attains the limit;

This algorithm divides the solution domain into & subin-
tervals with @ subdivisions in both x- and #-directions. The
Latin hypercube sampling (LHS) method [39] was used for
random sampling. This ensured that sample points covered
the entire space without clustering or bias.

As shown in Fig. 5, by adaptively adding points to regions
with more significant residuals, more intensive sampling was
conducted in one of the subdomains of the entire domain.
This enabled the network to better capture the PDE solu-
tion’s behavior. This adaptive sampling approach improved
the distribution of residual points and mitigated the bottle-
neck phenomenon. Ultimately, it enhanced the accuracy and
performance of the model and accelerated its convergence.
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Fig.5 (Color online) PDE points distribution

3.4 Proposed framework: RZ-PINN

Our study proposed an R2-PINN architecture. It combines
the PINN structure, S-CNN, and RAR mechanisms to solve
PDEs with improved accuracy and computational efficiency.

The structure of R%-PINN is shown in Fig. 6. In R>-PINN,
S-CNN is used as the backbone of the network. It can bet-
ter capture the features of the PDE solution and improve
the training efficiency. The RAR mechanism is employed to

Res Block

I conv

conv conv

output |
fayer |

. 1w,
Governing PDEs: EZ’ :’1(

) 4

Block2

1 89(r)
Dy

0.014 -

0.012 4
0.010 -
- 0.008 -
0.006 -
0.004 -

0.002 -

0.000 -

balance Lossppg across regions of the domain. This ensures
that the network focuses on regions with large errors and
adaptively refines the mesh.

By combining the PINN structure, S-CNN, and RAR
mechanisms, the R2-PINN can effectively solve PDEs with
improved accuracy and computational efficiency. It lever-
ages the capability of deep learning and adaptive refine-
ment to capture the complex features of a PDE solution.
Thereby, it enables a more precise representation of the
physical phenomena. Section 4 describes the verification
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i
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Fig.6 (Color online) Overall architecture
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of the superiority of the proposed R2-PINN network and
each mechanism through a series of experiments.

4 Experiments

In Sect. 4.1, the generation of datasets is introduced, spe-
cifically for testing the accuracy. Section 4.2 compares
S-CNN networks with different depths to validate the
superiority of the improved PINN network architecture.
Section 4.3 investigates how resampling affects the model
accuracy. In Sect. 4.4, RZ-PINN is implemented to search
for k, and its search efficiency is further enhanced in
Sect. 4.5. Finally, in Sect. 4.6, the generalization capa-
bilities of the improved PINN architecture model are pre-
sented. Furthermore, Sects. 4.7 to 4.9 evaluate the gen-
eralizability of the models in two-dimensional neutron
diffusion, including multigroup and multi-material sce-
narios. Finally, Sect. 4.10 explains the strategy for select-
ing optimal hyperparameters for the R?-PINN.

4.1 Dataset preparation

4.1.1 One-dimensional reactor diffusion equation
for a single energy group

According to Eq. (3) and assuming symmetric initial con-
ditions, two initial distributions were used for the dataset.

¢,(x,0) = cos(x - x/a) — 0.4cos(2x - x/a) — 0.4;
¢, (x,0) = 0.5cos2x - x/a) + 0.5; (25)
x € [-0.5,0.5]

The numerical values used in Eq. (2) are as fol-
lows: v=22x10m/s, D=0211x102m,
L? =2.1037 x 10~*m?, and a = 1 m. The boundary follows
the delicacy boundary and predicts the flux distribution for
0.015 s. Data on how the flux varies with time for differ-
ent parameter settings can be obtained by modifying the k
parameter value.

Our test dataset consists of 10,000 data points with 100
grid points in both x- and #-directions. The experimental
section tests the accuracy of the model prediction on this
dataset.

4.1.2 Two-dimensional reactor diffusion equation
for a single energy group

To ensure that the boundary flux was zero and that the
full-domain flux was continuous, we set the initial flux
distribution at time ¢ = 0 to the following equation:

¢ = (exp(—(x* +?)/20) — exp(—100))

(26)
x € [-10,10],y € [-10, 10].

An iterative solution was obtained using 100 grids in the
x-, y-, and t-directions to solve the flux distribution for 1 s,
which was used as a dataset for testing the model.

