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Abstract

In this study, three specific scenarios of a novel accelerator light source mechanism called steady-state microbunching
(SSMB) were studied: longitudinal weak focusing, longitudinal strong focusing, and generalized longitudinal strong focus-
ing (GLSF). At present, GLSF is the most promising method for realizing high-power short-wavelength coherent radiation
with mild requirements on modulation laser power. Its essence is to exploit the ultrasmall natural vertical emittance of an
electron beam in a planar storage ring for efficient microbunching formation, like a partial transverse-longitudinal emittance
exchange in the optical laser wavelength range. Based on an in-depth investigation of related beam physics, a solution for
a GLSF SSMB storage ring that can deliver 1 kW average-power EUV light is presented. The work in this paper, such as
the generalized Courant—Snyder formalism, analysis of theoretical minimum emittances, transverse-longitudinal coupling
dynamics, and derivation of the bunching factor and modulation strengths for laser-induced microbunching schemes, is
expected to be useful not only for the development of SSMB but also for future accelerator light sources in general that
demand increasingly precise electron beam phase space manipulations.

Keywords Steady-state microbunching - Extreme ultraviolet - ARPES - Generalized Courant—Snyder formalism -
Theoretical minimum emittances - Longitudinal weak focusing - Longitudinal strong focusing - Generalized longitudinal
strong focusing - Transverse-longitudinal coupling - Damping wiggler

1 Introduction

Light source accelerator is arguably the most active driv-
ing force for accelerator development at the moment. Cur-
rently, there are two types of workhorses for these sources,
storage ring-based synchrotron radiation sources and linear
accelerator (linac)-based free-electron lasers (FELs). They
deliver light with high repetition rate and high peak power
or brilliance, respectively. We are attempting to develop
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a new storage ring-based light source mechanism called
steady-state microbunching (SSMB) [1-19], which hope-
fully combines the advantages of these two sources and
promises both high repetition and high-power radiation,
realizing an accelerator-based fully coherent light source.
The schematic layout of the SSMB storage ring and its com-
parison with the present synchrotron radiation source and
FEL are shown in Fig. 1. In a conventional storage ring, the
electron bunches are longitudinally focused by one or mul-
tiple radio-frequency (RF) cavities, whereas in an SSMB,
such bunching systems are replaced by one or several opti-
cal laser modulation systems. The wavelength of the laser is
six orders of magnitude shorter than that of RF. The bunch
length or structure created by the laser is very short; thus, the
term microbunching is used. When a beam becomes micro-
bunched, it can radiate coherently and strongly, similar to
a laser. However, note that in an SSMB, there is no expo-
nential growth of the radiation power as that in a high-gain
FEL [20] or conventional quantum lasers. In this context, the
term laser mainly reflects that the radiation is coherent, both
transversely and longitudinally. To ensure that the electron
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Fig. 1 (Color online) A schematic layout of an SSMB storage ring and comparison to a synchrotron radiation source and free-electron laser.

(Figure adapted from Ref. [19])

beam properties can be preserved, the SSMB radiator length
is comparatively short, typically at the meter level, and the
peak current of the electron beam in the SSMB is also lower
than that in a high-gain FEL. Therefore, the radiation back
reaction on the electron beam is not violent and can be bal-
anced by the radiation damping in the ring.

Once realized, such an SSMB ring can produce EUV
radiation with greatly enhanced power and flux, allowing
sub-meV energy resolution in angle-resolved photoemission
spectroscopy (ARPES) and providing new opportunities for
fundamental physics research, such as revealing key elec-
tronic structures in topological materials. A kilowatt (kW)-
level EUV source based on this scheme is also promising
for EUV lithography for high-volume chip manufacturing.
Therefore, the reward for such an SSMB ring is significant.
However, there are problems to be investigated and solved
on the road of every new concept into reality. To gener-
ate coherent EUV radiation in a storage ring, the electron
bunch length should reach the nanometer level, which is not
a trivial task considering that the typical bunch length in the
present electron storage rings is at the millimeter level. This
study focused on our efforts to achieve this challenging goal.
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The remainder of this paper is organized as follows: In
Sect. 2, to build the foundation for the following analysis, we
first introduce the generalized Courant—Snyder formalism
which applies to a 3D general coupled lattice and present its
application in electron storage ring physics. In Sect. 3, based
on the formalism, we derive the theoretical minimum longitu-
dinal emittance in an electron storage ring to provide the basis
for later investigation, because the SSMB is about obtaining
a short bunch length and small longitudinal emittance. Sub-
sequently, in Sect. 4, with a motivation to realize nm-bunch
length and high-average-power EUV radiation, we conducted
a key analysis of three specific SSMB scenarios, which are,
longitudinal weak focusing (LWF), longitudinal strong focus-
ing (LSF), and generalized longitudinal strong focusing
(GLSF). A brief summary of the three schemes is provided
below. An LWF SSMB ring can be used to generate bunches
with a bunch length of a couple of 10 nm; thus, it can be used
to generate coherent visible and infrared radiation. From an
engineering viewpoint, if we want to push the bunch length
to an even shorter value, the required phase slippage factor of
the LWF ring will be too small to be realized in practice. For
comparison, an LSF SSMB ring can create bunches with a
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bunch length at the nanometer level, thus generating coherent
EUV radiation. However, the required modulation laser power
is at the gigawatt (GW) level, which makes the laser modu-
lator, typically consisting of an optical enhancement cavity
with an incident laser and an undulator, used to longitudinally
focus the electron beam at the laser wavelength scale, can only
work at a low duty cycle pulsed mode, thus limiting the aver-
age output EUV radiation power. At present, a GLSF SSMB
ring is the most promising among the three for obtaining a
nm-bunch length with a mild-modulation laser power, thus
allowing a high-average-power radiation output. The basic idea
of the GLSF is to exploit the ultrasmall vertical emittance in
a planar ring and apply partial transverse-longitudinal emit-
tance for bunch compression with a shallow energy modula-
tion strength, and thus a small modulation laser power. The
backbone of such a GLSF ring is the transverse-longitudinal
coupling (TLC) dynamics, which were analyzed in depth in
this study. Following this analysis, before going into concrete
examples, we prove three theorems in Sect. 5 for TLC-based
bunch compression or harmonic generation schemes. Next,
we discuss the details of the various TLC schemes in Sect. 6
devoted to energy modulation-based schemes, and Sect. 7 is
dedicated to angular modulation-based schemes. We derived
the bunching factors and required modulation laser powers.
The conclusion from the analysis is that energy modulation-
based coupling is favored for our application in the GLSF
SSMB. Based on the investigations and other critical physical
considerations, an example parameter set of a 1 kW average-
power EUV light source is presented in Sect. 8. A short sum-
mary is given in Sect. 9.

2 Generalized Courant-Snyder formalism

In this section, we introduce a generalized Courant—Sny-
der formalism for storage ring physics to provide the basis
for the following discussions. The particle state vector
X=(xxyy:z 6)T is used throughout this paper, with its
components meaning the horizontal position, horizontal
angle, vertical position, vertical angle, longitudinal position,
and 6 = AE/E,, the relative energy deviation of a particle with
respect to the reference particle, respectively. E, denotes the
energy of the reference particle. The superscript “T" denotes
the transpose of a vector or matrix.

2.1 Generalized Beta functions in a general coupled
Lattice

Inspired by Chao’s solution by linear matrix (SLIM) formal-
ism [21], we introduce the definition of the generalized beta
functions in a 3D general coupled storage ring lattice as

ph= 2Re<Ek,.E;;.>,

k=111, (1)
i,j=1,2,3,4,5,6,
where * means the complex conjugate, the sub- or super-
script k is the eigenmode index, Re() means the real com-
ponent of a complex number or matrix, E;; is the i-th com-
ponent of the vector E;, which is the eigenvector of the 6 X 6

symplectic one-turn map M of storage ring with the eigen-
value e2"%

ME, = ¢?™E,, 2)

satisfying the following normalization condition

tep L J b k=LILII,
B, SEy = { —i, k=—1,—II,-1III, )
and
E,SE; = 0 for k # j, )

where i here means the imaginary unit, © means complex
conjugate transpose, and
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This normalization condition can be preserved around the
ring owing to the symplecticity of the transfer matrix. Since
the one-turn map is a real symplectic matrix, for a stable
motion, we have

v =-v, E, =E, ©)

where v, is the eigen-tune.
Similar to the real generalized beta function, here we
define the imaginary generalized beta functions as

/?l?; = 21m<EkiEZj), (7

where Im() denotes the imaginary component of a complex
number or matrix. Note that /?l’; is a real value, similar to ﬂl’;
The names ‘real’ and ‘imaginary’ here reflect that their defi-
nitions take the real and imaginary parts of EkiE;j, respec-
tively. We use the symbol * on the top of these functions to
indicate ‘imaginary’. Further, we can define the real and
imaginary generalized 6 X 6 Twiss matrices of a storage ring
lattice corresponding to each eigenmode as
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A A _ ko .
(T,), = B, <Tk> =p. @ M= Z Py sin @y,
v v j Y k=LILHI
. .. M, =— ﬂk sin ®
From their definitions, we have 21 22 k>
k=LILIIT
T .
T—k = Tk’ T; = Tk’ Tk = Tk’ (9) M34 = Z ﬁ§3 sin (Dk’
o A A A AT N _
i, =-1, T =1, 1 =1, S 17)
My; =- Z By sin @y,
Therefore, we know that T, is a real symmetric matrix, k=LILII

whereas T is a real anti-symmetric matrix. Further, we can
prove that

k=LI1,111 ( ! O)

The generalized Twiss matrices at different places around
the ring are related to each other according to

T,(s,) = R(s55,5)T,(s))R (55, 5,), an
Ti(52) = Rsy, 5T ()R (55, 5)).

where R(s,, s) is the symplectic transfer matrix of the state
vector X from s, to s,

X(s3) = R(sp, 5)X(s), 12)
and we have

T (s + Cy) = T, (s), Ty (s + Cy) = T,(s), (13)

where C;) is the ring circumference.
With the help of the generalized Twiss matrices and eigen-
tunes, the one-turn map M can be parametrized as

M= eS(Zk=l,n,/ﬂ G, ®y)

. A (14)
= Z [Tk sin®, + T cos d)k] S,
k=LILII
where
G, =S'T,S, (15)

and @, = 2xv, is the phase advance of the corresponding
mode in one turn. For M" we only need to replace the above
@, with n®,. We can write the matrix terms of the one-turn
map more explicitly as

(1Y k -
M; =1y Y [ﬂiq—<—1>f>sm®k
k=LILI1IT (16)
Ak
+ﬂi(]._(_l),.) cos Cbk] .

Applying ﬂl.’;. = ﬂﬁ, ﬂ:’; = —ﬂ?;, we have

@ Springer

— ko
M;, = z Bss sin @,
k=111,

= ko
Mg = — z Bee SIn O,
k=LILIII

Using the generalized Twiss matrices, the actions or gener-
alized Courant—Snyder invariants of a particle are defined
according to

XTG,X
Ji = .
2

18)

It is easy to prove that J, are invariants of a particle when it
travels around the ring, from Egs. (11), (12), and the sym-
plecticity of the transfer matrix

R'SR =S. (19)
For a beam with Np particles, the three beam invariants can
then be defined according to

Ny

i=1 Jk,i

& =)= , k=LILII, (20)

p

where J; ; denotes the k-th mode invariant of the i-th parti-
cle. These invariants are the generalized root-mean-square
(RMS) emittances of the beam in the ring.

The beam emittances defined above are based on the
eigenmode motion of the particles in the storage ring.
Another definition of emittance is based directly on the sec-
ond moments matrix of a particle beam

T = (XX1), 21

where () denotes the particle ensemble average. The beam
second moment matrix at different places are related accord-
ing to

2(s,) = R(s,,5) (s, )R (5, 5,). (22)

From the symplecticity of R, we can prove that the eigen-
values of X(—iS) remain unchanged with beam transport in
a linear symplectic lattice. The beam eigen-emittances can
thus be defined as the positive eigenvalues of Z(—iS).

When the particle beam matches the storage ring lat-
tice, which means the beam distribution at a given location
repeats itself turn by turn, we have
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(s + Cp) = M(s)Z(s)M " (5) = X(s). (23)

It can be proven that for a matched beam the RMS emit-
tances defined in Eq. (20) are the eigenvalues of X(—iS) with
the eigenvector E,, i.e.,

Z(—iSE, = sgn(b)eE, (24)
where we have used e_, = ¢, and

wo o { L k=LL
SEM=Y 1 k=1 -1, -1 (25)

Using the generalized Twiss and second moments matrices,
the eigen-emittances for a matched beam can be calculated
as

¢, = Tr(T,SES") = Tr(G,X). (26)

where Tr() denotes the trace of the matrix.

To ensure that the eigenvectors E; are uniquely defined
all around the ring once they are determined at a given
location, we will let

.5p—5]

Es)=e 9 "“Risy,s)E(s,). @7
Following this definition, we have
E, (s + Cy) = e *M(s)E,(s) = E,(s). (28)

Using the generalized beta function, we can write the eigen-
vector component in an amplitude-phase form

k
o igk
E; =1 L, 29)

And according to the definition, we have

By = | By cos(d} — ). (30)

Using the generalized Courant—Snyder invariants and beta
functions, we can express the phase space coordinate of a

particle at s as
Xi(s) = \ 2B (s) cos [y ()] 31

k=LI1III

with 1//;‘ determined by the initial condition of the particle
state. The phase term y/l.k at different locations are related
according to

Sy — 8
Co

wh(sy) = wiGs)) + Dy + B (52) = B (s51)- (32)

In particular, after n revolutions in the ring, we have

X,(s +nC,) = \/20,B5(s) cos [wk(s) + nd,]. 33)

k=LI1IIT

2.2 Perturbations

After considering the parametrization of a general coupled
lattice and the prescribed particle motion in it, let us now add
perturbations, that from the lattice and also that from the beam.
Assume there is a perturbation K to the one-turn map M, i.e.,

Mper = (I + I()Munp’ (34)

where I is the identity matrix, the subscripts ‘per’ and ‘unp’
denote ‘perturbed’ and ‘unperturbed’, respectively. When
the perturbation is small, from canonical perturbation the-
ory, the tune shift of the k-th eigenmode can be calculated as

Av, = —%Tr[(sgn(k)Tk + iTk)SK]. (35)

This tune shift formula can be used to calculate the real and
imaginary tune shifts due to symplectic (e.g., lattice error)
and non-symplectic (e.g., radiation damping) perturbations.

For example, given the radiation damping matrix D around
the ring, the damping rate of each eigenmode per turn is

o = —% }1{ Tr(T,SD )ds. k = 1,11, 11, (36)

where y§ denotes integration around the ring. Note that the
damping rates here are those for the corresponding eigenvec-
tors. The damping rates for particle actions or beam eigen-
emittances are a factor of two larger, because they are quad-
ratic with respect to the phase space coordinates.

Apart from the radiation damping, there are also various
beam diffusion effects in the ring, such as quantum excitation
and intra-beam scattering. Using Eq. (26), once we know the
diffusion matrix N around the ring, the emittance growth per
turn due to diffusion is

Ae, = % }z{ Tr(G;N)ds = —% }z{ Tr(T,SNS)ds. (37)

The equilibrium eigen-emittance between a balance of dif-
fusion and damping can be calculated as

_Ae %ygTr(GkN)ds
M~ § Te(1,5D )ds
~ —3 X § BLSNS);ds

X § By(SD);ds

€k

(38)

It can be proven that the equilibrium beam distribution in the
6D phase space given by such a balance in a linear lattice is

@ Springer
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Gaussian [22], with (X) = 0. After getting the equilibrium
eigen-emittances, the second moments of beam can be writ-
ten as

— — k
L= (XX)= ) eb; (39)
k=LILITI

or in matrix form as

= ) gl

k=II1,1IT (40)

2.3 Application to electron storage rings

In an electron storage ring, intrinsic diffusion and damping
are both caused by the emission of photons, namely quantum
excitation and radiation damping. For quantum excitation, we
have all the other components of the diffusion matrix N zero
except that

. uZ
Neo = WE) _aar o)
T

where A/ is the number of photons emitted per unit time, u
7

is the photon energy, C; = % :;—e, where r, is the classical
electron radius, 7 is the reduced Planck’s constant, m, is the
electron mass, y is the Lorentz factor, c is the speed of light
in free space, and p is the bending radius. We take the con-
vention that the sign of p is positive when the bending is
inward and negative when the bending is outward. (NVu?) in
the above formula is a result of Campbell’s theorem [23, 24].
For the damping effect, we have two sources: dipole mag-
nets and RF cavity. For a horizontal dipole, we have all the
other components of damping matrix D zero except that

D = CYES 1 _ C}'ES 1-2n (42)
66 — P ?7 61 — o p3 P
where C, = = = 885x 107 n= —£ 2 i the

3 (m.c?)’ GeV?’ B, ox

transverse field gradient index. The physical origin of Dy is
the fact that a higher energy particle tends to radiate more
photon energy in a given magnetic field, while Dy is due to
the fact that a transverse displacement of the particle will
affect its path length in the dipole and when there is a trans-
verse field gradient, the magnetic field strength observed,
thus the radiation energy loss. For an RF cavity, we have all
the other damping matrix terms of D zero except that

eVgp sin gpp

Dy =Dy =~ E
0

O(SRp) (43)

where e is the elementary charge assumed positive in
this study, Vg and ¢p are the RF voltage and phase,
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respectively, and 6(s) is Dirac’s delta function. Here, we
assume that the RF cavity is zero length one. The physi-
cal origin of these damping terms is that the momentum
boost of a particle in the RF cavity is along the longitudinal
direction, whereas the transverse momenta of the particle are
unchanged. Therefore, a damping effect was observed on the
horizontal and vertical angles of the particles. We remind
the readers that if we use the horizontal and vertical particle
momentum p, and p, instead of x"and ¥/, as the phase space
coordinates, then the damping occurs only at bending mag-
nets because the RF acceleration does not affect p, .

