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Abstract

Beam-tracking simulations have been extensively utilized in the study of collective beam instabilities in circular accelera-
tors. Traditionally, many simulation codes have relied on central processing unit (CPU)-based methods, tracking on a single
CPU core, or parallelizing the computation across multiple cores via the message passing interface (MPI). Although these
approaches work well for single-bunch tracking, scaling them to multiple bunches significantly increases the computational
load, which often necessitates the use of a dedicated multi-CPU cluster. To address this challenge, alternative methods
leveraging General-Purpose computing on Graphics Processing Units (GPGPU) have been proposed, enabling tracking
studies on a standalone desktop personal computer (PC). However, frequent CPU-GPU interactions, including data transfers
and synchronization operations during tracking, can introduce communication overheads, potentially reducing the overall
effectiveness of GPU-based computations. In this study, we propose a novel approach that eliminates this overhead by per-
forming the entire tracking simulation process exclusively on the GPU, thereby enabling the simultaneous processing of all
bunches and their macro-particles. Specifically, we introduce MBTRACK2-CUDA, a Compute Unified Device Architecture
(CUDA) ported version of MBTRACK?2, which facilitates efficient tracking of single- and multi-bunch collective effects by
leveraging the full GPU-resident computation.

Keywords Code development - GPU computing - Collective effects

1 Introduction

The rapid development and deployment of fourth-generation
light sources (4GLS) around the world has led to an increas-
ing focus on studying collective beam instabilities in storage
and booster rings. These advanced facilities, operating at
the forefront of accelerator technology, demand a thorough
understanding and mitigation of instabilities to maintain
the beam quality and achieve the desired performance. As
a result, beam-tracking studies aimed at analyzing these
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instabilities are essential for supporting the design and oper-
ation of such high-performance synchrotron light sources.

To facilitate these studies, various computational tools
have been developed, including MBTRACK?2 [1-5] and a
multi-bunch macro-particle tracking code developed at Syn-
chrotron SOLEIL. Originally written in C as MBTRACK
[6], the code was later redesigned in Python with an Object-
Oriented Programming (OOP) structure—enhancing usabil-
ity and extending functionality—and renamed MBTRACK?2.
MBTRACK? retains the capability to study both single and
multi-bunch collective beam instabilities, with numerous
new tracking options added to accommodate the evolving
needs of modern accelerator research.

MBTRACK? utilizes CPU parallel processing with MPI
to manage the computational demands of tracking multiple
bunches. However, as the number of bunches increases, this
approach requires a large number of CPU cores to handle
the computational load. The need for such a large number
of cores introduces significant challenges, including high
costs and complexity of maintaining the necessary hardware
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infrastructure. These challenges present practical difficulties
for several research facilities.

GPU acceleration has emerged as a viable alternative to
address these challenges. GPUs designed for high levels
of parallelism can significantly enhance the performance
of large-scale simulations. A key advantage of GPU accel-
eration is that it can often be implemented on a single PC,
simplifying infrastructure requirements compared with the
extensive hardware setups needed for large-scale CPU paral-
lel processing. Various GPU-accelerated tracking simulation
programs have been developed to leverage this capability,
including MBTRACK-CUDA [7], a GPU-accelerated ver-
sion of MBTRACK; STABLE [8], a MATLAB-based code
with GPU acceleration features; APES [9], which combines
GPU and CPU processing with MPI for hybrid parallel
acceleration; and GPU implementations for ELEGANT [10],
PyHEADTAIL [11, 12], Xsuite [13] and SixTrackLib [14].

However, typical GPU acceleration methods can expe-
rience inefficiencies when handling extremely large-scale
simulations, primarily because of frequent CPU-GPU data
transfers that introduce both latency and synchronization
delays. In most GPU-accelerated beam-tracking codes, sta-
tistical calculations and tracking-related operations rely on
such data movement, leading to communication overhead
and hindering the continuous execution of GPU kernels,
which ultimately reduces computational efficiency.

This paper presents MBTRACK2-CUDA [15], which
performs all the necessary computations entirely on GPU
CUDA cores, eliminating the need for frequent data trans-
fers and minimizing synchronization delays. By maintaining
both statistical calculations and tracking operations on the
GPU, this design avoids unnecessary CPU-GPU interactions,
thereby reducing communication overhead and enhancing
computational efficiency. As a result, MBTRACK2-CUDA
is well suited for large-scale tracking simulations, where
minimizing data movement and maintaining continuous
GPU execution are critical for performance.

Rapid advancements in GPU technology have played a
crucial role in enabling such improvements. Since the mid-
2010 s, GPU-accelerated beam-tracking codes have been
widely adopted, leading to substantial developments. As of
the mid-2020 s, GPUs have undergone significant advance-
ments, with Dual-ported Video Random-Access Memory
(VRAM) capacities reaching tens of gigabytes per GPU, and
a dramatic increase in the number of processing cores. For
instance, the NVIDIA GeForce RTX 4090, which we used in
this research, features 16,384 CUDA cores and 24 gigabytes
(GB) of Graphics Double Data Rate 6X (GDDR6X) VRAM,
showcasing the immense progress in GPU capabilities that
support our enhanced simulation methods. While such
advanced capabilities were not feasible in the mid-2010 s,
the current generation of GPUs now provides the necessary
power to implement our novel approach, which involves
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executing all stages of the tracking simulation directly on
the GPU without requiring data transfer between the CPU
and GPU.

The remainder of this paper is organized as follows.
In Sect. 2, we describe the specific code architecture and
the tracking model of MBTRACK?2-CUDA. In Sect. 3,
we present the validation of MBTRACK2-CUDA and the
benchmarking results against MBTRACK?2 to demonstrate
the code’s performance. We also analyze tracking simula-
tions and results for single and multi-bunch cases, using
the parameters of the High Energy Photon Source (HEPS)
storage ring to study resistive-wall (RW) instability as an
example of collective effects. This approach illustrates how
MBTRACK?2-CUDA can be utilized to investigate collective
effects while noting that the resistive-wall study is based on
assumptions regarding the beam pipe specifications, which
may differ from those of the actual HEPS storage ring setup.
Finally, Sect. 4 provides summary and outlook.