4.1.3 Two-dimensional rectangular geometry multigroup
multi-material diffusion problem

A source iteration method was used to solve the dual-group
neutron flux and test the accuracy of the model. The ranges
of the values of x and y are shown in Fig. 2. The total data-
set consists of 10,000 data points with 100 grid points in
both x- and y-directions. The boundary follows the delicacy
boundary.

4.1.4 2D-IAEA problem

The reference solution for the two-dimensional two-group
diffusion equations was obtained using the high-quality
general-purpose finite-element solver FreeFem++ [45]. The
eigenvalue problem was solved using Arpack ++. It is an
object-oriented version of the ARPACK eigenvalue pack-
age [46]. The total number of samples in the dataset was
12,286 [47], with 76 data points as data fed into the network.
Finally, all the samples in the dataset were used to validate
the model accuracy.

4.2 S-CNN depth and kernel size ablation
Experiment

All the parameters except for the base network were main-
tained consistent to compare the FCN and S-CNN architec-
tures. The total number of sampled data points was 5000,
with 3000 data points used to calculate Lossppg, 1000 data
points sampled for Lossy,,;. and 1000 data points sampled
for Lossgoyndary- Network training does not involve feeding
the data to calculate Lossp,,. The Tanh activation function
and LBFGS optimizer were used. The Gaussian distribution
random sampling method was used to initialize the network
weights and biases. The number of hidden neurons per layer
in the network was set to 26.

To investigate the impact of the layer number and kernel
size on the model performance, ablation experiments were
conducted on S-CNN networks with different depths and
kernel sizes. The padding was set to zero for kernel size one
and to one for kernel size three. The detailed experimental
results are listed in Table 5 and Fig. 7.

In Table 5 and Fig. 7, Q MSE refers to the mean squared
error (MSE) score over the entire domain, and Q; MSE
refers to the MSE score at t=0.015 s, which is calculated
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Table 5 Ablation study on S-CNN depth and kernel size

k= 1.0041 (¢, = $)

k = 1.0001 (¢ = ,)

Kernel size=1 Kernel size=3

Kernel size=1 Kernel size=3

S-CNN Layer ~ QMSE Q, MSE QMSE Q, MSE QMSE Q, MSE QMSE Q,MSE

Baseline 89x107  38x10°°  89x107  38x107°  44x10°  18x107°  44x10°  1.8x107°
6 12x107  31x108  14x107  62x10%  24x107  16x107  14x107 2.1x 1077
7 15107 54x107®  14x107  65x108  1.8x107 13107 1.7x1077 1.6 1077
8 96x1078  26x10%  14x107  65x10°  1.8x1077 13x107  1.7x1077 1.6 x 1077
9 99%x 108  39x10%  39x107  66x108  1.1x107 31x108  36x107  20x1078
10 83x 107  40x10®  22x107  39x10®  58x108  19x108  88x1077  34x107
11 16107 14x107  22x107  74x10®  58x10%  28x10  68x10°  63x 1076
12 21x107  12x107  35x107  61x107  23x107  32x107  26x107  27x 107
F13 13107 LIx107  51x107  60x107  81x10®  93x10%  1.8x107 3.1% 1078
14 1510  14x107  43x107  12x10°°  1.8x1077 27x107  13x1077 1.4 %1077
15 1.6x107  LIx107  44x107  13x10°  13x1077 29%x1078  14x1077 52% 1078
16 15x107  97x1078  1.7x 1077 17x107  1.9% 1077 26x1078  30x107  58x1078

separately to assess the capability of the model to extrapolate
in time. The baseline refers to the results of FCN.

From Table 5 and Fig. 7, it can be observed that when
the number of layers is less than 10, the accuracy shows a
positive correlation with the number of layers. However, as
the number of layers increases further, the accuracy does
not increase. Hence, it is preferable to select fewer layers
to make the NN train faster and achieve a high accuracy.
This is because although the expressive capability of the
neural network increases with the number of layers, beyond
a certain threshold, an increase in the number of layers does
not significantly improve the expressive capability of the
network. An increase in the number of layers only causes
an increase in the training time, and the model experiences
overfitting problems. Moreover, because the input features
are coordinates and not related to each other, the kernel
size set to one can consider each channel as an independ-
ent feature to be addressed. This operation is more in line
with reality. Therefore, a kernel size set to one can achieve
a higher accuracy than a kernel size set to three. Based on
the above analysis, the 10-layer S-CNN with a kernel size of
one exhibited the best predictive accuracy with the minimum
number of parameters. Consequently, this configuration was
used in the subsequent experiments.