In an electron storage ring, RF acceleration compen-
sates for the radiation energy loss of electrons. If there are
N cavities in the ring, we have

N
2 eVgg, sin ggg; = U, (44)
i=1
where
C E*
0
o = 2yn I, (45)

is the radiation energy loss per particle per turn, with

1

If the ring consists of iso-bending magnets, then U, = C,

S|

From Eq. (42), we have

20,

7{ Dyg(s)ds = “E (47)

Similarly, based on Eqs. (43) and (44), we have
Uy
Dy, (s)ds = @ Dyy(s)ds = N (48)
0

Combining with Egs. (10) and (36), it is easy to show that
for radiation damping, we have

Z o = —%%Tr l( Z 'i’k)SD] ds
k=LIL1II k=LIL1HI

= —% }{ Tr(D)ds

1
=73 ?g (Dyy + Dyy + Deg ) ds

20,
=5

(49)

This is the well-known Robinson’s sum rule [25].
The above formulation applies to a 3D general cou-
pled lattice. For a ring without x-y coupling and when the
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RF cavity is placed at dispersion-free location, we can B, —a, 00 —-aD,—pD. 0
express the normalized eigenvectors using the classical —a, A 00 yD,+aD, 0
Courant—Snyder functions [26] a, f#, y and dispersion D 0 0 00 0 0
and dispersion angle D’ as T, = 0 0 00 0 or
-aD, —pD yD +aD 00 H, 0
}{E 0 0 00 0 0
VB, 0 -100-D,0
E =L 0 o, 1 000-D.0
\/E —(a,D +5i)D’)+iD T, = 0 00000
T ! 0 000 0 OF
0* D, D .00 0 O
0 000 O O
8 00 0 0 0 0
\/ﬂ_ 00 0 0 0 0
E, = L —aﬂry;' e, T, = 00 ﬂy —y _a.vDy - ﬂvD/,,v 0 i
\/E —(a,D J:/ﬂlT‘i)’)+iD, (50) 00 i / " / Dy + &by 0
Y \//‘7) y 00 —a,D, - ﬂyDy vyDy + ayDy H, 0
0 00 0 0 0 0
i 000 0 0 O
N 000 0 0 0
ety N 000 -1-D,0
1 L Tr=loo 1 o -p o
E, =— —%i Y e, 00D, D; 0 0
V2| =20 000 0 0 0
_\a@ v.D} v.D.D} y.D,D, y.D.D), —a.D, y.D,
\/ﬂ_ yZDXD)’r yzD,,rZ yzD;,ch J/ZD;D; _aZD_:( yzD;

T | 72D v.D\Dy v.D; y.D\D), —a.D, y.D,
where the subscripts x, y, and z correspond to the horizon- m=1y.DD y, DD y.D, D' y.D? —aD yD. |
tal, vertical, and longitudinal dimensions, respectively, and —a D‘y —a D,y —a D} —a Z)z B 4 _ ay
W, ;1. are the phase factors of the eigenvectors. There is y ZD ! y Z'D/x y ZD g v ZD;y —a v )
flexibility in choosing these phase factors as they do not o : o o : :
affect the calculation of our defined Twiss matrices and 0 0 0 0 D O
physical quantities. However, note that once they are set at 0 0 0 0 D O
one location, their values around the ring are determined U 0 0 0 0 D;' 0
according to Eq. (27). In this case, the real and imaginary n o 0 0 0D y 0
generalized Twiss matrices can be obtained explicitly -D, =D -D, —D; 0 -1

0O 0 o0 0 1 0
(5D

Correspondingly, the generalized Courant—Snyder invariants
are given by

= (SX)TTISX _ (x B Dx5)2 + [ax(x - Dxa) + ﬂX(x, B D;cé)]z

r= 2 28, ’
2 / / 2
n= 2 - zﬁy ’

2

2
(SX)'T,;,SX (Z +Dx—Dx' +D)y— Dyy’) + [az (z +Dx—Dx' +D)y- Dyy’> + ﬂz5]
= ) = 2,

@ Springer
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The equilibrium emittances determined by the balance of
quantum excitation and radiation damping in an electron
storage in this case reduce to the classical Sands radiation
integrals formalism found in textbooks [27]

e, =(J) = Cur' f s Pss gy 0 o hse
TN e [P L L
CL}/S ﬂ y2 Isy
=) = =Cc =
6'), < II> 26“11 |p|3 ds = qu 12 (53)
11
PRV R
< Deayy |/’|3 IR
with € = 2% —38319x10~'3 m for electrons,

q=32\/§

Ao = ;—; = mhLz =386 fm is the reduced Compton wave-

length of electron, and the radiation integrals are given by
1 1-2n
I, = ?{ —ds, I, = j]{DX< 3 >ds,
—=ds, I 7{ —ds, I 7{
ﬁ'{ FERSEE I S PERi (R Ve

where

(54)

2
2
Dx,y+< Ay xv+ﬂxv )
ﬂx‘y

(55)

I
Hoy=Pss =

are the horizontal and vertical dispersion invariants, and
p. = P is the longitudinal beta function [8]. The damping
rate of three eigenmodes is given by

Uy Uy

o = Z_EOJ"’ oy = 2E, 5ol o = E‘IZ’ (56)
where J, . are the damping partition numbers
1
Jo=1- J—lJ—2+— (57)
2 I,
The Robinson’s sum rule corresponds then to
J,+ J'v +J, =4 (58)

The horizontal, vertical, and longitudinal radiation damping
times are
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Ty
Ty, = )
=g (59)

where T}, is the particle revolution period in the ring.

After obtaining the equilibrium emittance, the beam sec-
ond moments can be obtained by substituting the generalized
Twiss matrices from Eq. (51) into Eq. (39). For example,

2 22
(x)—€ﬁ+€yzD =¢€pf, +o;D,

o2
~ 60
72 () = ep, +eH, +eH,. (60)
We remind the readers that the generalized Courant—Snyder
formalism presented in this section has been briefly reported

in Ref. [28].

3 Theoretical minimum emittances

After introducing the generalized Courant—Snyder formal-
ism, we applied it to analyze the theoretical minimum lon-
gitudinal emittance in an electron storage ring. This work
serves as the basis for the following investigation of SSMB,
since the longitudinal weak focusing and strong focusing
SSMB to be introduced soon are about lowering the equi-
librium bunch length and longitudinal emittance in an elec-
tron storage ring. For completeness, in this section, we also
present an analysis of the theoretical minimum transverse
emittance, as it can be treated within a single framework.

3.1 Theoretical minimum horizontal emittance

In Eq. (53), we can see that H, and f,, i.e., pL, and B as
defined by us, at the bending magnets are of vital importance
in determining the horizontal and longitudinal emittance,
respectively. Therefore, it is necessary to understand how
they evolve inside a bending magnet. The transfer matrix of
the particle state vector for a sector bending magnet is

cosa psina 000 p(—-cosa)
—% cosa 000 sina
0 0 1 pa O 0
B@=1 o 0 010 0 :
—sina —p(1 —cosa) 0 0 1 p(y"—z—a+sina>
0 0 000 1
(61)
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with p and a being the bending radius and angle of the bend-
ing magnet, respectively. In a planar uncoupled ring, the
normalized eigenvectors of the one-turn map are expressed
as Eq. (50). Assuming the Courant—Snyder functions, dis-
persion and dispersion angle at the dipole center where we
set to be a = 0 are given by a g, B9, @0, B.0» Dxos D; o From
Egs. (1), (61) and (50) we have the evolution of H, in the
dipole

H,(@) = Pig(@) = 2|Es(@)]* = 2| (B(0E,(0)*

2
= (\/E(,(sina+D10)+%[Dﬂ)—p(l—005a)]) (62)

+ (on - p(1 —cosoz)>2
Vo

Similarly, the evolution of g, in the dipole is given by

B(@) = B (@) = 2|E;5(@)]* = 2| (B(@)E,;(0)) ]

Az

. @0
= sina D+ p(1 —cosa)
Z20 Z0

+<—sina ! Dy —p(l —cosa) I

Vo VB

D', + p(—a + sina)

sin g si 2 sind
2D,| Do =20+ 20— +p23—4—§— e
o _, 2 2
aaxO o ﬁx()
sin 3
+D/ 2Dy —p+p )
2
sin 4
af, 2
aDio = ax()z Dx() —ptp Q + D;()zﬂx()'
2
(66)

2
. az
D+ \/ﬂ_z() — p(—a + sina) \/0_> (63)

20

For simplicity, we have neglected the contribution of ’;—Z to

Rs¢ of dipole in the above calculation of g, since we are
interested in the relativistic cases. However, we remind the
readers that in a quasi-isochronous ring, the contribution of
% to the ring Rs4 or phase slippage may not be negligible.

With the evolution of H, and g, known, we can now
derive the theoretical minimum emittances. For simplicity,
we assume the ring consists of iso-bending magnets, with the
bending angle induced by each bending magnet being 8, and
the optical functions are identical in each bending magnets.
Then from Eq. (53), we have

2

ro1
€ = C‘]J_;f;f(ax()’ ﬂxO’Dx07D;0)7 (64)
with
1 [
2
flay, B, Dy, Dly) = 7 H, (a)da. (65)

[STES

/. can be interpreted as the average value of , in the dipoles.
The lengthy explicit expression of f, (e, B9, Dyo» D) is
omitted here. It can be obtained straightforwardly by insert-
ing Eq. (62) in Eq. (65). The mathematical problem we are
trying to solve is to minimize f, by adjusting a., f,9, Do
D;O. From Eq. (65) we have

We notice that the requirement of % =0and gj = O leads
X0 X0
to a,y = 0 and D) = 0. Under the above conditions, then
) <D 4 sin g )
—pTp
of, T\ : (67)

anO - ﬂxO

The requirement of L = 0 leads to
D,

.
sin & 2
2 po
Dx0=p<1— - >zﬁ. (68)
2

Under the above conditions, then

p*(62+0 sin 0+4 cos 9—4)
P _ (69)

of. B 6(60 —sin @) —

B 202

The requirement of %‘ = 0 leads to
%0

(62 +0sin6 + 4 cos 6 — 4) 0 70
Po=r 60 — sin6) - 09

T oI5
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Summarizing, the extreme value of f, is realized when },2 1 ,
€= CqJ__fz(aZO’ ﬂZO’DXO’Dx(])’ (76)
0. g0 p WP g <!
U =V, Poo® —— Do ® 57> Uy =Y 71
2\/15 247 0 D ith
which means . 1 :
fz(azo9 ﬂXO’DXOan()) = 5 ﬁz(a)da’ (77)

Hyo =0 50 (72)
(62+6 sin 0+4 cos 6—4) 96 V 15
9(6—sin0)

and
P (1 _ sin6) (62 +0sin6 + 4 cos6 —4)
Jxmin = P 0 9(6 — sin0)

263 (73)

124/15

One can verify that this is the minimum value of f,. Note
that f, i, = ngO. Under these conditions, we get the mini-
mum horizontal emittance

X,min qu 12 ,—15 (74)

These results are consistent with the classical results of
Teng [29]. For practical use, and considering nominally

_e
2

which can be interpreted as the average value of g, in
dipoles. Then

of;
da

.0
Y _, 2p<1_smi)
- %20
aD;O : g
0
2 2 sin 3 sin @
<1+azo)p <3—4 22 +T>

0 ﬁzO |

sin =~

2
= Zog(p’ G,on, D;o’ ﬂzO)+D;02p<1 - g >7
2

(78)
where the lengthy explicit expression of G(p, 8, D, D;O, B.0)
is omitted here. Similar to the analysis of transverse mini-
mum emittance, we notice again that the requirement of
;i =0 and% = Oleads toay = O and D/ = 0. Under the

A0 X0
above conditions, then

0
sin 0 sing_5in % 0
Dx0<1—%>—0<1—%—2 22 +2cos5>

J, =~ 1, the above scaling can be written as of.
€, min[nm] = 31.6E;[GeV]6°[rad]. (75) Dy P 79
For example, if E, =6 GeV and 6 = 3% rad, we have The requirement of% = 0 leads to
X0
€rmin = 10.4 pm. Y ) .
sin 3
p<1—T—2 7 +2€055> 02
Dy = : ~ P (80)
3.2 Theoretical minimum longitudinal emittance B 1-— % 40
We now analyze the theoretical minimum longitudinal ~ Under the above conditions, then
emittance. Similar to the horizontal direction, we have
o _, p* (0% — 1207 — (6% — 48)6sin — 12(6* — 4) cos 6 — 48) 81
By 120(0 — sin )42, '
. of.
The requirement of Pyt 0 leads to
20
(64— 1202 — (62— 48)6sin6 — 12(6% —4) cos§ —48) g3 (82)
Po =0 126(6 — sin 6) T a0y

@ Springer

Summarizing, the extreme value of f; is realized when
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6’ po* r_e
ay=0, foy= s Dy~ ——, D=0, 83 € mintso = Cq 7 ‘ 88
T 120V/7 40 0 (83)  Conn "2 61/210 -
and
(64— 1202 — (62 — 48)0sin @ — 12(62 —4) cos§ —48) g3 @4
fz,min p 30(9 — sin 0) " 60\/7

One can verify that this is the minimum value of f,. Note
that f, ., = 2p,. Under these conditions, we get the mini-
mum longitudinal emittance

z,min qJZ 60\/7

The above result was also reported in Ref. [7]. For practical
use, and considering nominally J, = 2, the above scaling
can be written as

nm] = 4.62E;[GeV16°[rad]. (86)

€Z,min [

For example, if E, = 600 MeV and 6 = i—g rad, we have
€, min = 3.3 pm.

Here, we remind the readers that in reality, it may not
be easy to reach the optimal conditions Eq. (83) for all
dipoles in a ring. This is based on the observation that
when we realize Eq. (83) at the dipole center, the dipole
as a whole will have a nonzero Ry or, more accurately, a
nonzero phase slippage. Therefore, to make the longitu-
dinal optics identical in different dipoles, there should be
RF or laser modulator kicks between neighboring dipoles;
otherwise, the required drift space between each pair of
dipoles will be very long to compensate this nonzero phase
slippage [7]. It may not be easy to apply too many RF
cavities or laser modulators in a ring to manipulate the
longitudinal optics, while in the transverse dimension
it is straightforward to implement many quadrupoles to
manipulate the transverse optics. Instead, we may choose
a more practical strategy to realize a small longitudinal
emittance, which is to let each half of the bending magnet
be isochronous, and the longitudinal optics for each dipole
can then be identical. This can be realized by requiring

B 02
p—, Dy~ _,0_’ D,O =0. (87)
124/210 247

In this case, we still have f, = 2,,. Under such conditions,
the minimum longitudinal emittance is [17]

A = 0’ ﬂz() ~

The emittance given in Eq. (88) is larger than the real theo-
retical minimum Eq. (86), but offers a more practical refer-
ence for the TMEz. For practical use, and considering nomi-
nally J, ~ 2, the above scaling can be written as

€. minisolnm] = 8.44E7[GeV16°*[rad]. (89)

Based on this emittance and f_,, we can determine the bunch
length at the dipole center contributed by the longitudinal
emittance. We remind the readers that the bunch length can,
in principle, be even smaller than this value, by pushing g,
to an even smaller value, although the longitudinal emittance
will actually grow then because f, will diverge faster when
moving away from the dipole center. If the ring works in a
longitudinal weak focusing regime to be introduced in next
section, there is actually a lower limit of bunch length in
this process, which is a factor of \/5 smaller than the bunch
length given by conditions of Egs. (89) and (87). The energy
spread diverges when the bunch length is pushed to this
limit [30]. Putting in the numbers, we have this lower limit
of bunch length in a longitudinal weak focusing ring [17]

1
0, minisolpm] = 4.93p2 [m]E[Ge V16> [rad]. (90)

For example, if E, = 600 MeV, 6 = i—g rad and p =1.5m
which corresponds to a bending field strength By = 1.33 T,
then o ;in1s0 = 7.2 nm.

3.3 Application of transverse gradient bend

The previous analysis assumed that the transverse gradient
of the bending field was zero. We now consider the applica-
tion of transverse gradient bending (TGB) magnets to lower
the horizontal and longitudinal emittances. For simplicity,
we considered the case of a constant gradient. The transfer
matrix of a sector bending magnet with a constant transverse
» 9B, .

radientn = — &+
g B, ox

v
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cos< 1 —na> f_ sm(ma> 0 0
_ ;—" sin(\/l —na) cos<\/1—na> 0 0
Brgp(a) = 0 0 cos <\/ﬁa> ﬁ sin (ﬁa)
0 0 —% sin<\/ﬁa> COS(\/;(X)
- 1]_ Sin(\ﬂ—na) —ﬁ(l—cos 1—na>) 0 0
0 0 0 0 ©1)

1

3.3.1 Horizontal emittance

Following similar steps presented in the above analysis, we
find the minimum value of f, in Eq. (65) is now realized
when

_ 2
ay =0, By~ pe/— 1+ L ] +0(6°),
p6? (1 — n)6? ©2)
D~ [1-—2|+00%, D, =0,
0~ g [ 43 ] + 0@, Dy,

where O(6") means terms of order 6" and higher, which

means
D? 5003 9(1 = n)9?
Ho= -2 x 2P [1 i) ] +00),  (©93)
Po  964/15 280
and
63 3(1 — n)6?
fx,min ~ p [1 - 70 + 0(07). (94)
124/15
So, we have
. c 6 [1 3(1 —n)92]
x,min,TGB = - - . 95
" e 12415 70 ©3)

Therefore, the impact of the transverse gradient on the
theoretical minimum emittance is on a higher order than
the bending angle of each magnet. However, we should rec-
ognize that n can be quite large in practice. Therefore, its
impact may actually be not small. In addition, a transverse
gradient bend can also affect the damping partition, the
details of which are not discussed here.

@ Springer

3.3.2 Longitudinal emittance

Similarly, using TGB, the minimum value of f, in Eq. (77) is
realized when
p6?
1204/7
— 02
1+ 19(1 — n)o
1680

_p2
[1 + (1 —-n)o

7
%0 ] + O0@0"),

A = 0, ﬁzO ~

o (96)

Do~ =75

] +0(6%, D, =0,

and

(1 — n)6>
90

p0°
601/7

Note that f,

fz,min ~

o7

1+

= 2p, still holds here. So, we have

_ 2
[1+(1 ”)9].

90
3.4 Application of longitudinal gradient bend

] + O©O).

€ min1GB = C y_2 o
z,min, qJ
- 601/7

98)

We can also apply longitudinal gradient bends (LGBs) to
lower the transverse and longitudinal emittances. For sim-
plicity, we studied the case of an LGB consisting of several
sub-dipoles, each with a constant bending radius. Further-
more, we assume that each sub-dipole is a sector dipole. The
analysis for the case of rectangular dipoles is similar, as long
as the impact of the edge angles on the transfer matrix and
damping partition is properly handled. We now investigate
the case of sector sub-dipoles. For example, we may choose
to let the LGB has a symmetric structure
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(p2,0,),(p1,0)), (Pos 290)9 (p1,01), (p,, 92)-

The total bending angle of such a LGB is
0r=20,+6,+6,), and the total length is
2(pyby + p16, + p,0,). Note that p;6; > 0. We used this
structure as an example for the analysis. However, the pro-
posed method also applies to a more general setup.

99)

3.4.1 Horizontal emittance

Now, we calculate the theoretical minimum horizontal
emittance by invoking LGBs with each structure given in
Eq. (99). Still we assume all the LGB setup in the ring and
optical functions in each LGB are identical, then

2
4
e, =G, J_Iix(axo’ Bros Dyo» Dlyy)

X

(100)

with

; 1 (po0ot+p10,+p,0,) HX(S)
Is(@0: Pro> Daon D) = ﬁ/ 3
2(_0 + 84 _2> (ol 0101 +0205) 1P(S)]
Po P1 P
(101)
Note that the dimension of /s, here is equivalent to ’% given

in the previous sections. The mathematical problem is then
to minimize /s, by adjusting a,, fg, D,q, D’,,. The calcula-
tion method of H, evolution in an LGB is the same as that
given in Eq. (62), but note that here for different parts (sub-
dipole) of the LGBs, we should apply the transfer matrix
from the midpoint of the LGB to the corresponding
location.

Following similar procedures, we find that to obtain the
minimum emittance, we still need @, = O and D/, = 0. Then
we have ‘H (—s) = H,(s), which means

Is, = !