2 Code architecture and tracking model
in MBTRACK2-CUDA

2.1 Code architecture

MBTRACK?2-CUDA is an independent CUDA-ported ver-
sion of MBTRACK?2, designed to harness the power of GPU
computing. It provides a comprehensive set of tracking sim-
ulation functionalities capable of handling a large number
of bunches and macro-particles efficiently on a stand-alone
desktop computer. Although MBTRACK2-CUDA is a par-
tial port of MBTRACK?2 and does not include all the fea-
tures of the original code, it effectively supports the core
tracking processes needed for studying collective effects.

MBTRACK?2 itself is an evolving codebase with ongoing
development and the continuous addition of new features.
Similarly, MBTRACK?2-CUDA is designed to evolve along-
side MBTRACK?2 the aim of incorporating new advance-
ments and functionalities over time.

Figure 1 illustrates three different computational
methods for tracking simulations, each utilizing distinct
approaches to parallel processing. Figure 1a shows the
traditional CPU parallel processing, where each bunch is
assigned to a separate CPU core, making it highly efficient
for multi-bunch calculations. However, because each core
is responsible for processing all macro-particles within
its assigned bunch, handling a large number of macro-
particles places a significant computational load on all
allocated cores. Additionally, the number of CPU cores
must be sufficient to cover all bunches, which can be a
limiting factor. Depending on the code, if the CPU cores
cannot cover all the bunches, the calculations may either
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Fig.1 Comparisons of parallel computing methods: a Traditional
CPU-based parallel processing using MPI. b GPU-accelerated pro-
cessing by allocating one bunch at a time, as used in MBTRACK-

not proceed or the remaining bunches will have to wait
until the current bunches are processed, leading to poten-
tial inefficiencies.

Depending on the code, the GPU-accelerated method can
be implemented in one of two ways. In the first approach,
the GPU acceleration method used in MBTRACK-CUDA
is shown in Fig. 1b, which assigns all bunches to the GPU
memory but processes only one bunch at a time, utilizing
multiple GPU cores to handle macro-particles in parallel
within each bunch. Although this method allows for rapid
computation of individual bunches, it requires sequential
processing for multiple bunches, which may limit the overall
performance in large-scale multi-bunch simulations.

In contrast, the approach shown in Fig. 1c, which was
adopted in MBTRACK?2-CUDA, enables fully parallel
computations by processing all bunches and their respective
macro-particles simultaneously on the GPU. This method
allows for a more efficient utilization of GPU resources,
significantly improving the simulation performance,

(b) (c)

CUDA. ¢ GPU-accelerated processing by allocating all bunches
simultaneously, as used in MBTRACK2-CUDA

particularly in large-scale scenarios with many bunches and
macro-particles.

A flowchart of MBTRACK?2-CUDA is presented in
Fig. 2, which outlines the simulation process. The process
begins with the CPU, similar to MBTRACK2, to generate
bunches based on the machine parameters. However, once
the bunch data were prepared, the entire tracking process
was handed over to the GPU. From this point onward, the
GPU handles all tracking computations, eliminating the need
for further CPU-GPU data transfers and minimizing the
CPU-GPU interactions. This design avoids the communi-
cation overhead and synchronization delays associated with
frequent data exchanges, ensuring a more efficient simula-
tion process.

When using MBTRACK2-CUDA for tracking simula-
tions, it is important to ensure that the VRAM capacity of
the GPU is not exceeded. If the GPU’s VRAM is surpassed,
the code will resort to using CPU RAM, which can signifi-
cantly degrade the performance. Therefore, it is advisable

Fig.2 Flowchart of MBTRACK2-CUDA
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to select a model with sufficient GPU memory for tracking
simulations.

Moreover, MBTRACK?2-CUDA was designed to mini-
mize overhead by performing all computations on a single
GPU, and thus did not support multi-GPU setups. How-
ever, as of the mid-2020 s, high-performance GPUs with
ample memory for tracking simulations and a dramatically
increased number of CUDA cores per GPU were released.
With continued advancements in GPU technology, this
limitation is becoming less of a concern as performance
improvements continue to grow.

To implement the CUDA-based computation in
MBTRACK?2-CUDA, we utilized the Numba-CUDA library
[16], which supports CUDA programming within the Python
environment. Numba-CUDA is a powerful tool that enables
high-performance computations by compiling Python code
for GPU execution. It simplifies CUDA programming by
allowing developers to write CUDA kernels directly in
Python, thereby eliminating the need to switch to CUDA
C/C++. This seamless integration with the Python ecosys-
tem supports efficient GPU acceleration in Python-based
workflow. In addition, Numba-CUDA manages memory
allocation and optimization, offering fine-grained control
over CUDA kernels, which enhances the efficiency of GPU-
accelerated applications.

In MBTRACK2-CUDA, the entire tracking simulation
process is implemented using multiple CUDA kernels. Each
kernel handles specific aspects of the tracking simulation,
such as transforming basic one-turn maps, computing col-
lective effects, and managing macro-particles interactions.
These kernels are executed sequentially in a turn-by-turn
manner through a single CUDA stream, ensuring a coherent
tracking progression.

2.2 Beam-tracking model

2.2.1 Basic one-turn maps for 6D phase space
transformations

The bunches we aim to track in MBTRACK2-CUDA are
composed of macro-particles, each represented in a 6-dimen-
sional (6D) phase space by the coordinates:

/ /
[0 X Vs Vs T 6]

where n denotes the turn index, i represents the bunch index,
and j is the index of each macro-particle within the i-th
bunch. In this coordinate system, x and y correspond to the
horizontal and vertical positions, respectively, while 7 repre-
sents the longitudinal temporal position. The coordinates x’
and y’ indicate the transverse momenta and & is the relative
energy deviation.
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The basic one-turn maps consist of a longitudinal map,
transverse map, radio frequency (RF) cavity, and radiation
damping with quantum excitation. These maps are calcu-
lated turn-by-turn (once per turn), and we present the for-
mulae describing the coordinate transformations of the j-th
single particle within the i-th bunch at each turn for the ultra-
relativistic case.

We begin with a longitudinal map, where the longitudinal
coordinates are updated as follows:

Tnt1 = Tp + acToan’ (])
UO
5n+l =6n_E_0’ (2)

where a, denotes the momentum compaction factor, 7
denotes the revolution time, U, denotes the average energy
loss per turn, and E;, denotes the reference energy.