4.3 Ablation experiment on resampling parameters
in S-CNN

According to the RAR algorithm, the resampling granularity
was set to a to define the granularity of the subdomains in
the solution domain. The solution domain was divided into
a subintervals along the x and # dimensions. This resulted in
a? subintervals. Following the RAR algorithm, in every 1000
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epochs, the network calculates and compares the MSEs of
each subdomain and performs resampling in the subinterval
with the largest MSE. The number of resampling points is
denoted by m.

The initial PDE sampling point was set to 3000 to prevent
excessive sampling and training. Moreover, 2000 data points
were sampled, with 1000 points to calculate the initial loss
and 1000 points to calculate the boundary loss. The maxi-
mum number of PDE samples was set to 5000. Resampling
was stopped when the total number of PDE samples attained
5000 after multiple iterations. The LHS method was used
to resample.

Ablation experiments were conducted in two dimensions
(resampling granularity and number of resampling points)
while maintaining an identical S-CNN architecture (10 lay-
ers) and the other hyperparameters. The S-CNN network was
compared with an FCN (baseline) using identical initial con-
ditions, that is, ¢, = ¢;. The detailed experimental results
are presented in Tables 6 and 7.

From Tables 6 and 7, it is evident that under differ-
ent sampling hyperparameters, our network consistently
achieved a better €2; MSE result. It was two orders of mag-
nitude higher than that of the FCN baseline. When using the
optimal hyperparameters, the R>-PINN achieved an accuracy
of 1078 or even 10~°. This indicates that our method has a
significant advantage in determining whether the flux values
attain a steady state at a specific instant. This advantage was
demonstrated during the k, search described in Sect. 4.4.

Furthermore, the results were obtained by adopting
another initial condition, where ¢, = ¢,. A boxplot analy-
sis of the resampling hyperparameters for all the results is
shown in Figs. 8 and 9. When the number of resamples is
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Fig.7 Comparative accuracy with different model parameters. a
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Table 6 Ablation study on resampling numbers

Resample numbers m QMSE Q, MSE

Baseline 8.9x 1077 3.8x 1076
0 9.1x 1078 2.1x 1078
100 1.3x 1077 8.4x 1078
200 9.5x 1078 9.8x107°
300 1.3x 1077 5.4x1078
400 9.8x 1078 4.1x1078
500 8.0x 1078 49x107°
600 1.3x 1077 3.1x1078
700 1.0x 1077 2.0x 1078
800 3.9x 1078 1.8x 1078

Table 7 Ablation study on resampling granularity

Resample granularity o QMSE Q, MSE

Baseline 8.9x 1077 3.8x 1070
2 8.0x 1078 49x107°
3 1.5x 1077 8.5%x 1078
4 1.2x1078 9.1x 1078
5 6.4 x 1077 3.5% 1078
6 1.0 x 1077 8.8 %107

500 and the resample granularity is set to two, the model
achieves the best accuracy.

Given the introduction of the RAR mechanism, it is
necessary to consider whether there is a significant time
overhead. Hence, time comparisons were performed for
different numbers of samples. The results are listed in
Table 8. It can be observed that when the number of resa-
mplings was set to 500, the training time required by the
model reduced significantly compared with that when it
was set to zero. By calculating the time consumed per
cycle, we determined that this trend did not increase
significantly. Thus, setting an appropriate number of
resamplings effectively reduced the overall network train-
ing time. This shows that the RAR method involves an
increase in the number of sampling points. This results in
a different density of samples in each region, as well as
a relatively large number of sampling points in complex
regions. This contributes substantially to the convergence
speed of the network.

The model uses the optimal resampling parameter con-
figuration to predict the flux distribution under different
values where ¢, = ¢,. The error plot is shown in Fig. 10.
Except for the relatively large errors at¢ = O's, the errors in
the other regions were relatively flat. Significantly, as the
time increased, the errors increased marginally. In addi-
tion, Fig. 11 shows the distribution of the values predicted
by the model. When ¢ approaches zero, there is a specific
deviation between the predicted result in the boundary
region and zero. This guided us to appropriately increase
the weights of the Lossgungary a0d LOSSppigiq-

To evaluate the performance of the model and measure
the difference between the losses, Fig. 12 shows the train-
ing and testing losses, respectively. R2-PINN converged in
2000 epochs. In Fig. 12, Lossppg is larger than Lossggungary
and Lossy,i,- This may result in Lossppy dominating the
optimization process, whereas the other losses cannot be
optimized effectively. To address this issue, w in Eq. (19)
was set to 100 to impose higher penalties on the boundary
and initial region error.