=
0, 4 [
<—”+—‘+—2>
Po P1 P2

0r =%
15 ¢ ; 10
X Horizontal emittance
x Longitudinal emittance
~1r
£
L
i)
C
K]
m
O]
-
0.5¢
0 . . . .
0 0.2 0.4 0.6 0.8 1

erep/eun

Fig.2 Application of LGB to minimize horizontal (blue) and longitu-
dinal (red) emittance, respectively. The subscripts “LGB” and “UB”
represent the longitudinal gradient bend and uniform bend, respec-
tively

(40:5)-(0-5)- (»5)-(0:3)- (20.5)- (40:5)
(103)

The total length of such an LGB is 2p6. The minimum value
of I5, and horizontal emittance €, in this case is realized
when

35977

pobo H (s podo+p10, H (s Pobo+p101+p20, H. (s
</ x(3)ds+/ X(S)ds+/ x(3)ds>.
0 [pol 208 o1 2080+, 0, P2

We find a general analytical discussion of the combina-
tion of p; and 6, to be cumbersome. For simplicity and to
obtain a concrete feeling, we first consider one specific case:
p; = py2'. The physical consideration behind this choice is
that H, is smaller in the central part of the bending mag-
net and larger at the entrance and exit. Therefore, we make
the bending field in the center stronger and smaller at the
entrance and exit regions, to minimize the quantum exci-
tation of the horizontal emittance. For example, we may
choose

P 1276
133755 p
@ =0, fg ¥~ Doy~ —1=. Dy =0,
(104)
which means
(102)
D2
Heo= =2 ~0.183 > 06>, (105)
bro 961/15
and
93
s, min = 0.344 X , (106)

124/15

which compared to Eq. (74) means that the theoretical
minimum horizontal emittance can now become approxi-
mately one-third of the case with no longitudinal gradient.
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Therefore, the application of the LGB is quite effective in
lowering the transverse emittance.

The next question is: what is the optimal combination
of 6, and p,  ,? This question is not straightforward to
answer using analytical method. Here, we refer to the
numerical method to perform the optimization directly. a,,
and D’ are set to be zero in the optimization. The varia-
bles in the numerical optimization are

6y, 6,,0,, py. p1> P2- Pry» Dyo)- The two optimization goals

Table1 Main characteristics of the LWF, LSF, and GLSF SSMB
storage rings

LWF v, < 1 Pamss -, 1 2D phase space dynamics
B min
LSF v~ 1 Pamax 5, 1 2D phase space dynamics
B min
GLSF - Jomax s 1 4D or 6D phase space dynamics

79 0in

Fig.3 (Color online) Schematic
layout of the longitudinal weak
focusing (LWF), longitudinal
strong focusing (LSF), and
generalized longitudinal strong
focusing (GLSF) SSMB storage
rings. The red ellipses illustrate
the beam distribution in the
longitudinal phase space. To
realize the same bunch length
compression ratio, the required
energy chirp strength in the
GLSF scheme is much smaller
than that in the LSF

are ﬁ and the length of the LGB L; g, where €, yp is the
theoretical minimum emittance of applying bending mag-
net without longitudinal gradient. We require p;6; > 0. In
the optimization, we kept the total bending angle of the
LGB at a constant value.

The optimization result of a specific case where
0r =2(0,+0,+0,) = % is presented in Fig. 2, from which
we can see that by applying LGBs, we can lower the hori-
zontal emittance by a factor of five with a reasonable length
of the LGB. Note that in this optimization and the one in
the following section, we assume that p;, > 0. However, the

formalism also applies to the case with anti-bends.

3.4.2 Longitudinal emittance

Similarly, for the longitudinal emittance we have

<
Radiator

Longitudinal Weak Focusing

Laser Modulator

Longitudinal Strong Focusing

Generalized Longitudinal Strong Focusing
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72

€ = CqJ—ISZ(azo,ﬁzo,on,Dio) (107)

with

(poBo+p161+p26,)
1 B.(s)
ISZ(aZO’ﬂZO’on’D;()) = > % d

—_— —=das.
2(9—0 + o + b (pofo+p101+p205) lp(s)?
Po P1 )
(108)

For example, if we still choose the setup given in Eq. (103),
the minimum value of /5, and longitudinal emittance in this
case is realized when

/36233641 53
62419 ‘00

a,=0, fo~

7680 ’ (109)
169p6%
———, D =
20 9640 * Do =0
and
03
F_ nin ~ 0.838 x , (110)

6017

which compared with Eq. (85) means that the theoreti-
cal minimum longitudinal emittance can become slightly
smaller than the case of applying a constant bending field.

Similar to what was presented previously about lowering
the transverse emittance, we also apply numerical optimiza-
tion to choose a better combination of p; and 6, for lowering
the longitudinal emittance. Presented in Fig. 2 is the result
of one specific case where 8, =2(6,+ 6, + 6,) = 1”—0, from
which we can see that in this case by applying LGBs, in
principle we can lower the longitudinal emittance by a fac-
tor of two with a reasonable length of the LGB. Therefore,
LGB is generally more effective in lowering the horizontal
emittance than the longitudinal emittance.

4 Steady-state microbunching storage rings

In this section, based on the theoretical minimum emittance
derived in the last section, we conduct a key analysis of three
specific SSMB scenarios to realize nanometer bunch length
and high-average-power EUV radiation, i.e., longitudinal
weak focusing (LWF), longitudinal strong focusing (LSF),
and generalized longitudinal strong focusing (GLSF). The
analysis aims to answer the question of why GLSF SSMB
is the present choice for realizing high-average-power EUV
radiation. Before going into the details, here first we use
Table 1 and Fig. 3 to briefly summarize the characteristics
of these three scenarios. Note that in Fig. 3, the beam distri-
bution in the longitudinal phase space is that of the micro-
bunch, whose length is in the laser wavelength range. We
also remind the readers that in the figure, the energy chirp

strength in GLSF is much smaller than that of LSF. The
physical reason should be clear with the analysis in this sec-
tion unfolded.

In all the example calculations to be shown in the fol-
lowing part of this paper, we set the electron energy to
be E, = 600 MeV and modulation laser wavelength to be
Ar, = 1064 nm. This beam energy was selected because it
is appropriate for EUV generation using an undulator as a
radiator. On one hand, it is not too high; otherwise, the laser
modulation will become more difficult, which means that
more laser power is required to imprint a given modulation
strength. However, it is not too low; otherwise, intra-beam
scattering (IBS) could become too severe. Actually as we
will see in Sect. 8, IBS is a fundamental issue in SSMB
storage rings which require at least one of the three eigen-
emittances to be small. The reason for choosing this laser
wavelength is due to the fact that it is the common wave-
length range for a high-power optical enhancement cavity,
which is used together with an undulator to form the laser
modulator of the SSMB.

4.1 Longitudinal weak focusing

We now begin the quantitative analysis. We begin with a
longitudinal weak focusing (LWF) SSMB ring. In a LWF
ring with a single laser modulator (LM) as shown in Fig. 3,
the single-particle longitudinal dynamics turn by turn is
modeled as

Opp1 =0, + n sin(k; z,,),
ky, (111

pel =3 — nC05n+l’
where the subscript n,n + 1 means the number of revolu-

tions, 4 is the energy chirp strength around the zero-crossing
phase, k; = i—” is the wavenumber of the modulation laser
1

and /; is the laser wavelength, C is the ring circumference,
and

AT/T, 1 <Dx I )
n= =— — - = |ds
AE/E, G Py

(112)

is the phase slippage factor of the ring. Note that in the above
model, we have assumed that the radiation energy loss in an
SSMB storage ring will be compensated by other systems
instead of the laser modulators; thus, microbunching will be
formed around the laser zero-crossing phase. The laser can
also be used for energy compensation; however, it is not a
cost-effective choice and will also limit the output radiation
power. Induction linacs or RF cavities can be used to sup-
ply the radiation energy loss. Linear stability of Eq. (111)
around the zero-crossing phase requires that 0 < hnC, < 4.
To avoid strong chaotic dynamics which may destroy the
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regular longitudinal phase space structure, an empirical cri-
terion is

0 < hnC, 50.1. (113)

In a LWF ring, when the synchrotron tune
[vi| = \/hnCy/2z < 1, the longitudinal beta function at the
center of laser modulator is [17]

C

o~ A 2. (114)
h

Note that in this paper, we will use the subscript ‘M’ to

represent modulator and ‘R’ to represent radiator. From

Eq. (113) we then require

P
V10

Now, we can use the previous analysis of the theoreti-
cal minimum longitudinal emittance, more specifically,
Eq. (90), and the above result to evaluate a LWF ring. If
E, = 600 MeV, the bending radius of dipoles in the ring
Pring = 1.5m, which corresponds to a bending field strength
Biine = 1.33T, and if our desired bunch length is o, = 50 nm
(o, S A1./20 for microbunches to be safely stored in the
optical microbuckets for 4; = 1064nm), then we may need

InCol <

(115)

0, miniso < 50/ \/E nm to avoid significant energy widening
when we reach the desired bunch length. From Eq. (90) we
then need 6 < % rad. Therefore, at least 30 bending magnets
are required in the ring. Assuming that the length of each
isochronous cell containing a bending magnet is 3 m, the arc
section of such a storage ring has a length of approximately
90 m. Considering the straight section for beam injection/
extraction, radiation energy loss compensation, and insertion
device for radiation generation, the circumference of such a
ring could be 100 m to 120 m.

To achieve the desired bunch length, according to
Eq. (87) we need fy = B9 = p93/12\/m. In our present

3 Radiator (4 /
R56 R56

RF/LM2 RF/LM1

5 Tilted
L

z

Fig.4 (Color online) A schematic layout of a storage ring using two
RF systems for longitudinal strong focusing and an example beam
distribution evolution in the longitudinal phase space. (Figure from
Ref. [8])

@ Springer

example case, if p=1.5m and 6§ = i—g, then this value we
need is f; = 79.2 pm. Then from Eq. (115) we have

I1Co| S 25 pm. (116)

If C, =100 m, then we need a phase slippage factor
7] 2.5 % 1077, which is a quite small value. If we want
a bunch length even smaller than 50 nm at a beam energy
of 600 MeV, then the required phase slippage will be too
demanding to be realized using the present technology. More
details on the lattice design of an LWF SSMB ring that can
store microbunches with a couple of 10 nm-bunch lengths
can be found in Ref. [16].

4.2 Longitudinal strong focusing

After discussing the LWF SSMB ring, we now begin
the analysis of the LSF. First, we observe that the above
analysis of the LWF SSMB considers the case with only
a single LM. When there are multiple LMs, the longitu-
dinal dynamics are similar to those of multiple quadru-
poles in the transverse dimension, and the beam dynamics
can have more possibilities. For example, a longitudinal
strong focusing scheme can be invoked, similar to its
transverse counterpart, which is the foundation of modern
high-energy accelerators. Here, we use a setup with two
LMs for the SSMB as an example to show the scheme of
manipulating §_ around the ring using the strong focusing
regime. The schematic layout of the ring is illustrated in
Fig. 4. The treatment of cases with more LMs is similar.
We divide the ring into five sections from the transfer
matrix viewpoint, i.e., three longitudinal drifts (Rs4) and
two LM kicks (&), with the linear transfer matrices of the
state vector in the longitudinal dimension (z, §)T given by

1 RY 10
TD1=<O f(’ >7TLM1=<h] 1>,

1 RY 10
Tp, = <0 fﬁ s Tovp = hy1) (117)
1 R(3)
T.., = 56
b3 <0 1
Then the one-turn map at the radiator center is
My = T3 Tivo Too Tomi Tos - (118)

For the generation of coherent radiation, we usually want the
bunch length to reach its minimum at the radiator, and then
we need a, = 0 at the radiator.

With the primary goal of presenting the principle,
instead of a detailed design, here for simplicity, we focus

on one special case: R(sle) = Rfé), h, = h, = h. Denote
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RO
G=1+RGh G =1+ =0 (119)
we then have
64
M =( %61 25— ), (120)
2ns, 26,6, -1

The linear stability requires |2{,¢, — 1| < 1 which means
0<¢g <1
We remind the readers that the analysis above in this
subsection about LSF has been presented in Ref. [17] and
is presented here again for completeness of the paper. We
now attempt to gain further insight. The longitudinal beta
function at the radiator is
2
2tEh a(1-44)
Pr = —

= — (121)
sin @, || &

)

where ®_, = 27v is the synchrotron phase advance per turn.

The longitudinal beta function at the opposite of the radiator
(2)
from where to LM2 has an Rsq = %, is

1 §2<1_€1§2)

o = — 1) ———, (122)
Pero | 3

which can be obtained by switching {; and ¢, in the expres-
sion for f in Eq. (121). So, we have

ﬁzRO — é
ﬁzR gl .

The longitudinal beta function at the LM1 and LM2 (here
we name them as modulators) is

(123)

2
R(l)
56 (124)

ﬁzM = ﬂzR + ﬁzR

For efficient bunch compression from the modulator to the
radiator, we have |{;| < 1. Then

lfz_M_Cl_2§1§2+sz & _ 1
a(l-66) Py

Pr  G(1-40) (125)

from which we have the required energy chirp strength

1

V ﬁzRﬂzM .

This relationship is similar to the theorems presented in
Sect. 5 about transverse-longitudinal coupling-based bunch
compression schemes, which are the backbone of the GLSF
scheme. The relation can also be casted as

|hl ~ (126)

\/ez/ﬂzM — \/ez/ﬁzM

€

|h| ~ (127)

zﬂ ZR OR

with oy = 1/€_f being the bunch length at the radiator.

We now investigate the required energy chirp strength and
modulation laser power based on this analysis. We assume that
in an LSF ring, the longitudinal emittance is dominated by
quantum excitation in the ring dipoles. This assumption will be
justified later to determine whether it is the case. Furthermore,
we assume that the average longitudinal beta function at the
dipoles equals that at the modulator, i.e., {(f,) = f,;. Then the
equilibrium longitudinal emittance given by the balance of
quantum excitation and radiation damping in a ring consisting
of iso-bending magnets has the scaling

(B.)
—‘27tp
27 23 ring
v sz s M
euse = Co 7 = Cag 1 xy? ===, (128)
2 2 2ﬂpring ring
which combining with Eq. (127) gives
14
Il o (129)

OR vV p ring

Here, o is determined by the desired radiation wavelength.
Therefore, given the beam energy and desired bunch length,
to lower the required energy chirp strength in the LSF, we
should use as large p,;,, as possible, which means as weak
a bending magnet as possible. However, the total length of
the bending magnets should be within a reasonable range.
Also note that when the bending magnets in the ring are very
weak, the assumption that the longitudinal emittance in a
LSF ring is dominantly from them will fail, since the quan-
tum excitation in the bending magnets will become weaker,
while there are other contributions like quantum excitation
at the laser modulators.

As mentioned in Sect. 1, a short bunch can generate coher-
ent radiation. The parameter used to quantify the capability
of beam for coherent radiation generation is called bunching
factor, and in the 1D case is defined as

b(w) = / w(x)e F4dz, (130)

where w is the radiation frequency, w(z) is the longitudi-
nal charge density distribution satisfying the normalization
f_o; v (z)dz = 1. We will present a more in-depth discussion
of the bunching factor in Sect. 6.1. The coherent radiation
power of a beam with N, particles at frequency w is related
to the radiation of a single particle according to

Pbeam(a)) = Nsbz(a))Psingle(a))' (131)
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For a Gaussian bunch with an RMS bunch length of o, we
have b(w) = exp[ ( ) /2] For significant 13.5 nm-

wavelength coherent EUV radiation generation, we may
need oz <4 nm which corresponds to b3 5, 2 0.18. To
increase the radiation power, we may need a radiator, which
is assumed to be an undulator, with a large period number
N, (for example, N, = 300). To avoid significant bunch
lengthening from the energy spread and the undulator
Rsg = 2N Ag, we then need N Azos S o, which then
requires the energy spread at the radiator o5z < 1 X 1072, So,
we need €, = ogosg S 4 pm. Since in a LSF ring, as
explained we cannot make the optimal conditions Eq. (83)
be satisfied in all the bending magnets, a reasonable argu-
ment is that the real longitudinal emittance should be at least
a factor of two larger than the true theoretical minimum,
which then requires

< 2 pm.

me ~

(132)

Then according to Eq. (86), if E, = 600 MeV, we need
05 i—g, which means 59 bending magnets are needed.
Assuming that the length of each isochronous cell containing
a bending magnet is 3 m, the arc section of such aring has a
length of ~177 m. Considering the straight section for beam
injection/extraction, radiation energy loss compensation, and
longitudinal strong focusing section, the circumference of
such a ring is ~200 m.

If e, = 4 pm, to get oz < 4 nm, we then need

2

OR

— <4 pm.
Z

Br = (133)

From Eq. (126), given f, we should apply as large S,y as
possible to decrease the energy chirp strength 4. Because
P  p with 6 given, we will choose a reasonably large
bending radius for the dipoles in the ring. If p = 10 m,
which corresponds to B, = 0.2 T and a total bending mag-
net length of 62.8 m, then the longitudinal beta function at
the dipole center required to reach the practical theoretical
minimum longitudinal emittance (see Egs. (89) and (87)) is
B = = p63/124/210 = 69.5 pm. Then we may let

P = 2P0 =~ 139 um.

Then from Eqgs. (126), (133) and (134), the energy chirp
strength required in such a LSF SSMB ring is

(134)

|h| ~ S >4.24%x10* m™!

PrBm (13)

According to Eq. (221) to be presented later about the laser
modulator induced energy chirp strength, if £, = 600 MeV,
and for a modulator undulator with period A,; =8 cm
(Bym = 1.13T), length L, = 1.6 m, and for a laser with

@ Springer

wavelength A; = 1064 m, to introduce the required energy
chirp strength, we need a laser power P, = 1 GW. This is a
large value, three orders of magnitude higher than the aver-
age stored laser power reachable in an optical enhancement
cavity at the moment [31], which is at the level of one mega-
watt (MW). This causes the optical enhancement cavity to
only work in a low duty cycle pulsed mode, thus limiting the
filling factor of the microbunched electron beam in the ring
and the average output EUV power.

We remind the readers that there is a subtle point in an
LSF SSMB ring if we consider the nonlinear sinusoidal
modulation waveform, since the dynamical system is then
strongly chaotic and requires careful analysis to ensure a
sufficiently large stable region for particle motion in the
longitudinal phase space. More details on this respect can
be found in Ref. [18].

For the completeness of discussion, let us evaluate the
contribution of modulator undulators to the longitudinal
emittance in our above example case, since there is also
quantum excitation at the modulators. The quantum excita-
tion contributions of two modulators to €, in a LSF ring are

Lum

2
:qu_lxz/ : ﬂZMgdS
‘]z 12 —Iﬂ |p(S)|‘

(136)

where Al is the contribution of the two modulators to /s,
defined in Eq. (54), pgy is the bending radius at the peak
magnetic field of the modulator. Putting in the numbers, and
taking the approximation 7, ~ 2% which means the radiation

pring

loss is mainly from dipoles in the ring, J, ~ 2, we have

Aeglnm] = 8.9B7 | [TIB),[T1fp[mIL y[ml. (137)
In our example case, By, =02 T, Byy =113 T,
P = 139 um, Ly = 1.6 m, we have

A€y = 14.3 pm, (138)

which is even larger than the desired 4 pm longitudinal emit-
tance and is therefore unacceptable.

The above evaluation of the longitudinal emittance
contribution indicates that a weaker or shorter modulator
should be used. Since our desired longitudinal emittance
is e, < 4 pm, we need to control the contribution from the
two modulators to be Ae,, S 1 pm, since the ring dipoles
will also contribute longitudinal emittance with a theoreti-
cal minimum of approximately 2 pm. For example, we may
choose to weaken the modulator field by a factor of more
than two. If A,y =0.15m and By; = 0435 T, L,y =1.5
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m, then the contribution of two modulators to longitudinal
emittance is

A€y = 0.76 pm, (139)

which should be acceptable for a target total longitudinal
emittance of 4 pm. However, to introduce the desired energy
chirp strength, we now need P; ~ 2 GW.