In the transverse map, we can write the coordinate trans-
port in matrix form as follows:

u cosy, + al siny, Bl siny, D, [u
u = —ylesing,  cosy, —a*siny, D, | |«
51, 0 0 1fls],
3
with u being either x or y, y, representing the phase advance,
D, denoting the dispersion, and ail"c, ﬂi"c, ybll"c being the
Courant—Snyder parameters at the tracking location. If
we ignore the amplitude-dependent tune shift, the phase
advance y, can be expressed as

w, =2x(v, +&,5), 4

where v, is the betatron tune and &, is the chromaticity.

In the longitudinal map, the energy gain from the RF
cavities is not considered. To compensate for the energy
loss caused by synchrotron radiation, we must calculate the
energy gain provided by the RF cavities. If only the main RF
cavity is installed, the relative energy deviation is updated as

e
Opp1 =0, + E_OVRF cos (CURFTn + ¢s)s 5)

where e denotes the elementary charge, Vi denotes the peak
voltage of the main RF cavity, wyy denotes the angular fre-
quency of the main RF cavity, and ¢, denotes the synchro-
nous phase. Here, the synchronous phase can be obtained as

Uy
¢, = arccos <%>. 6)
It is noteworthy that the right-hand side of Eq. (2) was incor-
porated into the ¢, term in Eq. (5) when both the energy
loss and energy gain are considered. MBTRACK2-CUDA
can also account for the effects of a harmonic cavity. In a
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double RF system, considering both the main RF cavity and
a single active harmonic cavity, the relative energy deviation
is updated as

(SVH-I = 6” + i‘/R]: [COS (wRFTn + ¢S)
Eo ™)
+A cos (mwggt, + ¢y,

where A is the amplitude factor of the active harmonic cav-
ity, m is the cavity harmonic number, and ¢, is the syn-
chronous phase of the harmonic cavity. Note that the beam-
loading effect was not considered in this model. For a given
value m, we can calculate the amplitude factor A and the
phases ¢, and ¢, by applying flat-potential conditions at the
synchronous phase as follows [6, 17]:

2
1 Uy 1
N\ A e ®)
RF
UO
¢, = arccos w2 —1eVer )’ ©))

Vo - (o)

¢, = arctan -z
mUO/(eVRF) (10)
U, 1
= —arccos |— —,
AeVppm? — 1

where it is crucial to satisfy the condition 0 < ¢ < %
As the final step of the basic one-turn maps, the radiation
damping with quantum excitation is considered as follows

[2]:

i 2T, T,

5n+1 =|1-— 5n+1 + 20—5 _5rand’ (11)
TZ TZ

- 2T, T,

i, = (1 - T—°>u;+1 + 2au,1/1—°u;and, (12)

where 7, _ is the synchrotron radiation damping time, which
should not be confused with the longitudinal temporal posi-
tion; o is the energy spread; and o, is the standard devia-
tion of the transverse momentum. Terms §,,,4 and u/, .
are random numbers generated from a Gaussian distribu-

tion with a unit standard deviation. For random number

generation (RNG), MBTRACK2-CUDA uses Numba-
CUDA'’s xoroshiro128+ algorithm [18] on the GPU, while
MBTRACK?2 uses NumPy’s Mersenne Twister (MT19937)
algorithm [19] on the CPU.

2.2.2 Wakefields of resistive-wall

After establishing the basic one-turn maps, we then incorpo-
rate the wakefield effects arising from collective interactions.
In this study, we explore the effects of resistive-wall as an
example, which is one of the most impactful types of wake-
fields in synchrotrons. To this end, we introduce the simplest
model for a resistive wall: the circular beam-pipe model.

The resistive wall impedances per unit length for the lon-
gitudinal and transverse planes in a single-layered infinitely
thick circular beam pipe of radius b with direct current (DC)
conductivity o, are given for an ultrarelativistic beam as fol-
lows [20, 21]:

-1
Zl!W(K) _ Zocto [ 1+ s (13)
L "2\ 2)

-1
Zew(K) ZOCZT§<1 +i .K>

= —i— 14
L nb*k ! (14

\/; 2

where L is the length of the wake component, Z, is the
impedance of free space, c is the speed of light, 7, is the
characteristic temporal distance express as

S\ 1/3
ro=1<2”> , (15)

c \ Zyo,

and k = kcty, where k denotes the angular wavenumber. It
is noteworthy that only the dipole impedance is considered
for the transverse impedance in a circular pipe geometry.
From Egs. (13) and (14), the resistive wall wake functions
for the longitudinal and transverse planes can be obtained
by performing inverse Fourier transform [22]. The clas-
sic resistive wall wake function formulae include integral
terms known as diffusion terms [23], which have tradition-
ally been calculated using numerical integration. However,
Ivanyan and Tsakanov [24] solved these integrals using the
Faddeeva function. They also derived a series of expansion
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formulas. The wake function formulae discussed thus far
are as follows:

the instabilities within a single bunch using wake functions,
the model must be extended to account for a given bunch

W|| w() = 4ZOCL e‘T/"’c 05 —— \/—T ﬁ —26#1/70 dx
3 7 z Jo X0+ 8
= —ZOCL 4e~/™ cos i +w 2 —wl &7/° 2T w| —e~7/0 Eis (16)
3rb? T Ty Ty
ZycL i 23k <r \/’Z 96k=3 < >3k—3/2
T | & Gh! > & (6k —3)!1 ’
(T) SZOC 7oL 1 e \/Esin \/31' _ \/—/ —X‘T/TO
b 12 7, x0 4 8
Zoc*t, L 3 3
= 2060 ) 5 pt/m V/3sin ﬁ — cos \/—T +wl| i 2
3xb* 7o ) )
17

+e—i7r/3w ei;r/6 2T i7r/3 —iﬂ/6 ZT
TO T

ZOCZTOL

nb*

23k+1
Gk + 1)!