Based on the experimental results in Sects. 4.2 and 4.3,
an optimized S-CNN architecture with an optimized RAR
mechanism was used to compose the R?-PINN for further
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Fig. 9 Resample parameter 3D visualization

use in searching critical parameters. This is discussed in
Sects. 4.4 and 4.5.

4.4 k_ Search with R%-PINN

For a given geometric shape and volume of the reactor
core, k, and L? can be adjusted by modifying the reactor
core size or modifying the composition of the materials
within the reactor such that k is one. When the system
attains a steady state after a sufficient period, the neutron
flux density follows the distribution described by Eq. (6),
and the reactor is in a critical state.
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Table 8 Training performance with different resample numbers

m Training epochs Training time (s) Avg. time
per epoch
(s)
0 3262 275.28 0.084
100 3875 300.36 0.078
200 1005 84.25 0.084
300 2004 174.32 0.087
400 2544 164.16 0.065
500 1004 84.48 0.084
600 3004 240.74 0.080
700 3004 287.95 0.096
800 2005 140.02 0.070

In this experiment, the L?> parameter size was not
altered. Moreover, different networks were trained by
adjusting k_, to predict the evolution of the neutron flux
at this parameter. By continuously adjusting the value of
k., we attempted to adjust k. to one, thereby attaining
the critical state. Initially, the parameter search range was
set as [1.0001, 1.0041]. It has been verified that when k_,
is 1.0001, k. < 1. This indicates a subcritical state in
which ¢(x, r) decays exponentially with time t. When k_,
is 1.0041, k. > 1indicates a supercritical state in which
¢(x, 1) increases continuously. The specific distributions
are shown in Fig. 13.

In the absence of delayed neutrons, when the system
approaches criticality it converges to a critical state within
a significantly short time (5 — 8 ms) regardless of the
boundary conditions. Here, ¢ does not vary. At this point,
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Fig. 10 (Color online) Error field. a k, = 1.0001; b k,, = 1.0041
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Fig. 11 (Color online) Predict result. a k,, = 1.0001; b k, = 1.0041

the ¢-distribution is a steady-state analytical solution. The
parameter search interval is partitioned into n equal parts,
yielding multiple k_, values. The network is trained for
each value, calculates ¢, after a specific time ¢, and per-
forms a search until ¢, approaches zero within a reasonable
accuracy range. The process is illustrated in Fig. 14.

In each network, Eq. (2) is used as the equation for
Lossppg. Equation (25) is used as the equation for Lossyq-
The MSE between the boundary predicted values and zero
is used to compute Losspoyndary-

Using the automatic differentiation mechanism of the NN,
the partial derivative of ¢ for r was calculated after obtain-
ing the predicted values. Given the network’s capability
to predict flux variations within a time interval of 0.015 s,
the experiment used the last five time points to calculate
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0¢(r,1)/ot and to determine whether the system was in a
critical state [29].

Using Fig. 14, searches for k, when the initial distribu-
tion follows ¢, and ¢, were conducted. Each search result
was recorded. ¢, as a function of k, is shown in Fig. 15.
When n = 2 and the grid method degenerates into a binary
search, only approximately 20 iterations are required to
obtain the search results with an accuracy level of 10™. The
total runtime of the program was approximately 30 min.

From Fig. 15, ¢, varies exponentially with k. This fur-
ther indicates that gradient-based methods such as gradi-
ent descent or Newton’s method can be evaluated to search
for parameter values more rapidly and efficiently. Alterna-
tively, using curve-fitting techniques to fit the scattered data
and the intersection of the resulting curve with the x-axis
yields the value of k_ at the critical state. This process can
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Fig. 12 Loss over iterations. a Training loss (k,, = 1.0001); b Train-
ing loss (k,, = 1.0041); ¢ Test loss

be completed in a small number of search iterations. The
k., value corresponding to the critical state is identified by
progressively refining the interval. The search results are
presented in Table 9. Among these, A¢ at the last five time
points is recorded to determine whether ¢ attains a steady
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state. Compared with the results of the FCN [29], the R?
-PINN has a smaller A¢. This implies that the RZ-PINN
search has a higher accuracy than FCN. Furthermore, the
search results were validated by generating the ¢ distribution
for the obtained k_, values, as shown in Fig. 16.