Note that in this updated parameter choice, there is still
one issue that needs to be addressed. In the evaluation of
the quantum excitation contribution of modulators to the
longitudinal emittance, we implicitly assumed that the
longitudinal beta function did not change inside it. This is
not strictly true. The undulator itself has an Rys = 2N, 4,
with 4, being the fundamental resonance wavelength of the
undulator, which in our case is the modulation laser wave-
length. The criterion for whether the thin-lens approximation
applies is to evaluate whether or not |hRs4| << 1, where Ry
is that of the undulator. Here in this updated example, we
have hRsc = h2N, A, = 0.9 for the modulator, which means
that the thin-lens kick approximation does not apply here.
Therefore, more accurately we should use the thick-lens map
of the modulator [17] to calculate the evolution of longitu-
dinal beta function in the modulator, and then evaluate the
contribution to longitudinal emittance.

With all the subtle points carefully handled, the LSF, as
analyzed above, can realize the desired nm-bunch length and
thus generate coherent EUV radiation. The main issue with
such an EUV source is that the required modulation laser
power (GW level) is too high, and the optical enhancement
cavity can only work in low-duty-cycle pulsed mode, thus
limiting the average EUV output power.

4.3 Generalized longitudinal strong focusing

The previous analysis of the LWF and LSF led us to con-
sider the generalized longitudinal strong focusing (GLSF)
scheme [9]. The basic idea of the GLSF is to take advantage
of the ultrasmall natural vertical emittance in a planar elec-
tron storage ring. More specifically, we will apply a partial
transverse-longitudinal emittance exchange in the optical
laser wavelength range to achieve efficient microbunching
generation. As shown in Fig. 3, the schematic setup of a
GLSF ring is very similar to that of an LSF ring. However,
as stressed before, the energy chirp strength required in
GLSF is much smaller than that in the LSF scheme, which
means that the required modulation laser power can also be
smaller. A sharp reader may also notice that in Fig. 3, the
longitudinal phase space area of the beam is not conserved
in the bunch compression or harmonic generation section of
a GLSF ring. Fundamental physical laws, such as Liouville’s
theorem, cannot be violated in a symplectic system. The rea-
son for this apparent “contradiction” is that GLSF invokes

4D or 6D phase space dynamics, as summarized in Table 1,
and what is conserved are the eigen-emittances, instead of
the projected emittances. It should be noted that in the plot,
the phase space rotation direction in the GLSF scheme is
reversed after the radiator compared to that before the radia-
tor, whereas this is not the case in the LSF scheme. In other
words, in the GLSF, we choose to make the upstream and
downstream modulations cancel each other. In this sense,
this setup is a special case of the reversible seeding scheme
of the SSMB [32]. The reason for this is that we want to
make the system transverse-longitudinal coupled only in a
limited local region in the ring, the so-called GLSF sec-
tion, such that we can maintain , = 0 being at the major-
ity places of the ring to minimize the quantum excitation
and IBS contribution to vertical emittance, thus keeping
the small vertical emittance of a planar uncoupled ring.
Furthermore, the cancellation of the nonlinear sinusoidal
modulation waveforms makes the nonlinear dynamics of
the ring easier to handle. To ensure that the modulations
perfectly cancel, the lattice between the upstream and down-
stream modulators must be an isochronous achromat. This
reversible seeding setup makes the decoupling of the system
straightforward. All we need to do is make the GLSF section
an achromat, as the section from the upstream modulator to
the downstream modulator is transparent to the longitudi-
nal dynamics. Another advantage of this reversible seeding
setup is that it makes the bunch length at the modulator more
flexible. It can be a short microbunned beam, as shown in
Fig. 3. It can also be a conventional RF-bunched or coasting
beam. A coasting beam in this context means the beam is
not pre-microbunched, and its length is much longer than
the modulation laser wavelength, or even longer than that
of an RF bunch. In fact, in our present design, which will be
presented in Sect. 8, we use an RF-bunched beam in the ring.
Therefore, the third laser modulator of such a GLSF ring is
an RF system. Having explained the reason why we choose
this reversible seeding setup for the GLSF, we remind the
readers that this is not the only possible way to realize the
GLSF scheme [9]. For example, a symmetric lattice setup
with respect to the radiator is also possible, although the
nonlinear dynamics may be challenging.

After this general introduction of the GLSF scheme, we
now appreciate in a more physical way why GLSF could
be favored compared to LSF, in lowering the required
modulation laser power. The key is that the LSF has a
contribution of €, from both the LSF section and the ring
dipoles, while the GLSF has only a contribution of €, from
the GLSF section, because Hy outside the GLSF section is
zero, as explained above. This is the key physical argument
from the single-particle dynamics perspective of why the
GLSF may require a smaller energy modulation than the
LSF to realize the same desired bunch length at the radia-
tor. If the longitudinal emittance in the LSF is only from
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the quantum excitation of LSF modulators, and the vertical
emittance in the GLSF is only from the quantum excitation
of GLSF modulators, then GLSF and LSF are equivalent
in essence (only a factor of two difference in damping
rates) concerning the requirement on energy modulation
strength from the single-particle dynamics perspective.
Now, we explain the above argument more clearly using
formulas. As we will show in the following section, more
specifically Eq. (150), in GLSF at best case we have

1 B \/ey/ Hom B \/Ey/ Hym

| = - - , (140)
vV H)‘R HyM 1/ eyHyR dzR
where H, = plLis defined in Sect. 2 and quantifies the con-

tribution of the vertical emittance to the bunch length. Note
that we have used o = \/% , which means that the
bunch length at the radiator in the GLSF scheme is solely
determined by the beam vertical emittance. One can appreci-
ate the similarity between the above formula and Eq. (127)
for the LSF case. Therefore, GLSF will be advantageous to
LSF in lowering the required energy modulation strength if

€y GLSF €, LSF

(141)

H)’M,GLSF ﬂzM,LSF

We now compare the two schemes in a more quantitative
manner. We assume that the two schemes operate at the
same beam energy. As we will show in Sect. 8.3, in a GLSF
SSMB ring and if we consider only single-particle dynam-
ics, the dominant contribution of vertical emittance is from
the quantum excitation of two modulators in the GLSF sec-
tion, and we have

2 H
7o 1 YM,GLSF 4
€y GLSE ~ qu_y E 2p3— gLuM,GLSF- (142)
oM

In the LSF, we assume that the longitudinal emittance is
mainly from the quantum excitation in dipoles of the ring,
and the average longitudinal beta function around the ring
dipoles is the same as that at the modulators (f,) = f,.
Taking the approximation I, = 2% which means in both

Pring

rings the radiation loss is mainly from the dipoles in the
ring, J, # 2, J, & 1, and combining with Egs. (128), (141)
then corresponds to

4

The above condition should be straightforward to fulfill in
practice. For example, if the bending magnet strengths are
the same in both schemes, i.e., if pine GLSF = Pring LSF = Pring>
the above relation corresponds to

3

I 372 POM,GLSF

uM,GLSF < g 2
pring

(144)

which is easily satisfied in practice. Therefore, GLSF can be
favored compared to LSF in lowering the required modula-
tion laser power.

4.4 Short summary

From the analysis in this section, our tentative conclusion
is that an LWF SSMB ring can be used to generate bunches
with a couple of 10 nm-bunch lengths, thus generating
coherent visible and infrared radiation. If we want to push
the bunch length to an even shorter range, the required
phase slippage factor of the ring will be too small from
an engineering perspective. An LSF SSMB ring can cre-
ate bunches with a bunch length at the nanometer level,
thus generating coherent EUV radiation. However, the
required modulation laser power is at the GW level, and
the optical enhancement cavity can only work at a low duty
cycle pulsed mode, thus limiting the average output EUV
radiation power. At present, a GLSF SSMB ring is the most
promising among these three schemes to realize nm-bunch
length with a smaller modulation laser power compared to
LSF SSMB, thus allowing a higher average power for EUV
radiation generation.

5 Transverse-longitudinal coupling
for Bunch compression and harmonic
generation

In the following sections, we will discuss the GLSF scheme
in detail; specifically, we will systematically investigate the
backbone of a GLSF SSMB storage ring, the transverse-lon-
gitudinal phase space coupling dynamics. As the first step,
in this section, we present three theorems or inequalities
that dictate such TLC-based bunch compression or harmonic
generation schemes. If the initial bunch is longer than the

=L 270
3z “uM,GLSF Pring,LSF i i
4P ring GLSF 5 < PringLsF—5——— (143) ~ modulation RF or .laser wavelength, then the compression
POM.GLSF ring,LSF of the bunch or microbunch can be viewed as a harmonic
Entrance Magnet lattice Modulator Magnet lattice Radiator

o, depends solely on ¢, | N = N —- HN

g, depends solely on €y,

Fig.5 (Color online) Schematic layout of applying TLC dynamics for bunch compression. (Figure adapted from Ref. [33])
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generation scheme. Therefore, in this study, we considered
bunch compression and harmonic generation to be the same
thing in essence. We remind the readers that the theorems
presented here are generalizations of those presented in
Refs. [17, 33] from the 4D phase space to the 6D phase
space. These formal mathematical relations will be useful
in our later detailed study of a GLSF SSMB light source.

5.1 Problem definition

First, let us define the problem that we are trying to solve.
We assume ¢, is the small eigen-emittance we want to
exploit. The case of using e, is similar. The schematic layout
of the TLC-based bunch compression section is shown in
Fig. 5. Suppose the beam at the entrance of the bunch com-
pression section is x-y-z decoupled, with its second moments
matrix given by

ep; —ea,; O 0 0 0

—€.0y; €Yy 0 0 0 0

_ T _ 0 0 e¢p,;, —€a,; O 0
n-ox=| oo S tem B D)
0 0 0 0 ep, —eua

0 0 0 0 =—ea; €7,
(145)

where a, f, and y are the Courant—Snyder functions, the
subscript i indicates the initial state, and e,, €ys and ¢, are
the eigen-emittances of the beam corresponding to the hori-
zontal, vertical, and longitudinal modes, respectively. The
eigen-emittances are beam invariants with respect to linear
symplectic transport. For the application of TLC for bunch
compression, it means that the final bunch length at the exit
or radiator o, depends only on the vertical emittance €, and
neither on the horizontal one e, and nor on the longitudinal
onee,.

We divide such a bunch compression section into three
parts, with their symplectic transfer matrices given by

Fiy T T3 T 0 rgg
a1 Ty T3 Tag 0 16
M, = 731 T32 33 T34 0 136 i
Ta1 Tap T3 Tag O Ty
Fs) I'sy T'sy I'sy 1 rsg
0 0 0 001
M, = modulation kick map,

Ry Rip Ri3 Riy O Ry
Ry Ry Ry Ryy 0 Ryg
Ry Ry Ryz Ry 0 Ryg
Ry Ryp Ryz Rys O Ryg
Rs; Rsy Rs3 Rsy 1 Rsg
0 0 0 001

(146)

with M, representing “from entrance to modulator”, M, rep-
resenting “modulation kick” and M, representing “modula-
tor to radiator”. Note that M; and M; are in their general
thick-lens form and do not necessarily need to be x-y decou-
pled. The transfer matrix from the entrance to the radiator
is then

0 = M;M,M,. (147)

From the problem definition, for ¢ to be independent of €,
and €, we need

051 = 0, 052 = 0, 055 = 0, 056 = 0. (148)

5.2 Theorems and proof
5.2.1 Theorems

Given the above problem definition, and assuming that the
modulation kick map M, is a thin-lens one, we have three
theorems that dictate the relation between the modulator
kick strength and the optical functions at the modulator and
radiator, respectively.

Theorem 1: If

100000
010000
001000
0001007
000010
0000n1l

=
Il

(149)

which corresponds to the case of a normal RF or a TEM,,
mode laser modulator, then
RPHMHg > 1, (150)
where the subscripts “M” and “R” represent modulator and

radiator, respectively.
Theorem 2: If

100000
010000
001000
0001g0/
000010
00g001

(151)

which corresponds to the case of a transverse deflecting (in
y-dimension) RF or a TEM,;; mode laser modulator or other
schemes for angular modulation, then

g BnHyr = 1. (152)
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Th 3:1If 2
eorem ) (ﬂx,-rﬂ - %rsz) + r?z
O = €
1000 00 : Byi
2
010000 (ﬂyif”sa —%’”54) +"§4
ML _|001 0 g0 +e,
2 looo 1 00f (153) & (158)
0000 10 + e (B = 20,76+ 1,7%)
000-g01 = €, Hom + €, Hyn + €.
2
then ) (8,053 = a,;054)" + O3,
O’ZR = €y ﬂ . = €y YR
TraHyg > 1. (154) Y

There is no commonly used single element realizing the kick
map in Eq. (153) directly. Instead, it takes the combination
of several elements to realize such a map, making its appli-
cation less straightforward compared to the cases correspond
to Theorem 1 and 2.

5.2.2 Proof

Here, we present the details of the proof of Theorem 1. The
proof of the other two is similar. From the problem defini-
tion, for o3 to be independent of €, and €,, we need
Os; = 11| Rs) + 1y Rsy + 13 Rs3 + 14 Rsy + 751 (hRs +1) = 0,

0,

Osy = riaRs; + 1Rsy + Ry + 1 Rsy + 15y (hRs + 1) =

Ogs = hRsg +1 =0, 55
Osg = ri6Rs; + rygRsy + 136Rs3 + 14gRsy + 156 (hRsg + 1) + Rsg = 0.
Under the above conditions, we have
ABC
O=(DEF | (156)
GHI

with A ~ Ibeing 2 X 2 submatrices of T, and

0 0
G= R
rsih rsoh

ri3Rs) + 3Ry + r33Rsy +143Rsy 114Rs) + 19y Rsy + 1r3gRs3 + ryyRsy ]

rs3h rsyh

|0 o ]
h rsgh+1

157)
Note that I in this subsection does not refer to the identity
matrix. The bunch length squared at the modulator and the
radiator is obtained as that given in Eq. (60) with the evolu-
tion of generalized beta functions properly handled accord-
ing to Eq. (11) and the results are
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According to the Cauchy—Schwarz inequality, we have

[(ﬂyirﬁ - awr54)2 + ’?4] [(ﬂviOSB - “yz054)2 + 0?4]
ﬂvi ﬂvi

R HpHyg = 1

hZ
2 F [_(ﬂyir53 - ayir54)054 + r54(ﬂyi053 - ayi054)]2
vi

2 2
= (Os3r54h = Osyrs3h)” = (053044 — 05,0g3)” = |Det(H)I?,

(159)

where Det() denotes the determinant of the matrix. The

. _(ﬂvir53_ayir54) _ 'sq _
equality holds when o = Giomeaion)’ The sym
JOO

plecticity of O requires that OSO™ = S, whereS=[ 0 J 0

00)J
01
and J = (_1 0>,sowehave

AJAT + BJBT + CJCT AJD" + BJE" + CJF' AJGT +BJH + CJI"

DJAT + EJBT + FJCT DJD" + EJE" + FJF' DJGT +EJHT + FJIT |=S.
GJAT + HJBT + 1JCT GJDT + HIET + UFT GJGT + HJHT + IJI”
(160)
According to Eq. (157), we have
00 00
T _ T _
GJG —<00>,IJI —<00>. (161)
Therefore,
HJH' = J, (162)

which means H is also a symplectic matrix. So, we have
Det(H) = 1. Thus, the theorem is proven.

5.3 Dragt’s minimum emittance theorem

Theorem 1 in Eq. (150) can also be expressed as

€, €y

Ve HmyeH g B CuMOR

Note that in the above formula, o, is the bunch length
at the modulator contributed by the vertical emittance €.

Therefore, given a fixed €y and desired oz, a smaller #,

Al =

(163)
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i.e., a smaller RF acceleration gradient or modulation laser
power (P}, |4]?), means a larger HyM, thus a larger O M>
is needed. As|h|o  quantifies the energy spread introduced
by the modulation kick, we thus also have

OROsR 2 €y (164)
Similarly for Theorem 2 and 3, we have
gl = (165)
yﬂM"zR
and
€y
lg| > %ﬂTZR (166)

respectively, and Eq. (164). Note that in the above formu-
las, the vertical beam size or divergence at the modulator
contains only the vertical betatron part, i.e., that from the
vertical emittance e,

Equation (164) is actually a manifestation of the classical
uncertainty principle [34], which states that

211222 = mm’

IS (167)

2
255 266 e min >

where €, is the minimum of the three eigen-emittances
€y 7,7~ In our bunch compression case, we assume that €, is
smaller than €.

Actually there is a stronger inequality compared to the
classical uncertainty principle, i.e., the minimum emittance
theorem [34], which states that the projected emittance
cannot be smaller than the minimum one among the three
eigen-emittances,

€2 =3,%, -2

X,pro 12 = mm’

2 —
€y,pr0 - 233244 Z 34 2 emm’ (168)
2 —
€z,pr0 - 255266 Z 56 2 €mm

5.4 Theorems cast in another form

As another way to appreciate the result, here we cast the
theorems in a form using the generalized beta functions, as
introduced in Sect. 2. According to definition, we have

By = By 1y = By Hy = fis. (169)

Theorem 1: If M, is as shown in Eq. (149), then

M§’65(Mod)ﬁ (Mod)pLL(Rad) > 1, (170)
where M, ¢5 is the 45 matrix term of M,, i.e., i. The super-
script 2 of M. 2 ¢s means the square of M, ¢s. For better visu-
alization, in this subsection, we use brackets to denote the
location, with Ent, Mod, and Rad meaning entrance, modu-
lator, and radiator, respectively.

Theorem 2: If M, is as shown in Eq. (151), then

263(Mod)ﬂ (Mod)ﬁ (Rad) > 1. (171)
Theorem 3: If M, is as shown in Eq. (153), then
M; ¢,(Mod)By, (Mod) L (Rad) > 1. (172)

At the entrance, the generalized Twiss matrix corresponding
to eigenmode 7 is

p —a; 0000

—-a,; 7 0000
0O 0 0000
T,;(Ent) = 0 0 0000/} (173)
0O 0 0000O
0O 0 0000O

and similar expressions for T;; ;;(Ent), with x replaced by
¥, z and the location of the 2 X 2 matrix shifted in the diago-
nal direction. Then

2,2
33 — QT +r
! (Mod) = (Burss = ) =3 (174)
ﬁyi
(ﬁ.r43 —a -r44)2 + 72
pll (Mod) = — = =, (175)
ﬂy[
(ﬁr —a,r )2+r2
ﬂ (MOd) yi' 53 yi' 54 54’ (176)
ﬁyi
2
Os; — a0 + 0?
pl (Rad) = (8051 — @,;05,) 52 a7
ﬁxi
2
053 — a,,05,)" + 0%
f(Rad) = (0~ 2:0) + 05 (178)

Byi
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2 2
I (Rad) = (ﬁziOSS - fxz,-056) + 056.

g a (179)

For o to be independent of €, and €., we need ﬂ§5 (Rad) =0
and p(Rad) = 0, which then lead to Eq. (148). The fol-
lowing proof procedures are the same as those shown in the

Sect. 5.2.2.

6 Energy modulation-based coupling
schemes

After introducing the three formal theorems, we conduct a
more detailed analysis of the TLC-based bunch compres-
sion or microbunching generation schemes. We grouped
these schemes into two categories, i.e., energy modula-
tion-based and angular modulation-based schemes. They
correspond to the cases of Theorem 1 and 2 presented in
the previous section. In this section, we focus on energy
modulation-based schemes, and the next section is dedi-
cated to angular modulation-based schemes. The physical
realization corresponding to the case of Theorem 3 is not
as straightforward as the cases of Theorem 1 and 2, and
we do not expand its discussion in this paper.