G )““ Vi@

>

26k 1
(6k — DI

)]

with w being the Faddeeva function defined as

w(z) 1= e erfe (=iz). (18)

For the long-range regime where 7 > 7, Eqs. (16) and (17)
can be reduced to asymptotic formulae. From an imped-
ance perspective, this involves focusing on low-frequency
behavior while neglecting the high-frequency term. Con-
sequently, the second term in Eqgs. (13) and (14) can be
omitted. By applying an inverse Fourier transform to these
low-frequency expressions with regularization [25, 26], we
obtain the asymptotic wake function formula as follows:

L Z 1
Wl o) —L 1
w(®) ¥ 4rzb \| nco, \/; (19)
L Zyc 1
W~ 5 e 20

2.2.3 Calculating the influence of intra-bunch wakefields
A wake function is a normalized potential defined within

a two-particle model, which represents the wake kick
exerted by a source charge on a target charge. To compute
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distribution. The normalized potential in the presence of a
given bunch distribution is referred to as wake potential. The
wake potentials in the longitudinal and transverse planes
are defined as the convolutions of the longitudinal bunch
distribution with wake functions, as follows [27]:

er)l(r) = /°° /1(1' — ‘L'/)W” (T') dr’

0

Wl (T) / <ubm

where the longitudinal bunch distribution A is normalized as

/.

and (u,;,) represents the average transverse displacement,
known as the dipole moment, of macro-particles in an infini-
tesimal slice. The lower bound of each integral in Eqgs. (21)
and (22) was set to zero because the wake function of an
ultra-relativistic particle vanishes ahead of it owing to the
principle of causality [20, 27]. Note that we considered only
the dipole wake and neglected the quadrupole wake for the
transverse plane in this context.

In practical computations, continuous convolution
must be converted into discrete convolution. To perform
these discrete calculations, we sliced the given bunch

ey

—7)A(z =)W (<) ', (22)

AMr)dr =1, (23)
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distribution into M bins, each with a width of Az in the 7
domain. For the mth bin, let 7,;, and 7,,,, denote the mini-
mum and maximum z values, respectively. The average ©
value for the mth bin is given by

Tmin [m] + Tmax [m]

> 24)

Tpin[m] =
Because the theoretical equations are treated as discrete cal-
culations in the actual simulations, the discrete convolutions
for Egs. (21) and (22) become:

M-1
W (i, [m]) = ZO Alm —m! | Wl [m'] Ar, (25)
W _ !/
Tbm m] m/z_o <ubm> [m m ] [m m ] (26)
x W+ [m’] A,

where for m —m’ < 0, zero-padding is applied to ensure that
Alm — m'| and (uy;,) [m — m'| are set to zero, as there are no
macro-particles in this region.

Both MBTRACK2 and MBTRACK2-CUDA imple-
mented a dynamic binning scheme that adjusted the bin
width according to the bunch length while maintaining a
fixed total number of bins. To obtain a reliable longitu-
dinal bunch distribution, both codes perform a first bin-
ning with approximately 100 bins, where the distribution
is determined by counting the number of macro-particles
in each bin. However, because wake functions exhibit
nonlinear characteristics on a smaller scale, the resolu-
tion provided by the first binning alone is not sufficient for
accurate convolution. Therefore, a second binning process
was carried out through linear interpolation applied to the
longitudinal bunch distribution, thereby increasing the
total number of bins.

In this way, the final bin width resolution is determined
by the number of interpolated bins rather than the initial bin
count. This interpolation ensured that the wake functions
could be approximated as linear within each bin. Thus, the
number of interpolated bins should be determined by the
bunch length and wake function characteristics. In general,
MBTRACK?2 requires 10* ~ 103 interpolated bins, which
can lead to heavy convolution calculations. Because convo-
lution is inherently a series operation, and such heavy com-
putations are not feasible on a GPU, an alternative method
was adopted in MBTRACK2-CUDA to reduce the compu-
tational load. This method first calculates the mean of the
wake functions within each interpolated bin as follows:

wl (Tbin[ ])
Sl ar @7)

Tmin [m]

N Tmax [m] ~ Tmin [m] '

Wl (Tbin [m] )
f Tmax [71] WJ_ dr (28)

Tmin [m]

max [m] mm [m] '

Next, we substitute Egs. (27) and (28) instead of the wake
functions on the right-hand side of Egs. (25) and (26).
Although this reduction technique also assumes that the
wake function and bunch distribution are approximately
linear within each interpolated bin, it can still yield more
accurate results than directly sampling the function at bin
centers when some degree of nonlinearity exists. With this
method, even in cases where MBTRACK?2 requires convolu-
tion calculations of the order of 10* ~ 10° interpolated bins,
MBTRACK?2-CUDA can achieve equivalent results with
only an order of 10% interpolated bins. This reduced compu-
tational load makes it feasible to quickly perform convolu-
tion operations on a GPU. Additionally, the fundamental
theorem of beam loading [27] was automatically considered
when calculating the averages.

Finally, from the wake potentials, we calculated the
effects of the longitudinal and transverse kicks on single-
bunch instabilities. An extra interpolation step during the
kick calculation further refines this process by assigning a
unique kick to each macro-particles. The changes in the rela-
tive energy deviation and transverse momenta due to these
kicks are given as

I
AS = _w’ (29)
EO
QeW(r) g
A = %fﬂ_ (30)
0 u

where Q is the total charge of a given bunch and "¢ is the
average value of the beta functions from each wake compo-
nent. In practice, Wllj| (r) and WpL(r) can be obtained by inter-
polating Egs. (25) and (26). The negative sign on the right-
hand side of Eq. (29) arises because a particle traversing a
passive structure cannot gain energy from its field [27].
Because we define the wake function such that Wl (+0) > 0,
this negative sign must be applied accordingly.

For resistive wall wakefields, the means of the wake func-
tions within each interpolated bin can be expressed analyti-
cally. These are derived by substituting Eqs. (16) and (17)
into Eq. (27) and (28). The resulting expressions are as
follows.
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Wiy (Toinlm1)

67rb2(rmdx[ ]1-

ZyctyL
0% 2¢7/% | \/3sin
Tmin[M])

\/51 \/gr] ( 21)
— COoS +w| 14—
To To To

+e—i7r/3w<ein/6 2_T> +em/3w<_e—m/6
To

T=Tp ., [m]
2 ) } (€20
T
0 T=Tin[11]
=Tk ]

26k 2

ZOCTOL ©o 3k+1 \/5 00 _ . 3k—-1/2
2 (] — Tmm[m])L:ZO(3k+1)1< > - ;;(&—1)!!(?0) :

WIJQ_W (Tbin [m]) =

T=Tnmin [m]

Zy?z2L
- 0 0 —2¢77/% \/5 sin ﬁ + cos ﬁ +w| i 2t
67D (Tyax [M] — Tpinl1m]) Ty Ty 7

T:Tmax[m]
o273, pinl6 2t \ o273, _gmin/ 27 +6 27 ,
T() T ﬂ'TO (] (3 )

T=Tin[m

Zyc* 1oL & A3kt
T bt (r,,, [m] — 7, [m]) ;:;(3“2)'

() ViEam()

T=Tp ., [M]

T=Tpminlm]

Both expressions using the Faddeeva function w and those
based on series expansion are implemented as built-in func-
tions in MBTRACK2-CUDA.