From Fig. 16, the flux tends to stabilize as ¢ increases.
This implies that the system has attained a critical state. This
indicates that our network can effectively search for optimal
parameters corresponding to the critical state.

4.5 k_ Search efficiency improvement

When searching for k., the initial search interval is large.
The k_, value to be searched differs considerably from the
critical state k value. Thus, the accuracy of prediction is not
highly required. Only the prediction is used to compute ¢, to
serve as a priori information for the next interval refinement.
Therefore, during the training section, we examined whether
the rate of variation in the fluxes converged at regular inter-
vals. When ¢, converges, the training section is stopped,
and the next k-value network training begins. This results
in a faster parameter search without loss of accuracy. The
equation for determining when to stop network iteration is
as follows:

(D)ig1 = (@)D /(@); = ()i-1) < 4. 27)

The parameter 4 was set to 0.01. At every 200 iterations,
Eq. (27) was computed to determine if the network had
stopped iterating. The comparative results for ¢, = ¢, are
listed in Table 10. The early termination mechanism can
significantly reduce the search time (0.56 times the original
one).

Furthermore, as shown in Fig. 15, ¢, is exponentially
related to k. Therefore, it can be used to determine the
critical value of k, by fitting a quadratic function. To opti-
mize the search algorithms, an experiment was conducted to
compare three search methods: binary, grid, and quadratic
fitting. Using R%-PINN with an early termination mecha-
nism, the results are shown in Fig. 17.

The quadratic fitting search method determined k_, rap-
idly in 250 s and attained an accuracy of 10~*. Meanwhile,
the grid search method determined k, in 522 s and attained
an accuracy of 107>, Different methods can be selected for
parameter searches based on the actual requirement for time
and accuracy.

4.6 Network prediction for different k_: R%-PINN’s
robustness

The network was trained at different k, values. The results
were compared with the analytical solution generated to
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Fig. 15 (Color online) Search result of ¢. a ) = ¢; b Py = ¢,

Table 9 Search result

by =, b=,

ke A¢ ke A¢
FCN 1.00202 —0.017973 0.99803 —0.788704
R2-PINN 1.0020822 —0.001522 1.0020824 —0.001519

obtain the accuracy at each k_, value, as shown in Fig. 18, to
validate the robustness of the R>-PINN.

The robustness of R2-PINN is illustrated in Fig. 18.
Across the tested values, the network consistently main-
tained a high accuracy of at least 1077, This indicated
its capability to handle various scenarios and maintain
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reliable predictions. The observed differences in MSE
across parameter values were relatively small. This fur-
ther highlights the stability and effectiveness of the net-
work. The robustness of the R2-PINN network is evident
from its consistently high accuracy for different parameter
values.

4.7 R%-PINN for solving a two-dimensional reactor
diffusion equation for a single energy group

In this experiment, an 11-layer S-CNN network was used
for training. The remaining hyperparameters were selected
as described in Sect. 4.4.

To validate the generalizability of the models, an exper-
iment was conducted between different k. The results are
shown in Table 11. Here, the network achieved an accu-
racy of 107> under different parameters, and the MSE for
the extrapolation region (that is, the region with r = 1 s)
still achieved an accuracy of 107>, This demonstrates that
the model performs well in terms of temporal extrapola-
tion capability and can be used to search for parameters
corresponding to the critical state.

Searching for the k_ parameter in the manner described
in Sect. 4.4 yields k, = 1.1378. Using the source iteration
method, we determined that k= 1.1202. The calculation
error is approximately 1.5%. The results of the prediction
and reference truths are presented in Fig. 19. The error
plots are shown in Fig. 20.

4.8 R%-PINN for solving two-dimensional
rectangular geometry multigroup
multi-material diffusion problem

In this two-group diffusion problem, each neutron group’s
flux is predicted independently to enhance the accuracy.
Specifically, we separately model the fast group neu-
tron flux (¢,) and hot-group neutron flux (¢,) using dual
PINNSs with a criticality factor of k4 = 0.9693. Given the
interconversion relationship between the fluxes of these
two energy groups, dual PINNs are designed to share loss
functions and are optimized sequentially. This shared loss
structure ensures that the interaction between the energy
groups is captured effectively while allowing for custom-
ized optimization paths for each flux. To train the mod-
els, a four-layer S-CNN was employed. The other PINN-
related parameters, such as the sampling ratios, activation
functions, and optimization strategies, remained consistent
with those detailed in Sect. 4.4.