6.1 Spectral form function and bunching factor
6.1.1 General formula

For coherent radiation generation, a parameter of vital
importance is the bunching factor of the electron beam.
First, we derive the bunching factor of the energy modula-
tion-based TLC microbunching schemes. The mathemati-
cal model was formulated as follows:

6D particle state vector:

X=(xxyyzs). (180)
6D spectral vector:
K= (k kg ky ky k, ks ). (181)

Normalized particle density distribution in phase space y (X)

/u/(X)dX =1, y(X) >0, (182)

where [dX me ans

f_o; f_o; f_o; /_D; f_o; /_0; dxdx’dydy’dzdés. Here, we intro-
duce the spectral form function (SFF) of the beam as:

@ Springer

FK) = / w(X)e KXdX. (183)

w(X) and F(K) then forms a Fourier transform pair

p(X) = / FK)RNK,

Gy (184)

where /[ dK me ans
f_o; f_o; f_°; f_ojo f_D:o f_c; dk,dk,, dk,dk,, dk dks. This spec-
tral form function is another complete description of the
beam distribution and can offer complementary insights for
beam dynamics studies. More details on this aspect will be
reported in future studies.

The classical 1D bunching factor or form factor used in
literature is a specific point in our defined SFF, i.e., with
K =(0,0,0,0,%,,0),

oo}

b(k,) = F(0,0,0,0,k,,0) = / v (e *dz, (185)

—00

where w(@) = [ [% [ [* [* w(X)dxdx'dydy'ds is
the normalized longitudinal distribution of particles. In this
paper, we use F to denote the 6D spectral form function and
b the classical 1D bunching factor.

Now, we derive the spectral form function and bunching
factor for single-stage energy modulation-based microbunch-
ing schemes. A lumped description of the laser-induced energy
modulation can be written as:

5 =6+ Asin(k; 2), (186)

where k; = i—” is the laser wavenumber, and A is the modula-
L

tion strength. After the modulation, the particle state vector

evolves according to:

X, = RX,, (187)

where R is the linear 6 X 6 symplectic transfer matrix of
the magnet lattice, which can be a single-pass one, such as
a linear accelerator, or a multi-pass one, such as a storage
ring. In this study, we only considered the case in which the
magnet lattice is linear. Denote:

A =(0,0,0,0,0,4)",
U,=(0000pk 0),
M,=KR-U,

(188)

with p being an integer. Then the final SFF is
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FK) = / v (X)e KXdxX
= / W, (X MRXAX

/ Yo X) e—i(KRX+KRA sin(k; 2)) dX

Z J ( KRA) / v (X)e—l(KRX—pkLz)dX (189)

p=—c0

Z J,(-KRA) / w(X)e ™MXdX

p=—00

= Z J,(-KRA)F\(M,),

p=—00

where y,(X), y,,,.(X), and y(X) are the beam distributions
at the beginning, immediately after the energy modula-
tion, and at the final point, respectively. J, is the p-th order
Bessel function of the first type. Jacobi—Anger identity
eivsiny = 3% ™ J, [x]has been used in the above deriva-
tion. Note that we have also used the fact that for a symplec-
tic matrix R we have Det(R) = 1. F,(K) is the initial SFF.

The above formula is general and applies to an arbitrary
initial beam distribution. If the initial beam distribution is
Gaussian in the 6D phase space,

1 lota.
wo(X) = —exp(—EXTZ()lX)

(2r)3y/Det(Z,)

with X, being the initial second moments of the beam, the
initial SFF is then

(190)

KZ K"
Fo(K) =exp| — > . (191)
The final SFF is then
o M, X M!
FK) = ,,;m Jp(—KRA)exp<— % ) (192)
6.1.2 HGHG

In many applications, a classical 1D bunching factor suffices.
WithK = (O 000k, 0),then

KRA = k_RsA,

k 193
M, = kZ(R51 Rs; Rs3 Rsy Rss — I% Rsq ) (193)
If further R51 = 0, R52 = 0, R53 = 0, R54 = O al‘ld RSS = 1,
and the initial beam is transverse-longitudinal decoupled and
upright in the longitudinal phase space, which corresponds

to the case of high-gain harmonic generation (HGHG) [35],
then

b(k)_ZJ

p=—00

exp( k; l(l - pk—kL> 0% + (R56650)2] >

where ¢, and o, are the initial RMS bunch length and
energy spread, respectively. If the initial bunch length is
much longer than the laser wavelength, i.e., k0,0 > 1,
the above exponential terms will be nonzero only when
k, = pk; , which means that there is only bunching at the
laser harmonics. In this case, we have the bunching factor
at the n-th (n being integer) laser harmonic

—k,RsA)
(194)

b, = b(k, = nky)

(195)

(”kLR56050)2
— |

= J,(—nk; RscA)exp [—

For n > 4, the maximal value of the Bessel function J,, is
about 0.67/n'/3 and is achieved when its argument is equal
to n+ 0.81n'/3. For large n, this argument corresponds to
ki Rs¢A ~ 1. Then, to ensure that the exponential term in
Eq. (195) not too small, we need A ~ no,. Therefore, if we
want to realize n-th harmonic bunching in HGHG, we need
an energy modulation strength a factor of n larger than the
initial energy spread.

6.1.3 TLC-based microbunching

Now, let us consider the case of nonzero Rs; s; 53 54, Which
corresponds to transverse-longitudinal coupling (TLC)-
based microbunching [33, 36-40]. Below we use y-z
coupling as an example for the analysis and ignore the
x-dimension. The analysis for x-z coupling is similar. If

=(0000k 0),Rs; =0,R;;, =0, Ris=1, Ryg =1,
then

KRA = k_RsA,

196
M, = (00 Ry Ry, 1- (196)

P,

Using the real and imaginary generalized beta functions and
Twiss matrices introduced in Sect. 2, the bunching factor at
the n-th laser harmonic can be expressed as

(ellMpTllM; + €1UM[1T111MZ>

nkLR56A exp| — 5 ,

ZJ

p=—c0

(197)
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where Ty are the real generalized Twiss matrices imme- d (nky )
diately before the modulation. We then require b, = Z I (—nkLR56A)exp [_ eyHyR]
p=—0
(204)

M, To Msz = (nkL)z(RTIHRT = 2RT; + T111)55 =0.
p

=n
(198)
The physical reason for this requirement is that for p = n,
we want the longitudinal emittance not to contribute to the
bunching factor. By doing this, the bunching factor is mainly
determined by the vertical emittance, which is assumed to
be small. Therefore, we can realize high-harmonic bunch-
ing with a shallow energy modulation strength A. The above
relation can be written more specifically using the general-
ized beta functions and the matrix terms of R as
R+ R + Rl + 2R Rl

199
+ 2R53Rsa + 2R5uRs6Bat = 0. (199)

If the generalized Twiss matrices of the eigenmode /I and 711
right before the modulation are given by Eq. (51), and fur-
ther assuming that at the modulation point we have D, = 0
and D; = 0, then Eq. (199) can be casted into
This relation means that the final coordinate z does not
depend on the initial energy deviation 6 in the linear approxi-
mation. Under the above condition, we have

2
MmeMg = (”kL)2<1 - 5) B> (201)
and
2
M, T, M" = (nk; )° [H).R +(1- 5) Mo
(202)

p
+2(1 -2 ) (ny54Dy — aRs3D, + Ry D), — ﬂ_vR53D;)].
Then the bunching factor at the n-th laser harmonic at the
final point which in our context means the radiator is

o 2
b, = Z Jp(—nkLR%A)exp [— (n];“)

p=-c0

€y {yk]
K )
exp | =1 = P (e, + €.)

kZ
exp |:—7LZn(n - p)e,(r,Rs4Dy — a,Rs3 D, + ayR54D; - ﬂ“R53D;) .

(203)

Here we remind the readers that there is an extra factor in
Eq. (203) compared to the result in our previous publications
in Refs. [17, 33], i.e.,

@ Springer

k2
exp l—?L(” —P)Z(eyHyM + ezﬁzM)] :

We conclude that Eq. (203) here is rigorously more accurate.

If the modulation waveform is linear, according to
Eq. (158), the RMS bunch length at the modulator and radia-
tor is given by

ol =€ e, Hom

= P ¥ Thom (205)
or =€6Hpg.
So in this paper, we call 6.3 = \/% the linear bunch
length at the radiator. In the previous section, we proved that
there is a fundamental inequality dictating the energy chirp
strength /2 and H at the modulator and radiator, respectively,
i.e., h”*HH,g > 1. Given the vertical emittance and desired
or- to lower the energy chirp strength, we need to lengthen
the bunch at the modulator. If the initial bunch is shorter
than the modulation laser wavelength, considering that the
actual laser modulation waveform is sinusoidal, then accord-
ing to Eq. (203), bunch lengthening at the modulator means
a bunching factor drop at the radiator, as can be seen from
the second exponential term. For more discussions on this
point, the readers are referred to Refs. [17, 33].

When k? (eyHyM + €,f.p) > 1 which means that the bunch
length at the modulation point is much longer than the laser
wavelength, there is only one non-vanishing term in the above
summation, i.e., the term with p = n. Then

(nky )
bl’l = ‘Ill (—I’LkLR56A)CXp [_TLeyHyR] .

(206)
Here, we make a short comment that our derivation of the
bunching factor, and also most of that found in the litera-
ture, neglects the collective interactions between the electron
beam and the co-propagating electromagnetic field. Such
collective interactions may disturb the modulation perfor-
mance. Although not much work on this subject, the inter-
ested readers may refer to a recent relevant work [41].

6.2 Modulation strength

After deriving the bunching factor, we derived the formula for
the modulation strength, given the laser, electron, and undula-
tor parameters. This is necessary for quantitative analysis and
comparison.
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6.2.1 A normally incident laser

The most common method of imprinting energy modula-
tion on an electron beam at the laser wavelength is to use
a TEM,, mode laser that resonates with the electrons in
an undulator. In this study, we used a planar undulator as
the modulator. A helical undulator can also be applied for
energy modulation; however, because we want to preserve
the ultrasmall vertical emittance, we need to avoid x-y cou-
pling as much as possible. Thus, a planar undulator might
be preferred. The electromagnetic field of a TEM,,; mode
Gaussian laser polarized in the horizontal plane is [36]

EX
E;
E, — E pikus—ioLttigy (—iZ Q)
c Bx x0 R
cB,
cB,
(207)
1
0
K O —QOx
exp [ZT(Xz +y2)] —szy s
0 -2 41
kL
—Qy
where E, - and B, , - are the horizontal, vertical and longi-

tudinal electric and magnetic field, respectively, s is the lon-
gitudinal global path length variable, ¢ is the time variable, ¢
is the speed of light in free space, w; = k¢, Zy = 7w} /A is
the Rayleigh length, w, the beam waist radius, and

i
ZR(1+iZ‘—R>

with i here being the imaginary unit. We remind the readers
that it has been implicitly assumed that all the fields will take
the real part of their complex expressions.

The relationship between the peak electric field E,, and
the laser peak power P| is given by

0= (208)

E2 Zp .

P, =
L 47,

(209)

where Z, = 376.73 Q is the impedance of free space. The
prescribed wiggling motion of electron in a planar undula-
tor is

K

x(s) = sin(k,s), (210)

u

with y being the Lorentz factor,

_ eBy4,

2zxmgc

=0.934 - By[T] - A,[cm] (211)

being the dimensionless undulator parameter, where B
is the peak magnetic field, 4, is the undulator period, and
k, = 2x / A, being the undulator wavenumber. The resonant
condition of laser—electron interaction inside a planar undu-
lator is

_ 2
A= 212)

From the prescribed motion, we can calculate the electron
horizontal and longitudinal velocity

v, (s) & @ cos(k,s),
Y

) 213)
v() = [P -2 m T — % cos(2k,s),
with = /1 — ylz and
- 1+K2%/2
v,=cl1- 2—]/2 (214)

the average longitudinal velocity of electrons in the undula-
tor. Therefore, we have the longitudinal path length of elec-
tron as a function of time given by

2

s(t) = vt — Ty sin(2k, v, 1). (215)
Then
ks — ot & —k,s — y sin(2k,s), (216)
where

K%k K2
7 L~ (217)

T 8%k,  4+2K2

Note that because the longitudinal coordinate of the electron
will affect the observed laser phase, we need to calculate its
precision to the order of y—lz while for the horizontal coordi-

nate x, we only need to calculate it to the order of }l, In the
following, we will adopt the approximation f ~ 1 because
we are interested in relativistic cases.

Given the electron prescribed motion and laser electric
field, the laser and electron exchange energy according to

aw _

5 —(ev,E, + ev.E,), (218)

where WV is the work done on the electron by the laser, or the

energy transfer from the laser to the electron. Note that in
this manuscript e represents the elementary charge and is
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o
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~
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x
Fig.6 f(x)= “ ys . This curve describes the laser-induced

energy modulation strength as a function of the laser Rayleigh length,
with the laser power and modulator length given

assumed to be positive. Assuming that the laser beam waist
is in the middle of the undulator, whose length is L, and
when the electron transverse coordinates are much smaller
than the laser beam waist x, y < w;, which is true in most of
the cases under consideration, we drop the factor

exp[i%(x2 + yz)] in the laser electric field. Furthermore,

when the transverse displacement of the electron is much
smaller than the Rayleigh length x <« Z which is also usu-
ally the case, we can also drop the contribution from E, on
the energy modulation. Assuming the relative phase of laser
field to the electron horizontal velocity v, at the undulator
center is ¢, the integrated modulation voltage induced by
the laser on the electron beam in a planar undulator is then

Ly
VLzRe|:/2 v.E ds}
_ Ly Cc
2
—i2k,s

Ly
K ; B 1+e
~ ExO_Re |:el¢o/ Z J ( l)emzk ‘—dS ,
Y ,% 14+ —R 2

(219)

where Re() denotes the real component of the complex num-
ber. When L, > A, which means the undulator period num-
ber N, > 1, and when Z > A, in the above integration,
only the term with n = 0 and n = 1 will give a notable non-
vanishing value. Denote [JJ] = J,(x) — J, (), we then have

S S
ZR

K (L
= EX()7[JJ]ZR tan™! (i) cos .

R

[N

V.= Exog%Re %o / ds

ol

(220)
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We want the energy modulation strength to be as large as
possible; therefore, we choose ¢, = 0. Putting in the expres-
sion of peak electric field from Eq. (209), the linear energy
chirp strength around the zero-crossing phase is therefore

p o Vi _ Kl 2PLZO
E, y2m, c2

Once the modulator length is given, we can optimize the

laser Rayleigh length to maximize energy modulation. Fig-
tan™ (x)

(%) VL. @21)

2zR

ure 6 is a plot of f(x) = as a function of x. The maxi-

mum value of f{x) is 0.8034 and is realized when x = 1.392.
i = =0.359L,,

reaches the maximum value. Note that when Z is within a
small range close to the optimal value, the impact of Ray-
leigh length on the energy modulation strength is not very
sensitive. Therefore, for easy of remembering, the optimal
condition can be expressed as

So, when Z; =

the energy modulation

A=Y (222)

From Eq. (221), we can see that under the optimal condition,
we have h « /Py L. Using Eq. (221), we can also perform
some example calculations to obtain a more concrete feel-
ing. If E; = 600 MeV, 4; = 1064 nm, 4, = 8cm (B, = 1.13
T), L, = 0.8 m (N, = 10), Zz = 0.359L,, then the induced
energy chirp strength with P, = 1MW is A = 955 m~".

6.2.2 Dual-tilted laser for energy modulation

Now with a hope to increase the energy modulation strength
with a given laser power, we can use a configuration of
crossing two lasers for energy modulation. The basic idea is
that if two crossing lasers can double the energy modulation
strength of a single laser, then the effect is similar to that
induced by a single laser with a laser power four times larger.
Our calculation shows that indeed dual-tilted laser (DTL)
can induce a larger energy modulation compared to that of a
single laser, but the issue is that the required crossing angle
(less than 2 mrad) is too small from an engineering view-
point. We remind the readers that we can boost the bunching
factor and thus the radiation power by adding one or more
high-harmonic modulation in addition to the fundamental
frequency modulation, as discussed in Ref. [33]. Here in this
paper we focus on the case of using a fundamental frequency
modulation only.

The analysis is presented in the following sections.
First, we consider the case of two lasers crossing in the y-z
plane. The laser field of an oblique TEM,, laser is given
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by first replacing the physical coordinate with the rotated
coordinates

X—=Xx,y—=>y =ycosf+ssinf, s - s, =—ysinf +scosb, t > t,

(223)
with 6 in this section and below being the tilted angle of the
incident laser instead of the dipole bending angle in Sect. 3.
We hope their difference is clear from context. The resulting
field expression according to Eq. (207) is

E,
Ey ex [__kL(Xzﬂ'f)]
EZ = E . husi—iopt 2Zg+isy)
= Lyo€ 1 s
cB, L+t
cB, R
CBZ rot
1 (224)
0
X
—i -
Zp+is,
V1
(Z+is,)
x 1

1

- - — +
(Zg+is, )2 ky (Zg+isy)
i

—i :
Zp+is,

However, in the above expression, x, y, s of the electromag-
netic fields are defined according to the oblique laser propa-
gation direction. To get the expression back in the original
coordinate system, i.e., undulator axis as the z axis, we need
to rotate the laser field as,

Ex - Em)t’ Ey - E)‘ = Eyrol cosd — Ezrot sin 9’ Ez - (225)
E, =E,,sin0+E,,cos, t 1,
and for the electric field the result is
2 2
E, p[-) (1
ik s —i RIS X
E, = E jeffiniout — L sin @
5 JORY
2 Junrot Zy i cos 6
(226)
Assume that the two crossing lasers are in phase and have the
same amplitude. In addition, we assume that 8, = —6, = —0,

and that the two lasers have the same Rayleigh length. Then
the superimposed field is

k(P 4(ycos f+ssin 6)*)

2(Zg+i(—y sin 0+s cos 0))

e [
_ ik (—y sin 6+s cos 0)—iwy t
E =E je™ L

14 (—ysinO+scos 6)
Z

Z /unrot

ky (x> +(y cos —s sin 0)%)
2(Zg+i(y sin 0+s cos 0))

E iky (y sin 6+s cos 0)—iw; t [
+ x0¢ 1+ l-(ysim9+sc0s0)
Zy

As before, we focus on the impact of E, on the laser-electron
interaction and ignore the contribution from E_. When 0 is
very small, the superimposed E, can be approximated as

i . Ky (x%+s sin? 0)
exp [1kLs cos 0 — iot — m]
Ex - ZEXO iscos 6
I+
R
228
exp [— k5262 ] (228)
~ 2E eikLscos B—ithﬂ
XO L+ir
R

Note that in the final approximated expression, we have
retained s cos € in the laser phase term. This is because the
laser phase is of key importance in laser—electron interac-
tions, and the accuracy requirement is high. In addition, we
have also kept the 5267 in the intensity decay term, because
L,6 may not be small compared to the laser beam wait
radius w,. The expression for E, in the case of crossing in
x—z plane is similar. Therefore, the difference in crossing in
x—z plane and y—z plane is not significant in inducing energy
modulation.