Special functions such as the Faddeeva function are chal-
lenging to compute within a GPU kernel. To handle this,
we ported the CERN library’s Fortran90 (F90) implemen-
tation, which had already been adapted to CUDA C in the
CUDA version of PYHEADTAIL [28], to CUDA Python in
MBTRACK?2-CUDA for efficient GPU computation.

The series expansion expressions are straightforward to
implement within a CUDA kernel and offer a performance
advantage, running few times faster than using the Faddeeva
function. For double-precision calculations (float64), we
found that the optimal number of terms in the series expan-
sion was k = 25 for Eq. (31) and up to k = 24 for Eq. (32),
thereby ensuring an accuracy of up to r = 11.77,. For values
of 7 greater than 11.77,, the long-range expressions for the
means of the wake functions within each interpolated bin
were used as follows:

_ L Zy 1
W“ . N —
RW (Tbm [m] ) 2zb \/:O’c Tmax [m] — Tmin [m]

1 T=Tmax [m]
x JE—

Nz

(33)

b
T=Tpin[m]
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o fae
zb3 \| wo, 7, [m] — Tin[m
¢ Tmaxlm] [m] 34)

m]
x Vil

Tmax

T=Tpinlm]

It is worth noting that the Faddeeva-function expressions are
valid over the entire range; therefore, there is no need to use
the long-range equations separately when calculating intra-
bunch resistive-wall wakefields. Furthermore, when using
built-in functions, such as the Faddeeva-function expres-
sions or series expansion expressions, the user does not
need to manually set the total length of the wake functions
in MBTRACK2-CUDA. The code automatically adjusts to
accommodate wake functions based on bunch length, ensur-
ing accurate calculations.

MBTRACK2-CUDA is also capable of performing con-
volution calculations when wake functions are provided as
numerical data rather than built-in functions, allowing for
arbitrary wake functions to be used. In such cases, the wake
functions must be input as arrays, and these arrays should
represent the cumulative sum of the wake functions, mean-
ing that they need to be pre-integrated. Additionally, when
using this approach, MBTRACK2-CUDA requires the user
to specify the total length of the wake functions because this
length is not automatically adjusted by the code.
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Table 1 Machine parameters of the HEPS storage ring used for resis-
tive-wall study

Parameters Values
Circumference, L (m) 1360.4

Beam energy, £, (GeV) 6

Bunch length, o, , (mm) 5.02

Energy spread, o 1.02x 1073
Natural emittance, €, /€, o (pm-rad) 34.82/3.48
Betatron tune, v, /v, 115.15/104.29
Corrected chromaticity, &, /&, 4.95/5.01
Energy loss per turn, U, (MeV) 2.64

Damping time, 7, /7, /7, (ms) 10.86/20.62/18.71
Momentum compaction, a, 1.83x 1073
Harmonic number, & 756

Main RF frequency, frr (MHz) 166.6
Average beta, f; ° /65" (m) 4.24/5.98
Beam pipe conductivity, o, (S/m) 1.3 x 10°
Beam pipe radius, b (mm) 11

2.2.4 Calculating the influence of coupled-bunch
wakefields

To consider the effects of coupled-bunch wakefields in a
multi-bunch system, we model each target bunch using a
point charge representation, while the source bunch remains
represented by macro-particles. This approach is valid when
the dominant frequency of the long-range wake is suffi-
ciently low, such that its wavelength is much larger than
the bunch length, ensuring that the wake interacts with the
bunch as a whole, rather than being sensitive to its inter-
nal structure. For instance, this assumption holds true for
resistive-wall wakefields. In this model, all macro-particles

O x1013
E 8 ‘{‘\ ¥/} (Analytical)
© f \ W, (Faddeeva)
= 6 / \ = = W) (Series expansion)
c
J] / \
° / *‘
o 4 ’ \
o / \
< 2 / “
/
2, _/ \
m N -
C o
° L - R
S-2 \ -
= T
c -4 -
3 —60 -40 -20 0 20 40 60

T [ps]

(a)

within the source bunch impart the same kick to the tar-
get bunch. Additionally, because wakefields generated by
a bunch do not dissipate when the bunch circulates around
the synchrotron ring multiple times, the influence of resid-
ual wakefields from previous turns, which is often referred
to as wake memory or wake history [2, 6], must also be
considered.

Let the source bunch index be i, target bunch index be
i’, and total number of bunches be N,. To track the wake
memory from the present back to the past, we introduce
the turn memory index /, where [ = 0 represents the current
turn, and / = N, represents the oldest turn considered in the
calculations. When calculating up to the turn / = N,, the kick
factors that all macro-particles in i’-th target bunch receive
uniformly at the current turn are given by the following:

i'-1

K! (Ti’O) = 2 wi (Ti/() - Tio)Qio
i=0

N, Ny—1 (33)
+ 2 Z Wl(z, — 74) Qus
=1 =0
-1
Kul(fi’()) = Z WML(Tﬂo - Tio)Qio ()0
= (36)

N, Ny—1
+ Z Wul(rﬂo - TiI)Qil ()i

I=1 i=0
where Q, is the total charge of the source bunch and (u); is
the transverse center of mass (CM) position of the source
bunch. Note that the intra-bunch wake effects are ignored
in Egs. (35) and (36) because they are already considered
in the kicks on the intra-bunch wakefields. To consider the
coupled-bunch effects for resistive-wall wakefields, one can

— 1016

é 1.4 x10 W, (Analytical) Py

U f— P

; 1.2 W; (Faddeeva) // \\

— = = W, (Series expansion) / \

£1.0 \

5 / .