Using R%-PINN, the MSE of ¢, attains 1.36 x 107°
and that of ¢, attains 2.49 x 1077, To better illustrate the
flux distribution, particularly the abrupt variations in
the neutron flux at the material interfaces for different
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Fig. 16 (Color online) Steady- o
state verification. a ¢y = ¢; b
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Table 10 Time Consume Comparation

Cost time (s) Search result

FCN 7841 1.00202

R2-PINN 1837 1.00208

R2-PINN(Early termina- 1027 1.00207
tion)

neutron groups, cross-sectional views of the neutron flux
were adopted with slices extracted from the x-z and y-z
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planes. The results and reference solutions are presented
in Figs. 21 and 22.

The error fields for each energy group are presented in
Fig. 23. Owing to the small value of the flux, to clarify
the error representation, we calculated the loss rate. This
is shown in Fig. 23. The specific equations are given in
Eq. (28).

loss rate = AB S(d)predict - ¢Lruth)/ d)truth (28)

The results show that we can effectively determine
the flux distribution under the specified k.4 according
to the steady-state equations. Additionally, according to
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the experiments presented in Sects. 4.4 and 4.7, we can
determine the critical parameters according to the tran-
sient equations. Thus, the model can be adapted well to
solve the two major problems of nuclear reactors, that is,
solving for the fluxes and searching for the steady-state
parameters.

4.9 R%-PINN for solving 2D-IAEA problem

Using a six-layer R2-PINN structure, we incorporated kg
as a parameter for iterative optimization in neural network
training. The model utilized 18,000 points for comput-
ing Lossppg, 500 points for Lossg,yngary- and 76 points for
Losspyy,-

Fig. 18 MSE Accuracy Com- Mean MSE [10.0155 Mean MSE

parison for Different k
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Finally, the relative error and relative L error were used
to evaluate the accuracy of the R2-PINN. Herein, the relative
L, error is particularly important in the nuclear engineering
domain. The specific equations are expressed in Eqs. (29)
and (30). The prediction results and reference truth are
presented in Fig. 24. The absolute error plots are shown in
Fig. 25.

e = ABS(d)predicl - d)truth)/d)truth 29)

|| ¢predict - d)truth

o= |oo 30)
bl

Considering the engineering acceptance criteria for the
2D IBP, the flux calculation error in fuel assemblies with
a relative flux higher than 0.9 should be less than 5%. In
fuel assemblies with a relative flux less than 0.9, the flux
calculation error should be less than 8%. In addition, the

T?ble 11 MSE results in k., MSE =1 s MSE
different k,
1.1 44x10% 9.0x10°°
11 1.1x10° 1.7x10°°
1.12 32x10° 52x107°
1.13  12x107% 22x10°°
.14 18%x10° 3.0x10°
1.15 85%x1077 1.6x10°
1.16 24%x10° 44x10°6
1.17 1.1x1075 22x107°
1.18 55%x107% 93x10°°
1.19 22x107% 4.7x107°
1.2 45x10% 82x10°°
6.92E-08
7.53E-08
9.78E-08
9.74E-08
1.05E-07
7.61E-08
6.87E-08
9.06E-08
8.29E-08
9.70E-08
1.79E-07
1.15E-07
6.91E-08
8.53E-08
1.45E-07
1.54E-07
1.24E-07
2.07E-07
142E-07
1.55E-07
1.29E-07
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Fig. 19 (Color online) Compar-
ison between result and truth. a
Prediction result (z=0 s); b Pre-
diction result (=1 s); ¢ Truth
(t=0 s); d Truth (=1 s)
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Fig.20 (Color online) Loss field. atr =0s;bt=1s

relative error of kg should be less than 0.005 [47]. The
predicted results shown in Table 12 satisfy these accept-
ance criteria. This indicates that R2-PINN also holds prac-
tical engineering application value.