For effective laser—electron interaction, the off-axis
resonance condition now is

c— —A,c080 = 4, (229)
VZ
or
1
AL = — —cosf (4,
1+5
~ o (230)
1+ K?Z + 7262
~ > "
Then
ks — ot & —k,s — y sin(2k,s). (231)
Note that y now depends on 8, more specifically,
1
- Zg+i(=y sin 0+s cos 0) sin 0
. X
T iy sin0+scos 0) cos § 227)

1

. X .
———————sin @
Zg+i(y sin 0+s cos 6)
. X

—j———————cos @
Zy+i(y sin 0+s cos 6)
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Fig.7 (Color online) Contour plot of Fpyp _g(x, v) given by Eq. (236)

Ky, K2
T 8y2%,  A4+2K2+4y20%

X (232)

Assume that the laser beam waists are in the middle of the
undulator, whose length is L, and denote

_ kZy0* ([ Zx0\’
T2 \w /)
the integrated modulation voltage induced by the DTL in a
planar undulator is then

Lu

2 ds
VL ® Re l[ﬂ vxEx?]

2

L u?
L exp| —v—
2ZR exp v 1+u?

4 _ L 1+ u?
27R

u’ . u?
[cos <vm> + usin <vm>] ducos ¢.

To maximize the energy modulation, we chose ¢, = 0.
Putting in the expression of E , from Eq. (209), the linear
energy chirp strength around the zero-crossing phase is
therefore

v (233)

(234)

eV

eky K[JJ] / 2P, 7, L, k Zg6?
ky, = ——F == VL,
E, - y2imgc? A, PTHE\ 27, 2 w o (235)

where

h

1+u?

| [rexp
F X, V) =— - 7
st === [ —

w . u?
[cos <v1+u2> + usin <v1+u2>]du

(236)
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Fig.8 Undulator parameter K, vs. § with A, fixed. Parameters used:
E, =600 MeV, 4; = 1064 nm, 4, = 8cm

Zr/Ly,
o o — — — —_ —
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Fig.9 (Color online) Energy chirp strength 4 normalized by the larg-
est energy chirp induced by a single normally incident laser vs. 6 and
Zg/L,. Keep A, fixed when changing 6. Parameters used: E, = 600
MeV, 4, = 1064 nm, A, =0.08 m, N, =10,L, =0.8 m

A flat contour plot of Fpyyy g(x, v) is shown in Fig. 7.

Now, we can use the derived formula to calculate the
energy chirp strength induced by the DTL. First we consider
the case of keeping A, fixed when changing 6, then the off-
axis resonant condition leads to the undulator parameter as
a function of 6 given by

Ky=V2, 2721 - ——— ! ~ 1L
f+cos€

u

(237)

With the increase of 8, K, decreases. Note that in this case,
K, x By, so the magnetic field strength B, also decreases
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0 2 4 6 8 10
0 (mrad)

Fig.10 A, vs. 6, with B, fixed. Parameters used: E, =600 MeV,
A, =1064nm, By, =12T

with the increase of . An example calculation of K, versus
6 is shown in Fig. 8. The corresponding contour plot of the
energy chirp strength normalized by the largest energy chirp
induced by a single normally incident laser, versus 6 and
Zr/L,, is given in Fig. 9.

The previous calculation assumes 4, remains unchanged
when we adjust the incident angle 6. This will result in a lim-
ited region of @ to fulfill the resonant condition, as shown in
Fig. 8. We now conduct the calculation by assuming that the
peak magnetic field B, remains unchanged when we adjust
6. Putting the expression of undulator parameter Eq. (211)
in the off-axis resonant condition Eq. (230), we have

1 eB 2
3 <Tm"c> A+ 1 +770HA, -2y =0, (238)
€
from which we get
2,,2/3\3/5 47r4/302(y292 + l)m2
= - <, (239)

v 32/3B5e?

Vv

with

D= \/3Bgc4e6m‘e‘ (27337/432/1% + 872c2(y20% + 1)3mg>

+ 9Bgczyze4m§/1L.

(240)

For example, if A, = 1064 nm and B, = 1.2 T, then 4,
as a function of 8 for the case of E, = 600 MeV is shown
in Fig. 10. Note that in this case, K, « 4, which depends
on 6, so the undulator parameter also decreases with the
increase of 6. However, the decrease was not as rapid as
that presented in Fig. 8. The corresponding contour plot of
the energy chirp strength induced by the DTL, normalized

—_— e e
[ > e ]

e o =
(@)Y [e o]
Normalized h

=
'S

e
o

0 (mrad)

Fig. 11 (Color online) Energy chirp strength & normalized by the
largest energy chirp induced by a single normally incident laser
vs. 0 and Zy /L,. Keep B, fixed when changing 6. Parameters used:
Ey,=600MeV, 4; =1064nm, By =12T,L, =0.8m

by the largest energy chirp induced by a single normally
incident laser, vs. 6 and Zp /L, is shown in Fig. 11.

As shown in the calculation results in Figs. 9 and 11, DTL
indeed can induce a larger energy modulation compared to a
single normally incident laser. However, the required crossing
angle (less than 2 mrad) is too small for engineering. There-
fore, the usual setup of a single normally incident TEM,,, mode
laser remains the preferred choice in practical applications.

6.3 Realization examples

After the derivation of the bunching factor and laser-induced
modulation strengths, finally in this section we provide
some realization examples of microbunching schemes that
belong to what we have analyzed. FEL seeding technique
like phase-merging enhanced harmonic generation (PEHG)
[37, 38] and angular dispersion-induced microbunching
(ADM) [39] can be viewed as specific examples of our gen-
eral definition of TLC-based microbunching schemes in
Theorem 1. A more detailed discussion in this respect has
been presented in Ref. [33].

Here, we briefly comment on the relation between FEL
seeding techniques, such as HGHG, PEHG, and ADM, and the
storage ring schemes, such as LSF and GLSF, discussed in this
paper. One is single pass, and the other is multipass. One invokes
matrix multiplication or nonlinear transfer map once, and the
other invokes eigenanalysis or normal form analysis of the one-
turn map. They share the bunch compression or harmonic gen-
eration mechanism. The relationship between HGHG and LSF
was similar to that between PEHG/ADM and GLSF.

We also remind the readers that the GLSF SSMB scheme
analyzed in this paper bears similarity to the approach
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discussed in Ref. [40], in the transverse-longitudinal-cou-
pling-based microbunching and modulation-demodulation
processes. The difference is that here we aim for a true steady
state in the context of storage ring dynamics and the electron
beam pass the radiator turn by turn, while in Ref. [40] the
radiator is placed at a bypass line and the ring is used to pre-
pare the electron beam which is sent to the bypass line every
multiple revolutions in the ring.

FK) = / w(X)e KXdx

— / Wt (X)e—iKRXdX

/ woX) e—i(KRX+KR,»4A sin(ky 2)+KRgAkyy cos(k; 2)) dX

pP1=—

pi=— Pry=—

Note that we must add the second equation above to make
the modulation symplectic. Such an angular modulation pro-
cess also satisfies the Panofsky—Wenzel theorem [42]

dAY _ 0AS
dz  ady

(242)

Following the derivations in the section of energy modula-
tion-based schemes, the final spectral form function in this
case is

(243)

Z J KRl4A /WO(X)e_i(KRX_PIkLZ+KRi6AkLyCOS(kLZ))dX

Z J, (-KRyA) / wX) Y i), (KR Ak y)e KRXwrnhilgx.

7 Angular modulation-based coupling
schemes

7.1 Bunching factor

After investigating the energy modulation-based TLC micro-
bunching schemes, in this section, we discuss angular mod-
ulation-based schemes [42-48 ]. The problem definition is
similar to that in energy modulation-based schemes, with the
exception of replacing energy modulation with angular modu-
lation. We use y’ modulation as an example because we will
take advantage of the ultrasmall vertical emittance in a planar
ring, as explained before. The lumped laser-induced angular
modulation is modeled as:

b(k,) = ZJ

p=—0

k2
—k.Rs,A exp( l €,(R%;8, — 2Rs3Rs4, +

The integration of the above results is given by the general-
ized hypergeometric function. If K= (00 0 0 k, 0) and
Rss =0, then KR, = 0, and the initial beam distribution
is Gaussian as given in Eq. (190), then the 1D bunching
factor is

b(k)— Z J KRl4A /y/O(X)g_i(KRX—PkLZ)dX

p=—00
T (244)
M,ZM) )

ZJ 2

p=—

—k.Rs4A exp<

with M, given by Eq. (188).

To appreciate the physical principle, we use a specific
case as an example instead of a general mathematical
analysis. If Rs; =0, Rs, =0, Rs5s = 1, Rsq = 0, and the ini-
tial beam is transverse-longitudinal-decoupled and has an
upright distribution in the longitudinal phase space, then

Pk \’

2 L 2

Ry,) + <1——k )azOD,
Z

(245)

y =y + Asin(k 2),

241
6 =6+ Ak y cos(k; z). (24D
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with ay, B, v, being the Courant—Snyder functions before the
modulation, and o5, being the initial RMS energy spread. If
the initial bunch length is much longer than the laser wave-
length, the above exponential terms will be nonzero only

when 1 — pkﬁ = 0, which means that there is only bunching



Steady-state microbunching based on transverse-longitudinal coupling

Page330f49 2

at the laser harmonics. In this case, we have the bunching
factor at the n-th laser harmonic to be

b, = b(k, = nk;)
(246)

2
= J,(—nk Rs,A)exp | — > eHi |

where H p = R§3 By — 2Rs3Rs4a, + R? 47y~ One can appreciate
the similarity of the above result with the bunching factor of
the energy modulation-based TLC microbunching schemes,
i.e., Eq. (206). The Rs, here plays the role of Rs in the previ-
ous equation. If further Rs; = 0, then Eq. (246) reduces to

2
nkLR54O'y/ ) ]

b, = J,(—nk; Rs,A)exp l— ( > (247)

where o, is the initial RMS beam angular divergence. There-
fore, R5;‘ and oy, in this scheme play the role of Rsq and o,
in HGHG, as shown in Eq. (195). In a planar uncoupled
ring, the natural vertical emittance is quite small, as is oy
Therefore, using this scheme, we can realize high-harmonic
bunching in a storage ring to generate ultrashort soft X-ray
pulse.

As can be seen from our analysis, both the energy modula-
tion-based and angular modulation-based TLC microbunch-
ing schemes share the same spirit, i.e., to take advantage
of the small transverse emittance, the vertical emittance in
our case, to generate microbunching with a shallow modu-
lation strength. These TLC-based microbunching schemes
can be viewed as partial transverse-longitudinal emittance
exchanges in the optical laser wavelength range. They do not
necessarily need to be complete emittance exchanges because
for microbunching, the most important coordinate is z, and &
is relatively less important. As we will show soon, although
the spirit is the same, given the same level of modulation
laser power, the physical realization of energy modulation-
based TLC microbunching schemes is more effective for
our SSMB application compared to the angular modulation-
based schemes.

7.2 Modulation strength
7.2.1 TEM01 mode laser-induced angular modulation

After deriving the bunching factor, we derived the laser-
induced angular modulation strength for quantitative evalua-
tion. We begin with the usual angular modulation proposal by
applying a TEM,;; mode laser in an undulator [43]. The electric
field of a Hermite-Gaussian TEM,;; mode laser polarized in the
horizontal plane is [36]

EX
Ey
E iky s—iw, . 2
c8, |~ Bae™ T (-i2:Q)
cBy
cB,
y (248)
0
—QOxy
. 2vV2 x
G
0
<Q2x2 U, 1) y
ok
i 2
W Oy

The relation between E,, and the laser peak power for a
TEM,,, mode laser is given by

E* 7 A

x0“R”L
L= Z—ZO (249)
Note that there is a factor of two difference in the above
laser power formula compared to the case of a TEM,,, mode
laser. The electron wiggles in a horizontal planar undula-
tor according to Eq. (210), and the laser-electron exchanges
energy according to Eq. (218). Making the same assumption
and following similar procedures as before, we can get the
integrated modulation voltage induced by a TEM,,; mode
laser in the undulator

Ly
[JJ] 2\/§y 3 1
2 u 2
Yo J-3 (1 +ii>

VL. =Re Exoge"%
4

(250)
V2 7
K[JJ2 27,
=E, L] VZy 2cosqb0
Y Wo 1+ ( L,
A

We will choose ¢, = 0 to maximize the modulation voltage.
Putting in the expression of E,, from Eq. (249) and
Zey

wy = =, we have
LL\
4K[JJ] V7PLZ, A
= 7 2" (251)
TR (g
27

The induced energy modulation strength with respect to y
around the zero-crossing phase is then

o & Lo
5, ) 2eq K [PiZ,

T L, 2’
()

8= (252)

oy yrmgc?
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The symplecticity of the dynamical system requires that
this formula also provides the linear angular chirp strength
around the zero-crossing phase. It is interesting to note that,
given the laser power, the modulation kick strength depends
on the ratio between Z; and L, instead of their absolute
values.

One may wonder that when % is fixed, the induced angu-
R

lar chirp strength is independent of the modulator length L.
As a comparison, in a TEM,, mode laser modulator, as given
in Eq. (221), we have the energy modulation strength pro-
portional to \/L_u . Mathematically, this is because in the
expression of the TEM,;; mode laser field, there is a term
(~iZzQ)’, while in the TEM,, mode laser, this term is
(—iZz Q). Physically, this means that the on-axis power den-
sity of a TEM,;; mode laser decays faster than that of a
TEM,, mode laser when we move away from the laser waist.
This may not be surprising if we consider that the intensity
peaks of a TEM,;; mode laser are not on-axis. But we recog-
nize there is a lower limit of the modulator length, below
which the laser waist size is too small and our approximation
of ignoring particle transverse coordinate and wiggling
motion on the modulation breaks down.

According to Eq. (252), the maximal modulation is real-

— Zu

ized when Z = = and the value is

o &
E, ) ek K[J]] [P Z,

¢ = - (253)
max
oy yimgc? 7
E [_ Ky (2 +(y cos O+s sin 9)2)]
E,\ _E eikL(—y i 05 cOs B)—iwy 1 2(Zg+i(—y sin 0+s cos 0))
y X0 . (—ysin O+scos 6)
l+i——m————
< Junrot Zy

__ k(P +(ycos f—ssin 0)%)
2(Zg+i(y sin 645 cos 6))

e [

- E iky (y sin 0+s cos 0)—iwy t
x0€ 1+ l-@sin9+scos€)

ZR

induced by a 1 MW TEM,,, laser modulator, as evaluated
previously, is h = 955 m~!. So, generally, a TEM,;; mode
laser is ineffective for imprinting angular modulation. As
will be shown in the next section, even a dual-tilted laser
setup is still not sufficiently effective for our application.

7.2.2 Dual-titled-laser-induced angular modulation

Another way to imprint angular modulation on the electron
beam is to use a titled incident TEM,, mode laser to modu-
late the beam in an undulator. To further lower the required
laser power, a dual-tilted laser (DTL) with a crossing con-
figuration can be applied [44, 45]. In this study, we focused
on an angular modulation scheme based on a DTL setup.
Note that if we want to use a DTL for energy modulation,
the two lasers should be in phase to ensure that the two laser-
induced energy modulations add. For angular modulation,
they should be z-phase shifted with respect to each other.
This is because, for angular modulation, the particle on the
reference orbit should receive a zero-energy kick. Only when
the particle transverse coordinate is nonzero will it receive
an energy kick. So, the energy modulations induced by the
two lasers should cancel on axis.

To induce vertical angular modulation, we let the two
lasers cross in y-z plane and be polarized in the horizon-
tal plane. The laser field of a normal incident TEM,,, laser
is given by Eq. (207). Assuming that the two lasers are «
-phase-shifted with respect to each other and have the same
amplitude. In addition, we assume that 6, = -0, = -0,
and the two lasers have the same Rayleigh length. Then the
superimposed field is

1

. x .
—[———————————sinf
Zp+i(=y sin 0+s cos 0)
. X

—j———————cos @
Zg+i(—=ysin 0+scos 0)

1

. X
l—
Zg+i(y sin 0+s cos 0)

(254)

sin @
os 6

—lo———————C
Zp+i(y sin 0+s cos )

For example, if E, = 600 MeV, 4; = 1064 nm, 4, = 8 cm
(By=113 T), L,=08 m (N,=10), Zz =2, then
for P, =1 MW the induced angular chirp strength is
g =0.55 m™!. For comparison, the energy chirp strength

Zp(2isk, Zg + 2k Z2 + Pk + ki, — 27 — 2is) exp [—

E

As before, we focus on the impact of E on the laser—electron
interaction and ignore the contribution from E,. Note that if

y =0, then E, = 0. We want to know :—? when y is close to

zero. For this purpose, we do Taylor expansion of the above
horizontal electric field with respect to # when 8 is small,

k(2 47)

22t + ik s — let]

(255)

= ExO

X

(s - iZR)3

0y.

@ Springer



Steady-state microbunching based on transverse-longitudinal coupling

Page350f49 2

Fig. 12 (Color online) Contour
plot of Fypp_a(x,v) given by
Eq. (260)

When x,y < Zy, 41 < Zy, we have

o] e

2 .S
WO(I_HZ_R)

.5 2
( 1 + li )
However, note that when L6 is comparable to w,, the term
s sin 0 should be kept in the exponential term. In addition, for
the laser phase, we should use a more accurate s cos 6. These
arguments have been explained before when we analyzed the

application of a DTL for energy modulation. So, the more
correct approximate expression of E, is

exp | ——2E— +ik; scos O — iy t
w3 (14 )
E, ~ —i2k Ey 9y.

(1 + ii)2
(257)

Again taking the same notation as given in Eq. (233), the
integrated modulation voltage induced by a DTL (two lasers
n-phase-shifted with respect to each other) in a planar hori-
zontal undulator can be calculated to be

E
2

VLzRel/ vxEx—s]
_k c
2

K[JJ]

+ ik s — ia)Lt]

E, ~ —i2k E, gy. (250)

~ ki E 0yZy

2

We choose ¢, = 7 to maximize V.
Therefore, we get the maximum linear angular chirp
strength as

0 ( eV ) )
) ek ki [2P 2z, L, kZg0
- = F v VL0,
& dy yim,c? A DA\ 2z 2 "

(259)
where
e (o)
Fpriatov) = — T
Vil e
u3 . u3
[(1 - uz) Ccos <V(1+—u2)> + 2u sin <V(1+—u2)>:| du
(260)

A contour plot of Fypy 5 (x, V) is presented in Fig. 12.

Then the angular chirp strength introduced by a DTL
compared to the energy chirp strength introduced by a single
TEM,, laser modulator, i.e., that given in Eq. (221), with the
same laser parameters and undulator length can be expressed
as

(258)

L exp (_VUZ_MZ)) B . W3 )
L W l(l — u2) COS <Vm + 2u sin Vm) dl/t Slnd)o.
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Zr/ Ly

0 (mrad)

Fig. 13 (Color online) Angular chirp strength g vs. 6 and Zy/L,,
keeping 4, fixed when changing 0. Parameters used: E, = 600 MeV,
A, =1064nm, P, = IMW, 4, =0.08m,N, =10,L, =0.8m

8
S = ¢,
. ¢ (261)
with
F ( L, kLZRGZ)
‘= DTL-A\ 27,7 2 K[JJ]
! () K[JNlg—y (262)

\/T_u

7R

Note that K[JJ] in the numerator is a function of 8 according
to the off-axis resonance condition given in Eq. (230). Since
& ~ 1, and 0 are usually in the mrad level, given the same
laser power, the DTL-induced angular chirp strength will be
much smaller than the energy modulation strength induced
by a TEM,,, mode laser. This observation was supported by
a more quantitative calculation of the angular chirp strength
induced by a DTL, as shown in Figs. 13 and 14. As before,
we considered the case of keeping A, or B, unchanged when
we change the crossing angle 6. In both cases, the maximal
angular chirp strength induced with P, = 1 MW was approx-
imately g ~ 1.7 m~'. From the evaluation in Sect. 6.2.1, at
the same power level, a TEM,,, mode laser modulation can
induce an energy chirp strength of 2 ~ 955 m~!. This is
because 6 is only 1 to 2 mrad.