2 0.8

2 / G -
gos6 /

©

= /

-04 /

g /

202 y,

g /

E 0.0 prmm—m— -

- -60 -40 -20 0 ~ 20 40 60
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(b)

Fig.3 Comparisons of wake potentials of resistive-wall for an ideal Gaussian bunch at a single-bunch current of 5 mA from theory and simula-
tions: a Longitudinal plane. b Transverse plane with omitting dipole moment
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3 Beam-tracking simulations
of resistive-wall instability using the HEPS
storage ring parameters

3.1 Validation and benchmarking
of MBTRACK2-CUDA

Before evaluating the effects of resistive-wall instabil-
ity using the machine parameters of the HEPS storage ring
with MBTRACK?2-CUDA, we first validated the code and
conducted a benchmark against MBTRACK?2. The machine
parameters used in this study for the HEPS storage ring are
presented in Table 1 [29, 30]. For the resistive-wall instabil-
ity, we used a simplified model in which the beam pipes were
assumed to have a circular geometry and were made entirely of

x1011

=s== Tracking
0.75{ === Exponential fit

0 1000 2000 3000 4000 5000 6000 7000
Turns

Fig. 5 Exponential fit of the vertical center of mass for determining
the growth rate of the transverse coupled-bunch instability caused by
resistive-wall impedance at a ring current of 200 mA
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316LN stainless steel. The analytical expressions of the intra-
bunch resistive-wall wake potentials for an ideal Gaussian
bunch can be obtained by substituting a Gaussian distribution
into the longitudinal bunch distribution of Eqgs. (21) and (22)
as follows [31].

3/2
G ZycL | Ayl7|
I - 0 0 -
[WP(T)]RW B 167:172[ ] @

+ 1_3,4(8) —sgn(D)_ 14(0)
+ sgn (7)13/4(§)],

B Zy*tol | Pt <[
. T Axbt 2z ¢ [—1/4(0
omit (uy,;, ) T = (40)

+ sgn (Dl ,4(0)].

o2
z

(39)

G

e

RW

CcT

2
where { = <§> , 0, is the bunch length of an ideal Gauss-

ian bunch, and 1, is the modified Bessel function for the
order a. It is noteworthy that (u,;,) is omitted from the deri-
vation of Eq. (40) for the validation. In addition, when 7 is
zero, Egs. (39) and (40) are not available; therefore, in this
case, a limit value near 7 = 0 should be applied.

Figure 3 compares the wake potentials calculated by
MBTRACK?2-CUDA using both the Faddeeva expressions
and the series expansion expressions with the analytical
results from Eqs. (39) and (40) for an ideal Gaussian bunch.
In these simulations, MBTRACK2-CUDA employed two
million macro-particles to represent the Gaussian bunch,
utilizing 100 initial bins and 6,000 interpolated bins
for the wake potential calculations. These results show
almost identical agreement, validating the accuracy of

== MBTRACK2-CUDA
1550 = Theory
1500 A h A
1450 u L.
1400
1350

5 10 15 20
RW memory length [turns]

(b)

Fig.6 Dependences of growth rates on resistive-wall memory length and comparisons with theoretical predictions for a ring current of 200 mA:

a Horizontal plane. b Vertical plane
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MBTRACK?2-CUDA in calculating the intra-bunch resis-
tive-wall wakefields.

We benchmarked MBTRACK2-CUDA against
MBTRACK? for a single bunch with a current of 5 mA
in the presence of intra-bunch resistive-wall wakefields
above the microwave instability threshold in a system with
a single main RF cavity with a peak voltage of 3.176 MV.
The simulations were performed for over 30,000 turns, and
the results are shown in Fig. 4. Both codes used 2 million
macro-particles and 100 initial bins. However, MBTRACK?2
utilizes 10° interpolated bins, whereas MBTRACK2-CUDA
uses 6 x 103 interpolated bins. For the intra-bunch resistive-
wall wake functions, MBTRACK?2 used the Faddeeva func-
tion formulae in Eqgs. (16) and (17), whereas MBTRACK2-
CUDA employed the series expansion formulae in Egs. (31)
and (32). The simulations showed good agreement in terms
of the bunch length and energy spread. However, a discrep-
ancy in transverse emittance was observed between the two
codes. This difference arises from the use of distinct RNG
algorithms for quantum excitation in each code. Despite this
variation, the amplitude of the quantum noise was consistent
between the simulations, ensuring that the discrepancy did
not significantly impact the overall results.

The system used for the simulations consisted of an Intel
Xeon w5-3423 CPU and an NVIDIA GeForce RTX 4090
GPU with 24 GB of GDDR6X VRAM, featuring an error
correction code (ECC) enabled. For the simulation of a
single bunch with 2 x 10® macro-particles undergoing an
intra-bunch resistive-wall wakefield, MBTRACK?2 took
17 h, 38 min, and 25 s (63,505 s), respectively. In contrast,
MBTRACK?2-CUDA, following the same procedure, com-
pleted the simulation in only 35 min and 13 s (2,113 s),
demonstrating a remarkable reduction in the computation

= = Haissinski equation
=== MBTRACK2-CUDA

0 1 2 3 4 5 6 7
Single bunch current [mA]

(a)

Fig.7 Variations of normalized bunch length and normalized energy
spread with changing single-bunch current in the presence of intra-
bunch resistive-wall wakefields: a Comparison of normalized bunch

@ Springer

time. Following this, tracking simulations in the presence
of resistive-wall instability for both single- and multi-bunch
cases with 10° macro-particles were performed, and the com-
putation times were compared, as shown in Table 2.

The default data type for beam-tracking computations in
MBTRACK?2-CUDA was double-precision (float64). How-
ever, users can choose to use single-precision (float32) to
store the 6D phase-space coordinates and RNG. When the
single-precision option is selected, the tracking computa-
tions are still performed with double-precision for accuracy,
and the 6D phase-space coordinates are updated in double-
precision before being converted back to single-precision
for storage. This approach helps reduce the VRAM con-
sumption and speed up the process, although it may slightly
increase the uncertainty in the results.