10.0 4 0.005
7.5
0.004
5.0 4
2.54
0.003
> 0.0
—-2.51 0.002
-5.0
0.001
~7.54
—10.0 1

T T T T T T
-10.0 -7.5 -5.0 =25 00 25 50 75 10.0
X

(b)

4.10 The strategy for hyperparameter selection
The hyperparameter selection strategy was formulated

meticulously to balance the model expressiveness, training
stability, and prediction accuracy across the computational
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Fig.21 (Color online) Predict result. a ¢, Distribution in x-z plane; b ¢, distribution in x-z plane; ¢ ¢, Distribution in y-z plane; d ¢, distribution

in y-z plane

domain. This subsection explains the important hyperpa-
rameter selections for neural networks.

First, a 10-layer network was selected to achieve an
optimal trade-off between complexity and expressiveness.
Compared with shallower networks, deeper networks more
effectively approximate complex nonlinear functions. This is
typical in physical modeling. As shown in Table 5, our eval-
uation across configurations indicated that a 10-layer S-CNN
structure consistently outperforms the others. This makes
it the optimal option. This selection method was similarly
applied to different benchmark cases to ensure robustness.

Second, the Tanh activation function was selected over
ReLU and Sigmoid because of its smoother nonlinearity,
which is critical for approximating continuous functions in
physical problems. Although ReLU is effective in mitigating
vanishing gradients, it has insufficient stability in capturing
smooth physical fields and generally encounters difficulty

@ Springer

with highly nonlinear PDEs. In contrast, Tanh enhances
numerical stability. This makes it more suitable for PINNs.

Third, the LBFGS optimization algorithm was selected
for its faster convergence in high-dimensional problems
and capability to prevent gradient explosions. Compared
with first-order optimizers such as Adam and SGD,
LBFGS provides a second-order approximation. This
results in a more stable training and better performance,
particularly in data-limited scenarios. During testing,
Adam and SGD were vulnerable to early convergence and
local minima, thereby yielding suboptimal predictions.
Meanwhile, LBFGS provided better stability and training
completeness.

Finally, the selection of 26 hidden neurons per layer
achieved a balance between the model capacity and gen-
eralization. Excessively few neurons result in underfitting,
whereas excessively many neurons risk overfitting and
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Fig.22 (Color online) Truth result. a ¢, distribution in x-z plane; b ¢, distribution in x-z plane; ¢ ¢, distribution in y-z plane; d ¢, distribution in

y-z plane

instability. Through extensive experimentation, 26 neurons
per layer were observed to provide an optimal trade-off.
This ensured accurate and stable predictions.

5 Results and discussion

An ablation study on the number of layers revealed that an
increase in the depth of the S-CNN architecture improved
the accuracy. Significantly, a kernel size of one yielded supe-
rior results. However, an accuracy bottleneck makes exces-
sively deep layers unnecessary. As described in Sect. 4.2,
the S-CNN outperformed the FCN architecture across layer
configurations. Even when the number of layers increased to
two-fold, no vanishing gradients were observed. The addi-
tion of skip connections effectively mitigated the vanishing
gradients and enhanced the stability, robustness, and overall
accuracy of the model.

In Sect. 4.3, a sensitivity analysis of the resample param-
eter revealed that the optimal R2-PINN configuration is a

resample granularity of 2 and 500 resamples. Setting the
loss weight coefficient w to 100 achieved the best prediction
performance, thereby resulting in lower losses than the PDE
loss. The test loss in Fig. 12 illustrates a smooth training
process without significant fluctuations. At approximately
2000 epochs, the LBFGS optimizer automatically stopped
training, thereby achieving an MSE accuracy of 10~". This
indicates a high precision.

Furthermore, k_, was determined by searching for the
critic state in Sect. 4.4 using the adjusted R?-PINN. R?
-PINN converged rapidly in 1000 epochs and attained an
accuracy of 1078, The fast convergence and high conver-
gence accuracy of the model indicate that it is suitable for
parameter search goals that require the training of multiple
networks.

Then, multiple search methods are compared in Sect. 4.5
to improve the search efficiency. From the experimental
results, the quadratic fitting search method can rapidly
identify k_, in only two k-value search processes, with an
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Fig. 23 (Color online) Loss field and loss rate field

accuracy of 10™* in 250 s. This is of significant value for
scenarios with high real-time requirements. The grid method
can also achieve a parameter search with an accuracy of 107
within 10 min. When a high accuracy is required, the grid
method can set the optimal grid refinement numbers to attain
a reasonable duration with a higher accuracy.