Therefore, we can see that the DTL-induced angu-
lar chirp strength, although a factor of three larger than
that induced by a single normally incident TEM,;; mode
laser with the same laser power, is still generally quite
small. There are two reasons why a DTL is not effective
in imprinting angular modulation:
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Fig. 14 (Color online) Angular chirp strength g vs. 6 and Zy/L,,
keeping B, fixed when changing 6. Parameters used: E, = 600 MeV,
Ay =1064nm, Py = 1MW, B, =12T,L, =0.8m

e The crossing angle between the laser and the electron
propagating directions results in that they have a rather
limited effective interaction region. For example, if the
crossing angle is § = 5 mrad and the undulator length is
L, = 0.8 m. Then, the center of the electron beam and the
center of the laser beam at the undulator entrance and
exit depart from each other with a distance of %9 =2
mm, which is a large value compared to the laser beam

waist wy = \/ZR% ~ % = 368 pm and results in a
very weak laser electric field felt by the electron there.

e The decrease of undulator parameter K with the
increase of 0 to meet the off-axis resonance condition,

as can be seen in Figs. 8 and 10.

Because the angular chirp strength is small, according
to Theorem 2, the required vertical beta function at the
modulator g will be large. For example, if ¢, =4 pm,
O = \/%: 2 nm, and g =2m~', then we need
Bm = 2.5 X 10° m, which is too large to be used in prac-
tice in a storage ring. To lower Sy, a higher modulation
laser power is required. This is why we tend to use energy
modulation-based coupling schemes for bunch compres-
sion or microbunching generation in the GLSF SSMB.
Our analysis and conclusion here is consistent with what
reported in Ref. [49] when comparing energy and angu-
lar modulation microbunching schemes for laser plasma
accelerator-based light source.

Generally, when we compare the energy modula-
tion-based and DTL-induced angular modulation-based
bunch compression schemes, from the Theorems 1 and 2,
i.e., Eqs. (150) and (152), for the same modulation laser
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wavelength 4; and power Py, vertical emittance e, and target
linear bunch length at the radiator o = /€, H,g, we have

H,m(Energy modulation)
0?2 ’

B,m(Angular modulation) ~

(263)

7.3 Realization examples

Similar to the section on energy modulation-based schemes,
we introduce some realization examples of angular modu-
lation-based microbunching. To the best of our knowledge,
the first proposal of applying an angular modulated beam
for harmonic generation was from Ref. [43]. Later, an emit-
tance exchange-based harmonic generation scheme was
proposed in Ref. [46]. These two schemes apply a TEM,,
mode laser to induce angular modulation. Following these
developments, there have been proposals to realize angu-
lar modulation using TEM,, mode lasers, with Ref. [47]
using an off-resonance laser, and Ref. [48] using a tilted
incident laser. Later, a dual-tilted-laser (DTL) modulation
scheme was applied in emittance exchange in the optical
laser wavelength range [44]. Recently, the DTL scheme was
proposed to compress the bunch length in SSMB and lower
the requirement on the laser power by a factor of four com-
pared to a single-tilted laser scheme [45]. Note that for these
angular modulation-based harmonic or bunch compression
schemes, we have the inequality given by Eq. (152), i.e.,
our Theorem 2.

8 1 kW GLSF SSMB-EUV source

Our goal in this study as stated is to find a solution for a
high-power EUV source based on SSMB, using parameters
within the reach of present technology. According to our
analysis, generalized longitudinal strong focusing (GLSF)
is the most promising scenario compared to the longitudinal
weak focusing and longitudinal strong focusing. The key to
a GLSF SSMB ring is the precise transverse-longitudinal
coupling dynamics to utilize the ultrasmall natural verti-
cal emittance in a planar electron storage ring for efficient
microbunching formation. For our purpose, we find that
energy modulation-based coupling schemes are preferred
over angular modulation-based coupling schemes, in lower-
ing the required modulation laser power. Therefore, we will
use a TEM, laser-induced energy modulation-based cou-
pling scheme in a GLSF SSMB storage ring. In this section,
we first present a solution for 1 kW average-power EUV
source based on a GLSF SSMB. More detailed analyses to
support our solution were then developed.

8.1 A solution of 1 kW EUV source

Based on what we have studied in the previous sections and
the various important physical effects to be discussed in this
section, we present an example parameter set of a 1 kW
average-power EUV light source based on GLSF SSMB,
as shown in Table 2. All parameter lists should be feasible
from an engineering perspective. Such a table summarizes
the investigations presented in this study.

8.2 Some basic considerations

Now, we present the detailed considerations and calcula-
tions to support our solution. First, we discuss some basic
considerations on the choice of parameters. As explained
at the beginning of Sect. 4, we used a beam energy of
E, =600 MeV and a modulation laser wavelength of
A, = 1064 nm. A small vertical emittance is crucial in the
GLSF scheme. We assume that the vertical emittance used to
accomplish our goal stated above is €, = 40 pm. It should be
noted that the vertical emittance used is not extremely small.
This conservative choice is mainly a reflection of the con-
sideration for intra-beam scattering (IBS) to be introduced
soon. To realize significant coherent EUV generation, and
considering that we may generate microbunching based on
a coasting beam or RF-bunched beam in the ring, which is
much longer than the modulation laser wavelength, we may
need to compress the linear bunch length o = \/% to
be as short as 2 nm. The bunching factor at 13.5 nm accord-
ing to Eq. (206) is then 0.0675.

With e, = 40 pm, to get the desired linear bunch length
2 nm at the radiator, we need HyR =0.1 pm. If ﬂy at the
radiator is around 1 m, then the required control precision
of dispersion and dispersion angle at the radiator is at the
level of 0.3 mm and 0.3 mrad. Such precise control of H g
is challenging but realizable using present technology. We
remind the readers that the dispersion function is not well
defined when the system is transverse-longitudinal coupled,
and H, here should be replaced by the defined generalized
beta function ﬁég However, here we still use the classical
definition of H, in obtaining the numbers for the above D,
and D’ control brecision to give the readers a more concrete
feeling. Following a similar line of thought, we also need
a precision control of H, or ﬁgs at the radiator, since the
horizontal emittance is even larger than the vertical one.
Generally, we require precision control of both D,  and D/, -
Besides, we also need to ensure the coupling of horizontal
emittance €, to the vertical plane to be less than 1% since our
applied €, = 2 nm is about two orders of magnitude larger
than e, = 40 pm.

Another important parameter is the beam current, includ-
ing the average and peak currents. First, we observe that
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Table 2 An example parameter
set of a GLSF SSMB ring for

1 kW average-power EUV E, 600 MeV Beam energy
radiation generation

Parameter Value Description

Cy ~200m Circumference

n ~5x1073 Phase slippage factor

Iy 40 A Peak current

£ 0.5% Electron beam filling factor

N 200 mA Average current

Biing 1.33T Bending magnet field in the ring

Pring 1.5m Bending radius in the ring

Uodipotes 7.7 keV Radiation loss per particle per turn from ring dipoles
By, 6T Bending field of damping wiggler

L, 40 m Total length of N, . identical damping wigglers

Ny 20 Number of identical damping wigglers

Aw <0.168 m Wiggler period length

Uy, 328 keV Radiation loss per particle per turn from damping wiggler
Pricam 68.3 kW Total radiation loss power of the electron beam

Prr 100 ~ 200 kW Total power consumption of the RF system

Os0 42 %107 Natural energy spread (without damping wiggler)
Osw 8.2x 1074 Natural energy spread (with damping wiggler)

Os1BS 8.5x 1074 Energy spread with IBS (with damping wiggler)

€, 2nm Horizontal emittance

€, 40 pm Vertical emittance

T,RD 2.38 ms Vertical radiation damping time with damping wiggler
T,1BS 7.11 ms Vertical IBS diffusion time

AL 1064 nm Modulation laser wavelength

OR 2 nm Linear bunch length at the radiator

Hr 0.1 pm 'H, at the radiator

Hom 0.056 m H, at the modulator

A= % 23x%x1073 Modulator induced energy modulation strength

h 1.33x 10* m™! Modulator induced linear energy chirp strength

Aum 0.1 m Modulator undulator period

Bom 0.806 T Modulator peak magnetic flux density

Ko 7.53 K of modulator undulator

Nom 15 N, of modulator undulator

Ly 1.5m Modulator length

Aeyy 13.4 pm Modulators’ quantum excitation to vertical emittance
Zr ~ LuTM Laser Rayleigh length

Pip 130 MW Peak modulation laser power

i 0.5% Laser beam filling factor

Pra 651 kW Average modulation laser power

Ag = % 13.5 nm Radiation wavelength

by 0.0675 Bunching factor

o1R 20 pm Effective transverse electron beam size at the radiator
AR 1.8 cm Radiator undulator period

Bz 0.867T Radiator peak magnetic flux density

N 79x 4 Number of undulator periods

L 5.69m Radiator length

Prp 224 kW Peak radiation power

Py 1.12 kW Average radiation power
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given the same average beam current, the average radiation
power will be higher with a decreasing beam filling factor f.
This is because the peak power of the coherent radiation is
proportional to the peak current squared Pgp o I3 o 13172,
where I, and I, are the peak and average currents, respec-
tively, and f, is the electron beam filling factor. The average
radiation power is then Py, = Pgpf. ]i e‘l. Therefore, we
tend to choose a high average current and a small filling fac-
tor as much as possible, as long as collective effects, such
as IBS and coherent synchrotron radiation, do not degrade
the beam properties. We applied a 40 A peak current and
a 200 mA average current in our solution. Note that in the
calculation of the filling factor, for simplicity, we assumed
that the beam current was similar to square waves. The real
beam distribution is more like a smooth curve, for example,
a Gaussian profile if there is only a single RF cavity in the
ring. However, this observation only results in some numeri-
cal factor adjustment and does not affect the core part of
our analysis. So, in Table 2, we take this simplification of a
square wave current distribution.

8.3 Quantum excitation contribution to vertical
emittance

After the general considerations, let us now take a closer
look at the critical parameter e,. The first contribution of the
vertical emittance is the quantlim excitation in the GLSF sec-
tion itself, since Hy there is nonzero. More clearly, according
to our Theorem 1, i.e., Eq. (150), the modulator should be
placed at a dispersive location if energy modulation-based
coupling is used for bunch compression or harmonic gen-
eration. Therefore, the quantum excitation of all bend-like
elements, such as dipoles, modulators, and radiators in the
GLSF section, will contribute to the vertical emittance.

Like the calculation in Eq. (136), the quantum excitation
contribution of a radiator to ¢, is

2 H
<1 YR 4
Aeg = C,—— X —Lg, 264
yR qu 1, p(z.)R 35 UR (264)

where L, is the radiator undulator length, pgy is the bending
radius corresponding to the peak magnetic field of the radia-
tor Byr. Assuming that the radiation energy loss in the GLSF

section is much less than that induced by the bending mag-
2n

nets in the ring, then we have I, ® —. Taking the approxi-

ring

mation J;, ~ 1, in an easy-to-use form we have

Ae,glnm] = 8.9B; [TIB} [TIH g [mILg[m]. (265)
For the parameters listed in Table 2, B,, =133 T,

A = 1.8cm (Bog = 0.867T), Hyg = 0.1 pm, Lz =5.69m
(Nyr = 4% 79), then Ae,g = 2.5 fm, which is much less than
€. Generally, because H, at the radiator is quite small, the

contribution of the radiator to the vertical emittance is not
dominant, compared to that from modulators and dipoles to
be introduced.

Similar to the analysis for radiator, the contribution of two
GLSF modulators to €y is
Aeyy[nm] = 17.8B_) [T1B}y,[TIH,p[m]L,y[m],

ring

(266)

where B, and L, are the peak magnetic field and length
of the modulator undulators, respectively. For the param-
eters listed in Table 2, B, = 1.33 T, B;y =0.806 T,
Hym = 0.056 m, L,y = 1.5 m, then Aeyy = 592 pm, which
is a quite large value compared to that contributed from the
radiator. This is mainly due to the fact that Hy; > Hg. As
will be introduced soon, we can apply a horizontal planar
damping wiggler to control this contribution by increasing
the radiation damping rate.

In the above analysis, we have assumed H, is a constant
value throughout an undulator. This is not strictly true, since
intrinsic dispersion is generated inside an undulator. We can
refer to the transfer matrix of an undulator or laser modulator
to study the evolution of 7, in an undulator radiator and modu-
lator to obtain a more accurate evaluation of their quantum
excitation contribution, as shown in Sect. 8.4.2. Our calcula-
tion shows that this will result in a significant difference in the
radiator’s contribution to €,, but not much difference for the
modulators. However, because the radiator’s contribution to €,
is negligible compared to that of the modulators, we still use
the simplified formula in Eq. (266) in our following discussion.

Vertical bending magnets are also present in the GLSF sec-
tion for optical manipulation to fulfill the bunch compression
or harmonic generation condition. However, in principle, we
can use weak dipoles to minimize their quantum excitation
contribution to vertical emittance and satisfy the symplectic
optics requirement simultaneously. The total length of these
dipoles should not be excessively long. Therefore, in our pre-
sent evaluation, we will assume that the quantum excitation
contribution from the two modulators is the dominant source
of ¢, if we consider single-particle dynamics alone.

8.4 Application of damping wigglers
8.4.1 To speed up damping

It is desired that Aeyy; is only a small portion of our desired
€, since then it provides room for other contributions of
vertical emittance, such as IBS and that from x—y coupling.
In principle, we can also use a weaker modulator field to
weaken the quantum excitation, but this means that the
laser-electron interaction will be less efficient, and a larger
laser power is needed if we want to imprint the same energy
modulation strength. Instead, we chose to increase the radia-
tion damping rate per turn. To speed up damping, which is
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helpful in controlling the vertical emittance growth from
both the quantum excitation and IBS, we may invoke one or
multiple damping wigglers. Horizontal planar wigglers can
be placed at dispersion-free locations. Thus, the damping
wiggler will contribute only damping and no excitation to
the vertical emittance. Assuming that

UOW = RW UOdipoles’ (267)

with Upgipotes = C},Eg / Pring the radiation energy loss per par-
ticle per turn from the bending magnets in the ring, U,,,, the
radiation loss from all the damping wigglers in the ring, and

2
R = UOW — l< BOW > Lw
Y UOdipoles 2 Bring 27 pring

(268)

where B, and L, are the peak magnetic field and total
length of the damping wigglers, respectively. Since the
damping rate is proportional to the radiation energy loss
per turn, then the damping constant will be a factor of R,,
larger by applying the damping wiggler

ay = (1+Ry)ay, (269)

with ay,, being the natural vertical damping rate without the
damping wigglers. Then, the above evaluated emittance
growth from the radiator, modulators, and dipoles will
become ﬁ of the original value. For example for the mod-

ulators, we have
17.8B-1 [T]BgM [TITH p[m]Ly[m]

ring )
. 270
1+R, 70

AeyM [nm] =

Putting the above relation in another way

Bring [T] A€yM [pm]

Lyylm] ~ 56.2(1+R,,) BT
™ oM

@271

We will use a rather strong superconducting damping wig-
gler or damping wigglers to speed up the damping to fight
against IBS diffusion and quantum excitation to main-
tain a small vertical emittance. For the parameters listed
in Table 2, By, = 1.33 T, Upgipores = 7.7 keV, By, =6 T
and L, =40 m, then U, =328 keV and R, = 42.9. By
applying such strong damping wigglers, we now have
AeyM = 13.4 pm, which is a factor of three smaller than the
desired ¢, = 40 pm and should be acceptable. Assuming the
circumference of the ring is C, = 200 m, the longitudinal
and vertical radiation damping times are correspondingly

Tsrp = 1.19 ms, 7,pp = 2.38 ms. (272)

We will compare this radiation damping speed with that of
the IBS diffusion later.

@ Springer

8.4.2 Impact of damping wigglers on energy spread,
horizontal emittance and phase slippage

Our primary goal of applying a damping wiggler is to speed
up radiation damping, but the damping wiggler also contrib-
utes to quantum excitation, thus affecting the energy spread
and horizontal emittance. We first investigated the energy
spread. Considering both the ring dipoles and damping wig-
gler, the new equilibrium energy spread is

3

37 \ Biing /  27Pring
Osw = 050 RV (273)
141 <ﬂ) w
2 Bring Z”pl‘ing
where
C, 2
q Y
z pring

is the natural energy spread in the absence of a damping
wiggler. Nominally, we have a longitudinal damping parti-
tion J, = 2. So

(275)

1 1
050 7 4.69 X 107*B} [TIE; [GeV].

For example, if B,,, = 1.33 T, and E, = 600 MeV, then

ring

o =42x10~ . When (22} L 51 and

60 ’ ’ 2 Bring 2”pring
i<Bﬂ>SL—W > 1, which means the energy spread is
3r Bring 27rpring ’ wht gy p !
dominant by the damping wigglers, we have
05y RO 8 Bow

sw ~ 9501 7

37 Bing (276)

L 1
~ 432 x 107*B [TIE; [GeV].

Therefore, given the beam energy, the new equilibrium
energy spread depends solely on the peak magnetic field
of the damping wiggler B,,,. For example, if E, = 600
MeV and B, = 6 T, then the asymptotic energy spread is
05, = 8.2 x 1074, This energy spread can affect the coherent
EUYV radiation power in a long radiator, as will be studied
in Sect. 8.9.

Now, let us examine the impact on the horizontal emit-
tance. We have said that we can place the damping wig-
glers at horizontally dispersion-free locations to minimize
their quantum excitation on €,. However, there will be some
intrinsic horizontal dispersion and dispersion angle, and thus
‘H, generated inside the wigglers. The strong field strength
raises the concern that the quantum excitation of the damp-
ing wigglers may result in horizontal emittance growth.
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Here, we present a quantitative evaluation of this. Part of
the content in this section can also be found in Ref. [50].