To validate the code for simulating the transverse cou-
pled-bunch instability caused by resistive-wall impedance
in a multi-bunch environment, we disabled the beam loss
caused by the beam pipe aperture and intra-bunch resistive-
wall wakefields. In addition, we set the chromaticity to zero
and applied a uniform filling pattern for the beam-tracking
simulation. To calculate the growth rate in this environment,
an exponential fit was applied to the center of mass from
the tracking result in the transverse direction, as shown in
Fig. 5. The growth rate was determined using the following
equation:

(u) (t + A1) = (u) (t) exp <£>, 41)
tot

where ¢ is the initial temporal position of the fit, At is the
temporal length of the fit, and 7 tl is the total growth rate,
defined by substracting the damping rate ru‘l from the growth

3.0

=== MBTRACK2-CUDA

MBTRACK2-CUDA
2.5 =m= MBTRACK2-CUDA
== MBTRACK2-CUDA

Nmp=1x10°
Nmp=1x 106
Nmp =2 % 106
Npmp =3 x 106

)
)
)
)

1.0

0 1 2 3 4 5 6 7
Single bunch current [mA]

length from tracking simulations and solving the Haissinski equa-
tion. b Comparison of normalized energy spread for 1 x 10, 1 x 106,
2% 10°, and 3 x 10° macro-particles
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Fig.8 Comparisons of lon-
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rate of the resistive-wall Tl;\}v. The theoretical prediction of
the growth rate of the coupled-bunch resistive-wall for the
case of zero chromaticity, uniform filling, and in the absence
of intra-bunch wakefields is given by the following equation
[32]:

[T_l = ﬁ;ivga)oelbeaml‘
RW él‘:() 87T2E0b2ff [

2cZ,

1 —frac (v, )| wyo,

.42

where w, denotes the angular revolution frequency, /.,
denotes the total beam (ring) current, frac (v, ) denotes the
fractional part of the betatron tune, and b denotes the effec-
tive radius of the beam pipe. Detailed discussions of b
can be found in Ref. [2, 6]. In the analysis presented here,
however, a single pipe configuration was assumed; therefore,
b was simply considered as b in Table 1.

Because the growth rate obtained from the simulation was
affected by the resistive-wall memory length, the simulation
was repeated while varying the number of memory turns. The
results are presented in Fig. 6 show that as the number of
memory turns increases, the simulated growth rate approaches
the theoretical value obtained by Eq. (42) for both the hori-
zontal and vertical planes. Although the results exhibit oscil-
lations rather than perfect convergence, the amplitude of these
oscillations remains of the order of 10 s~ allowing for a reli-
able determination of the growth rate. A similar discussion on
this behavior can be found in Ref. [6].

2250 —200 —150 —100

100 150

-50 0 50
T [ps]

3.2 Single-bunch tracking results of intra-bunch
resistive-wall wakefields

We investigated the impact of intra-bunch resistive-wall wake-
fields on a single bunch using the machine parameters of the
HEPS storage ring through tracking simulations conducted in
a system featuring a single main RF cavity. To study the col-
lective effects at high single-bunch currents, simulations often
require millions of macro-particles [33, 34]. This is especially
true when investigating single-bunch currents from low to
high, particularly above the microwave instability threshold,
where the simulations become highly sensitive to numerical
noise.

To determine the appropriate number of macro-particles,
we conducted tracking simulations to compute the energy
spread as a function of single-bunch current for different
numbers of macro-particles. From this, we identify the con-
vergence point, as shown in Fig. 7b, where the energy spread
converges around 1 million macro-particles. As mentioned
earlier, for the purpose of the single-bunch instability study in
this study, we utilized two million macro-particles. The mean
value and standard deviation over the last 10,000 turns were
used to generate the graphs.

We obtained the equilibrium longitudinal bunch distribu-
tions at different single-bunch currents through tracking sim-
ulations in the presence of potential-well distortion (PWD).
The theoretical equilibrium longitudinal bunch distributions
affected by the intra-bunch resistive-wall wakefield can be
calculated using the Haissinski equation [35]:
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Fig.9 (Color online) TMCI analyses: a, b Comparisons of the FFT ity in the horizontal and vertical planes, respectively. ¢, d Betatron
magnitude spectrums obtained from MBTRACK2-CUDA are pre- mode shifts tracked by MBTRACK2-CUDA and analytically com-

sented for the cases without wakefields and with intra-bunch resis- puted by pycolleff with zero chromaticity in the horizontal and verti-
tive-wall wakefields, each evaluated at 0.3 mA under zero chromatic- cal planes, respectively
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Fig. 11 (Color online) Multi-bunch tracking results with intra-bunch
and coupled-bunch resistive-wall wakefields for the high-brightness
mode configuration without harmonic cavity: a Normalized bunch
lengths for the first, middle, and last bunches. b Normalized energy

A7) = Ag exp l— :)(Z) ]
c75,0

43)
(o3

where 4 is a normalization constant for the equilibrium
longitudinal bunch distribution, o is the natural energy
spread, and

T

D(r) = —-C [eVRF(T’)

EoL Jo
- eQ/ A =" yWi(«") de” - UO] d7’.
0
(44)
To solve the Haissinski equation, we used the pycolleff
[36-38], which includes modules for impedance analysis

and wakefield-induced instability evaluation. We input the
longitudinal resistivity-wall impedance, given by Eq. (13) in

0 5000 10000 15000 20000 25000 30000
Turns

(b)

1.02

0.98

0 100 200 300 400 500 600 700

Bunch index i

(d)

spreads for the first, middle, and last bunches. ¢ Vertical emittance for
the first, middle, and last bunches. d Normalized vertical emittances
of all bunches throughout the entire tracking process

the code to obtain the equilibrium longitudinal bunch distri-
butions for different single-bunch currents.

Figure 8 shows a comparison of the equilibrium longitu-
dinal bunch distributions between the results of the track-
ing simulations and those obtained from the Haissinski
equation. To provide further insight into the bunch dynam-
ics, the variation in bunch length and energy spread for
different single-bunch currents is presented in Fig. 7. From
Fig. 7b, it can be observed that the microwave instability
(MWI) threshold occurs at approximately 1.5 mA. Below
this threshold, as illustrated in Fig. 8 shows that bunch
lengthening is predominantly caused by PWD owing to
the intra-bunch resistive-wall wakefield. The equilibrium
longitudinal bunch distributions obtained by tracking with
MBTRACK?2-CUDA and solving the Haissinski equation
using pycolleff demonstrate excellent agreement under
these conditions.
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Fig. 12 (Color online) Multi-bunch tracking results with intra-bunch
and coupled-bunch resistive-wall wakefields for the high-brightness
mode configuration with harmonic cavity: a Normalized bunch
lengths for the first, middle, and last bunches. b Normalized energy

However, at currents exceeding the MWI threshold,
a difference began to emerge. The tracking simulations
revealed a distorted bunch structure in the head region
owing to MWI. Additionally, the MWI causes an over-
all increase in the bunch length when compared to the
Haissinski equation results. This discrepancy in bunch
length is shown in Fig. 7a, because the Haissinski equa-
tion does not account for the effects of the MWI.