The results of experiments conducted at different £, val-
ues (described in Sect. 4.6) show that our R?-PINN network
exhibited exceptional performance in capturing the system
dynamics within the domain ;. This region exhibited a
significant improvement in accuracy compared with FCN
networks. By accurately representing the intricate features
and sharp gradients of this specific region, our network ena-
bles a more precise determination of whether the system is
in a steady state. This enhanced accuracy is highly effective
when conducting parameter searches because it allows for a
higher precision and more reliable results.

Finally, to verify the generalizability of the model, experi-
ments were conducted using the S-CNN architecture for a
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2D single cluster (Sect. 4.7). The parameter search error
was approximately 1.6%. A solution with an accuracy of
e-06 was obtained by using S-CNN to solve 2D multi-cluster
multi-materials (Sect. 4.8). The standardized test problem
sets—2D-IAEA benchmark for search k.4 attained an accu-
racy of 107 (Sect. 4.9). These results show that the model
can effectively predict the variation in physical quantities in
the physical field under multiple equations, different initial
conditions, and boundaries. Moreover, it has good generali-
zation under different scenarios.

To summarize, the R2-PINN network performed better
than the FCN network in solving the neutron diffusion equa-
tions. The accuracy improvement of one—two points is note-
worthy considering the computational efficiency achieved by
our framework. This efficiency reduces the computational
load and maintains a high accuracy. Thus, it is a potential
approach for practical applications. Using a suitable search
method, the proposed architecture exhibits a good real-time
performance.
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Fig. 24 (Color online) Comparison between results and reference. a R2-PINN result of ¢;; b R2-PINN result of ¢,; ¢ FreeFem++ result of ¢,; d
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Table 12 Results of 2D-IAEA benchmark

keff e of keﬁ €x of ¢l

0.008

e, of ¢,

0.038

1.02977 1.797 x 10~*

6 Conclusion

This study introduced a novel and innovative framework
called R2-PINN. It addresses the persistent challenge of
the disappearing gradient phenomenon in DNN. In addi-
tion, our framework is designed to enhance the accuracy
and computational efficiency of PINNs when solving neu-
tron diffusion equations. The R2-PINN can determine k_,
with an accuracy of 107 in 250 s. The single NN accuracy
attained 1078 on an average. This is an order of magnitude
higher than that for FCN. The S-CNN architecture is inte-
grated into the R>-PINN framework to overcome vanishing
gradients. By leveraging cross-layer connections, our model
effectively learns the residual information. This improves the
depth and expressive power of the network. This architec-
tural enhancement ensures that the network can effectively
propagate gradients through the layers, thereby enabling
more accurate and stable learning. Furthermore, the RAR
method is introduced to enhance the representation and sam-
pling strategies within the network. The RAR method allows
for adaptive collection of sample points. Thereby, it ensures
that the model captures the essential features and gradients
in the solution space. This refinement strategy dramatically
improves the capacity of the network to handle sharp gradi-
ents and intricate features in the PDE solutions.

As described in the experimental section, comprehensive
comparative experiments were conducted to optimize the R?
-PINN framework. Through meticulous parameter tuning,
including adjusting the number of layers, kernel size, and
resampling hyperparameters, R2-PINN achieved significant
accuracy improvements of one—two units compared with
FCN. This demonstrated its effectiveness in enhancing PDE
solutions. The parameter search capability of the R-PINN
was validated by efficiently determining the corresponding
value of k, when it entered the critical state within the speci-
fied search interval using high-precision network predic-
tions. To evaluate the robustness and accuracy of the model
under varying parameters, MSE validation experiments with
different values of k_, were conducted. These consistently
yielded highly accurate results. Finally, for complex models
such as the two-dimensional single-group neutron diffusion
equation, two-group two-material neutron diffusion equation
models, and 2D-IAEA benchmark, the search for effective
value-added coefficients and steady-state flux distribution
solutions was conducted successfully.

Overall, the experimental results verify that the integra-
tion of S-CNN and the RAR mechanism in R%-PINN enables

@ Springer

the network to capture intricate features and sharp gradients
in PDE solutions. The adaptive refinement strategy signifi-
cantly improves the distribution of residual points. This, in
turn, enhances the capability of the network to accurately
represent complex physical systems. Our observations pro-
vide compelling evidence of the potential for the R>-PINN
to advance the field of deep learning-based PDE solving.
Our framework outperforms existing methods and exhibits
potential for application in real-world physical systems. The
contributions of this study have substantial implications for
the development of more accurate and efficient models in
various scientific and engineering domains.
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