To study the transverse mode-coupling instability
(TMCI), we first set the chromaticity to zero and tracked the
center of mass while varying the single-bunch current. We
identified the threshold single-bunch current where growth
occurred and analyzed the turn-by-turn data of the center
of mass using fast Fourier transform (FFT). By calculating
the signal-to-noise ratios (SNR) of the FFT magnitudes, we
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observed betatron tuning shifts, as shown in Figs. 9a and b.
The corresponding shifts were especially noticeable as the
single-bunch current increased in the presence of resistive-
wall impedance. However, no changes in the fractional tune
were observed in the absence of resistive-wall impedance.
We normalized these betatron tune shifts by the synchro-
tron tune, which accounts for the incoherent synchrotron
tune shift caused by PWD, and plotted the betatron mode
shift spectrograms, presented in Figs. 9c and d. Using
the changing bunch length information derived from the
Haissinski equation, we performed a mode-shift analysis
with pycolleff and overlaid the results on the same graphs.
The mode-shift results obtained from the two approaches
matched well in the region below the MWI threshold.
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In addition, to conduct in-depth analyses of the effects of
transverse instability, the transverse growth rate and single-
bunch threshold current were computed using MBTRACK?2-
CUDA and pycolleff, respectively. The results were in excel-
lent agreement with the vertical growth rate presented in
Fig. 10a for varying single-bunch current with PWD and
zero chromaticity. The single-bunch vertical-threshold cur-
rent calculations shown in Fig. 10b for varying chromaticity,
both with and without PWD, also yielded consistent results.

3.3 Simultaneous tracking results of intra-bunch
and coupled-bunch resistive-wall wakefields
in a multi-bunch system

Tracking simulations were conducted to evaluate the effects
of intra-bunch and coupled-bunch resistive-wall wakefields
on multi-bunches using the machine parameters of the HEPS
storage ring under the high-brightness mode configuration.
This configuration consists of a filling pattern with a 680-
bunch train and 76 empty bucket gaps out of a total of 756
buckets [29, 39]. In the high-brightness mode configura-
tion, the current per bunch was approximately 0.29 mA.
As shown in Fig. 7b, for 10°> macro-particles per bunch, the
energy spread converged sufficiently in the region where the
current per bunch was below 1 mA. Based on this observa-
tion, we set the number of macro-particles per bunch to 10
in the tracking simulation. In addition, 100 initial bins and
6 x 10? interpolated bins were used to calculate the effects of
the intra-bunch wakefields. The horizontal and vertical chro-
maticities were configured to 4.95 and 5.01, respectively.

590 600 610 620

Ring current [mA]

With the main RF cavity set to a peak voltage of 3.176
MYV in the presence of both intra-bunch and coupled-bunch
resistive-wall wake fields, the multi-bunch tracking simula-
tion results are shown in Fig. 11. In equilibrium, the bunch
lengths increased by a factor of approximately 1.5, while
the transverse emittances for all bunches remained at their
initial values, indicating the feasibility of stable operation.

Subsequently, we conducted additional tracking simula-
tions that included the active third harmonic cavity without
considering the beam-loading effect, with the main RF cav-
ity set to a peak voltage of 3.393 MV and the active third
harmonic cavity set to a peak voltage of 0.638 MV. These
simulations were performed with and without resistive-wall
effects, and the results for the case with resistive-wall effects
are presented in Fig. 12.

In terms of bunch length, the simulation without resistive-
wall instability showed that all bunches increased in length
from the initial value of 5.02 mm to 29.72 mm, approxi-
mately 5.92 times longer due to the effect of the active
third harmonic cavity, which closely matched the result of
Ref. [29].

When both intra-bunch and coupled-bunch resistive-
wall wakefields were present, with the active harmonic
cavity in operation, as shown in Fig. 12a, the bunch lengths
of all bunches increased to 33.99 mm, approximately 6.77
times longer. Figure 12b shows that the energy spreads
remained stable in the equilibrium state, and Fig. 12c¢, d
demonstrates that the transverse emittances were consist-
ently maintained throughout the tracking process, indicat-
ing that the HEPS storage ring with the active harmonic

@ Springer



6 Page 180f 19

K. H. Kim, E.-S. Kim

cavity in operation could be stably operated under resis-
tive-wall wakefield conditions.

To investigate the impact of transverse instability when
both intra-bunch and coupled-bunch resistive-wall wake-
fields were present in multi-bunch configurations, we
increased the ring current while disabling the beam loss
caused by the beam pipe aperture. We then examined the
vertical emittance near the threshold at which it started to
increase, both with and without an active harmonic cav-
ity, as shown in Fig. 13. The results indicate that the ring
current needs to be increased to approximately three times
its usual value to observe vertical instability. Further-
more, the presence of an active harmonic cavity slightly
increased the instability threshold.

4 Summary and outlook

In this study, we developed MBTRACK2-CUDA, a novel
approach that fully parallelizes the entire tracking computa-
tion process solely on a GPU, building upon the existing
MBTRACK?2 framework. The performance of the code was
remarkable, demonstrating its effectiveness and practical-
ity through tracking simulations addressing resistive-wall
impedance by utilizing the machine parameters of the HEPS
storage ring.

As GPU architectures continue to evolve, with an
increased number of CUDA cores, improved core perfor-
mance, and expanded memory capacities, fully leveraging
these advancements will be beneficial for GPGPU compu-
tations. In this context, we believe that executing the entire
tracking computation in a fully parallel manner on the GPU
is an efficient and future-oriented approach that maximizes
GPGPU performance. This approach will pave the way for
faster solutions in complex simulations involving large data-
sets by reducing data transfer overhead.
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