Typically, the central part of the wiggler has a sinusoidal
field strength pattern along the longitudinal axis. We set the
origin of the global path length coordinate s = O to be the
location of the peak magnetic field closest to the wiggler
center. Then the vertical magnetic field of a horizontal pla-
nar wiggler is

B, = By, cosh(k, x) cosh(kyy) cos(k,,s), 277

with B, the peak magnetic field and k,, = 27/ 4,, the wave-
number of wiggler, and & +k; = k;,. The linear transfer

H,(5) = BLs(s) = 2|Ej5(s)|* = 2| (W(s[0)E,(0)) ]

In a planar uncoupled ring, the normalized eigenvector of
the storage ring one-turn map corresponding to the horizon-
tal eigenmode at s = 0 can be expressed as the first vector in
Eq. (50). We assume a,, f,, are the Courant—Snyder func-
tions and D,, D', are the dispersion and dispersion angle
corresponding to the horizontal plane at s = 0, respectively.
Then the horizontal chromatic function H,, at s = 0 is

H,o = BL(0) = 2|E;5(0)|*

2
D3+ (agDy + oDy (280)
ﬁxO
The evolution of H, froms =0tos € [—%W, %“] is
(281)

2

ﬁxO

E}

1

Ho(s) = =———
(5 K

{[Dyop k2, + sin (ky,s)kys + cos(k,s) — 1]

where W; denotes the i-th row and j-th column matrix term
of W(s|0). Putting in the explicit expression of the wiggler
matrix terms, we have

(282)

+[Broky, (Pyky DLy — sin (kys)) + g (Dyopy k2 + sin (kys)kys + cos(k,s) — 1)]1*}.

matrix of X froms =0tos € [—%W, %“] with L, the wiggler

length is then [51]

We assume that the quantum excitation contribution from
the entrance and exit regions of the wiggler, where the field
strength deviates from the ideal sinusoidal pattern, is much
smaller than that of the central sinusoidal field region. Then

K
Lo 0 0 0 =51 —costkys)] the quantum excitation of a wiggler to the horizontal beam
0 1 0 0 0 —% sin(k,,s) emittance can be evaluated by the integral
sin(k, )
W(le) — 0 0 COS(kyS) —» 0 0 I 1% H (s) | LTW
0 0 —ksin(k,s) costk,s) 0 0 I, = / 9 gy L / " H.(5)] costh,s)ds,
Ws; Wsy 0 0 1 Wse ~ae o)l Py Sz
0 O 0 0 0 1 (283)
278)  where P = %eﬂc corresponds to the bending radius at the
€boy
where Ws; = —Wq, Ws; = —sWpe + Wy and location of peak magnetic field By, with f = /1 — yiz Put-
ting Eq. (282) in, we have
4 Lw 2 212 157\ Pw (DxO + aXODXO + ﬁxOD;o)
= & v gy 2R 4502 H —(1o+—> , (284)
W= 151 2 lﬂxo Vxoby Pk x0 3 b0
1+af0
24y K2 [sin(2k,s) — 4sin(k,,s) where y,o = =% and
W56 = —s5+ _2 ) (279)
/Iw Y 4kw 15 1 N,
= — [sin (x)x 4 cos(x) — 1]%] cos(x)|dx,
. _ 14K2/2 . . 3272 N3 J_
with 4y = ——=4,, being the fundamental on-axis resonant w J=Ny7
v (285)
wavelength.
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with N, = L,,/A,, being the number of wiggler period,
which is assumed to be an integer. Equation (284) is the
exact formula for the wiggler contribution to the radiation
integral /5, in an electron storage ring.

Given a specific N,, R can be obtained straightforwardly by
integration in Eq. (285). When NV, > 1, we have R ~ ﬁ and

4

W(DXO + axODx() + ﬂxOD;())

~ 4 L <ﬁ> a HxO
W 15n Pk 37r Pl

) (290)

(286)

157r>

2
I ® e l(ﬁ) 50 o~ (10+

b
ﬂ x0

where (f,),, is the average value of g, along the wiggler

nyLil
12

B = - / , Bls)ds = o+ (287)

?5 :g; )’ where E;5(0) and E;, (0) represent
11

the fifth and first term of the first eigenvector in Eq. (50) and
Arg() means the angle of a complex number, then Eq. (286)
can be written as

Denote y,q = Arg(

4
1
w15z p5 k2

2H
(10 1571' >pw x0
8 B

[(Bedw + 5pake oo

(288)
sin(;(o—E
T4

The first term in the above bracket corresponds to the
approximate formula found in the literature

4 LB
15z p3k2

Iy intrinsic ~ (289)
It can be viewed as the intrinsic contribution of a wiggler to
the radiation integral Is,, since there will be intrinsic disper-
sion and dispersion angle generated inside the wiggler even
if Do = 0and D/, = 0 as can be seen from the matrix terms
W, and W, of the wiggler. The second and third terms in

. Dy -
the bracket arise from a nonzero on When D! or — is of

0

the order X = s
y k
lattice, the contrlbutlon from this nonzero H,, in the bracket
could be comparable or even larger than the first term and
cannot be neglected. The more accurate formula derived
here should then be invoked to calculate the wiggler quan-
tum excitation of the beam emittance. When the third term

is much smaller than the second term, i.e., roughly when

HoB > (%'1
as

2
W) , Eq. (288) can be further approximated

@ Springer

where the first term accounts for the intrinsic contribution
and the second term accounts for the nonzero H,,,

From the above analysis, we can see that the minimum
Is,, is realized when

LW
D

23

and the minimal value is

0 = O, D),CO

ay =0, fo= =0, (Hy=0), 201)

4L

w
5\/_7r PR

Now we can evaluate the impact of the damping wigglers
on the equilibrium horizontal emittance to ensure that the
desired €, = 2 nm can be realized. From Eq. (53), the equi-
librium emittance with the damping wigglers is given by

(292)

Sw,min ~

y? Isy + Is,,

xw qJ_xlzo +1, (253)

where I, and /5 are the radiation integrals of the ring with-
out damping wigglers. Note that the natural emittance with-
out the damping wigglers is given by

2]
Y~ 150
=C,——.
€0 q T Iy (294)

If we want e, < €,

L and Eq. (292), we then have

2 .
then we need C;-2* <. Using
2w

W 2”

15 \/gﬂjxexol’?,v (295)
8Cyr2L,,

According to the above scaling, a longer wiggler length
requires a shorter wiggler period to control the quantum
excitation contribution to the horizontal emittance. This is
because the average values of f, and H, in the wiggler are
linearly proportional to L,,. However, note that the above
analysis assumes that there is only a single wiggler. If we
split the wiggler into N, identical cells with a fixed total
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length, we can make the contribution of the wigglers to
Is,, and thus quantum excitation to horizontal emittance
becomes a factor of N, smaller, while the contribution to
I,,, and thus the effect on radiation damping is unchanged.
Then, the tolerance of A,, can be a factor of \/N_WC larger.
Putting in the numerical numbers, we have a more useful
scaling

Ao [m] <319 \/NWCJXEO[GeV]exo[nm].
B} [TIL,[m]

(296)

Nominally J, = 1. For our example parameters given in
Table 2, E, = 600 MeV, ¢,y = 2nm, By,, =6T, L, =40m,
N,,. = 20 which means each small wiggler has a length of
2 m, then to realize €, < €,, we need

W —

Ay £0.168 m. (297)

A wiggler with a period length of 10 cm to 15 cm and a peak
field of 6 T is feasible using superconducting magnet tech-
nology. We recognize the impact of such a long (total length)
damping wiggler on single-particle nonlinear dynamics and
collective instabilities require further in-depth study, espe-
cially considering that the gap of such a wiggler is small to
realize such a strong field strength. Another practical reason
for splitting the wigglers into shorter sections is to avoid the
synchrotron radiation generated heating the magnet poles.
We also recognize that it may take some effort in the lattice
design to achieve the optimal conditions given by Eq. (291).

In addition to quantum excitation, the damping wiggler also
contributes to phase slippage. If B, =6 T, 4, =0.1 m,
L, =40 m which means a total wiggler period number
N,, =400, then the wiggler undulator parameter is
K, =0.934 x 6 X 10 = 56.04, then the fundamental reso-
1+K2 /2
The R of the entire damping wiggler is twice the fundamen-
tal frequency radiation slippage length R, 56 = 2N, 4,,, = 45.6
mm [17]. The total Rs of the ring used in Table 2 is approxi-
mately 1 m; then the contribution of the damping wigglers to
R is acceptable.

nance wavelength of the wiggleris 4., =

=57 pm.

8.5 Intra-beam scattering

We mentioned that our conservative choice of €, = 40 pm is
mainly due to the consideration of IBS. This can be understood
with more quantitative calculations. We will see that IBS is
the most fundamental obstacle in obtaining ultrasmall vertical
emittance in GLSF SSMB. This is partially because our choice
of beam energy was not too high. In addition, to realize high

EUV power, we need a high peak current, which means a high
charge density in the phase space.

We use Bane’s high-energy approximation [52] to calculate
the IBS diffusion rate

r2cNL, a _
— <0H83ane ( 3 > (5.5,)
16y3¢, €} azag
2
_ %) 1
€ Ts ’

N

1 InA
s

(298)

T Jo AV14+u2va?+u?
_on [b ,_on [B
v \ e r \e’

where r, = 2.818 X 10713 m is the classical electron radius
and L, =1In (b— ) is the Coulomb Log factor, with b,,,, and

b i, being the maximum and minimal impact factor for the
scattering process, respectively. Typically L. is in the range
of 10 to 20. N is the number of electrons in the bunch. For a
coasting beam, we need to replace o, = L/(2 \/;) where L
is the bunch length. Note that LE—Z/VC = Ip according to our defi-

nition, where /;, is the peak current.
Now, we input some example numbers to estimate the IBS
diffusion rate in a GLSF EUV SSMB ring:
E,=600MeV, I, =40 A, 6; =8.5x 1074,
€, =2nm, €, = 40 pm, (o) =4 X 1073,

42 L) = iy = 299

Z - Es gBane(E) = 0744, <(ﬁxﬂy) 4) — 032, ( )
2% 1.6x0.056 m

(Hy) = 200 =09 mm, L, = 10.

Note that in Table 2 we have H, = 0.056 m at the two modu-
lators, whose length are both 1.6 m. In evaluating (H,) we
only considered the contribution from the two modulators,
where H, reaches its maximum value. This is a simplifica-
tion but should provide a correct order of magnitude estima-
tion. Putting in the example numbers, we then have

TsIBS = 113 ms, TleS =7.11 ms. (300)

Compared with the radiation damping times given in
Eq. (272), we can see that even for the vertical dimension,
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the IBS diffusion is more than three times slower than the
radiation damping. Therefore, the IBS diffusion can now be
controlled by the strong damping induced by damping wig-
glers. This calculation also justifies the necessity or benefit
of applying the damping wigglers.

8.6 Microwave instability

Now, we want to evaluate whether the peak current of 40 A
we applied in the above example is feasible. One of the main
limitations of the peak current is the microwave instability
induced by coherent synchrotron radiation (CSR). According
to Ref. [53], the CSR-induced microwave instability threshold
is

(Scsp)m = 0.5+ 0.1211, (301)
with
Ry _ Ip1/3 _ rer _ 610.01/2

R o’ " 2mvgroy] gr (302)

20
and 2g is the separation between the two plates. So, the

threshold peak current is

I th,peak =

660|R56|1/2p1/2>

IAlfy<1 +0.24 | 22

eN, 1
2ron/c 2V 2n
2 z 1
G§0|R56| 3 |hggl
p1/3 ’
(303)

with I = < =17 kA being the Alfven current. The

Rss = —nC, is that of the entire ring. izp = eVRFEiqbskRF is
0

the linear energy chirp strength around the synchronous RF

phase ¢,. Putting in some typical parameters for the EUV

SSMB: E, = 600 MeV, B, = 1.33T, p = 1.5m,|Rss| = I m,

050 = 8.5x107%, g =4 cm, hgr = 0.01 m™!, then

Ly peac = 603X (14+0.31) A =79 A. (304)

h,peal

Therefore, our application of a peak current of 40 A should
be safe from microwave instability.

The astute reader may notice that one of the main rea-
sons we have a large threshold current here is the large
phase slippage or Rs, we applied for the ring. To avoid
confusion, first we need to clarify that in this example
of a GLSF SSMB-EUYV source, the electron bunch in the
ring can be a coasting beam or an RF-bunched beam, and
microbunching appears only at the radiator, owing to the
phase space manipulation of the electron beam in the
GLSF section. In our setup, we used an RF-bunched beam
in the ring. Therefore, the phase slippage factor of the ring
does not need to be small, whereas this is required in an
LWF SSMB ring. Then, the question becomes whether the
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required large phase slippage is feasible and what beam
dynamics effects it may have. As a reference, the Metrol-
ogy Light Source storage ring [54] in standard user mode
has an |Rs¢| =~ 1.6 m, which means a phase slippage factor
of 3.3 x 1072 given a circumference of 48 m. Therefore,
we believe that our application of |Rss| = 1 m is realiz-
able. However, we recognize that such a large R, requires
a large horizontal dispersion D, at the dipoles, since
—Rs¢ = nC, ~ 2x(D,), where (), means average around
the dipoles in the ring. A large D, may result in a large
'H,, and the quantum excitation of dipoles to the horizontal
emittance €, should be carefully evaluated. A large e, will
degrade the coherent EUV radiation [17, 55]. What we
need is |Rsg| ~ 1 m, and at the same time ¢, < 2 nm, and
some optimization may be required to realize such a goal.

Now, we check if the required RF system in the above
example calculation is feasible. The longitudinal beta
function at the RF cavity is §, & 1/nCy/hgr = 10 m, and
the RMS bunch length is 6, = 64,6, = 8.5 mm. To obtain
a beam filling factor of 0.5%, we require an RF wave-
length of approximately 1.7 m, which corresponds to an
RF frequency of 176.5 MHz. Then, the required energy
chirp strength of /g = 0.01 m~! means that the required
RF voltage is 1.62 MV. Such an RF voltage should be
achievable in this frequency range. Multiple cavities can
be invoked if it is too demanding for a single cavity to
reach the desired voltage.

We remind the readers that in this evaluation, we
assumed that the beam was RF-bunched. In our evalua-
tion of the IBS, we assumed that the beam was a coast-
ing beam. These evaluations mainly serve as an order of
magnitude estimation that supports the general feasibility
of our parameter choice. A more detailed analysis of the
collective effects will be necessary in the future develop-
ment of such a GLSF SSMB light source.

8.7 Energy compensation system

The large radiation loss of the electron beam in the ring,
particularly that induced by the strong damping wigglers,
must be compensated. Here, we present some prelimi-
nary analysis on the requirements of the energy compen-
sation system of such a GLSF SSMB-EUV light source.
From Table 2, the total radiation loss per particle per turn
is Uy = Updgipotes + Uow + Upr = 341.3keV, where the three
terms on the right hand side represent the radiation loss in
dipoles, damping wigglers and radiator, respectively. There-
fore, the synchronous acceleration phase corresponds to an
acceleration voltage of V.. = 341.3kV. Such a high voltage
is not easy to realize using an induction linac, considering
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that the required repetition rate is at the MHz level. There-
fore, we use conventional RF cavities to supply radiation
loss. Following the discussion in the last section, and assum-
ing that we have used an RF frequency of 166.6 MHz (RF
wavelength 1.8 m), we need an RF voltage of 1.72 MV to
realize an energy chirp strength of g = 0.01 m~!. Under
this parameter set, and consider Vpg >> V.., the RF bucket
half-height is [17]

2 e [h

51 = = — =5.73x1072,
2 ﬁszF T T’]CO

(305)

which is 67.465, with the energy spread o5, = 8.5 X 107*.
Therefore, the bucket half-height should be sufficiently large
to ensure the beam quantum and Touschek lifetime.

To relieve the burden on the RF cavities, we may use
three RF cavities to achieve the total RF voltage, with each
cavity having a voltage of 573 kV. To minimize the power
dissipated on the cavity, we need a large shunt impedance of
each cavity which here we assume to be R, = 20 MQ, then
the total power dissipated on the three cavity walls is

1 Vi
Py, = gR_RF =49.2 kW. (306)
S

The power delivered to the 200 mA average current beam is

Uy

Py, = IA? = 68.3 kW. (307)
Therefore, the power dissipated on the cavity walls was at
the same level as that delivered to the beam. We recognize
that a large shunt impedance may require effort to realize in
practice. If the shunt impedance is lower than the assumed
value, the power consumption on the wall will be corre-
spondingly higher. Superconducting RF cavities can be used
to reduce the power dissipation on the wall.

Generally, the total power consumption of the RF system
of an SSMB ring is at 100200 kW level. Together with the
power consumption of other systems, such as electromag-
nets, superconducting damping wigglers, and vacuum and
water cooling systems, the overall power consumption of
such an SSMB storage ring is at the level of several hundred
kWs. The output EUV power per radiator is approximately
1 kW. In principle, an SSMB ring can accommodate multiple
GLSF insertions and, therefore, multiple radiators; however,
we consider the case of only one radiator in the ring. There-
fore, for such a GLSF SSMB storage ring, it takes a couple
of 100 kWs of electricity to generate 1 kW of EUV light.
Such a large power consumption may raise the question of
the advantage of such an SSMB-EUV source compared to
the superconducting RF-based high repetition rate FEL-
EUYV source, particularly the energy recovery linac-based
FEL-EUYV source. For comparison, according to Ref. [56],

it takes 7 MW overall power consumption to generate 10
kW EUV light in an ERL-FEL EUV source, which means
700 kW electricity power per 1 kW EUV light. Therefore,
the overall power efficiency from electricity to EUV light for
the SSMB-EUV and ERL-FEL EUV source is comparable.
However, we remind readers that these numbers are only
rough estimates, and more in-depth studies are required to
reach a concrete conclusion. Another side comment is that
the radiation emitted by the damping wigglers may also be
useful.

8.8 Modulation laser power

We now evaluate the modulation laser power required. Given
the laser wavelength, modulator undulator parameters, and
the required energy chirp strength, we can use Eq. (221) to
calculate the required laser power

2

AL 1
P = h
420Zg | KWL (o1 (i ) k

y2myc? 27y

(308)

Using Theorem 1, i.e., Eq. (150), and let the equality in the
relation holds, we have

3
P o~ 1 ey 1 },i 55 (XFC2/1§}'7BOM
T 14 R, Aeyy (KIIJ)? 3737, 4813 C,ElBypng
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1 27y

2 2’
(25 L,
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27,

1. L
where ap = 318 the fine structure constant and R, is given

(309)

by Eq. (268). In the above derivation, we used the electron
momentum P, = ym_c and the approximation £, =~ Pyc. We
now attempt to derive more useful scaling laws to offer guid-
ance in our parameter choice for a GLSF SSMB storage ring.
As shown in Fig. 6, to maximize the energy modulation, we

need % =0.359 ~ % When K > \/E, we approximate the

resonance condition as

1+5 2
A= —2a s Xy (310)
2y2 4y2
and [JJ] ~ 0.7. Then we have
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Putting in the numbers for the constants, we obtain the

quantitative expressions of the above scalings for practical
use

1

1 € A

s z
S [nmIE; [GeVIBS,,[T]
1+ R, Aeyy '

P, [kW] ~ 5.7
L[kW] ]

2
o x[nm]B,

(312)
The above scaling laws are accurate when K > \/5, and it
should be noted that the calculated power refers to the peak
power of the laser. For completeness, here we give also the
modulator length scaling

Byl T1A¢, [pm]

Lyy[m] ~ 56.2(1 +R,, .
M ( ) Hyp[um]B,[T]

(313)

Therefore, to lower the required modulation laser power,
we can apply a large R,,, which indicates strong damping
wigglers. A low beam energy and short laser wavelength
are also preferred. However, their choices should consider
more factors, such as IBS and engineering experience of the
optical enhancement cavity, as explained in Sect. 4. A strong
bending magnetic field in the ring is also desired. A weaker
modulator field strength is favored to lower the required laser
power. However, note that the required modulator length
may be longer if we keep the quantum excitation contribu-
tion of modulators to vertical emittance Ae},M unchanged in
this process.

8.9 Radiation power

After microbunching is formed, now comes the radiation
generation. We will use a planar undulator as a radiator.
Coherent undulator radiation power at the odd-H-th har-
monic from a transversely round electron beam is [17, 55]

Py ek kW1 = LI83N,H y[JJ13,FF  (S)|b. 4|’ IL[A], (314)

where N, is the number of undulator periods,

2

W = [t =Tt p)| (315)
2 2

with y = Jﬁ, and the transverse form factor is
2 1/ 1 (25)?

FF,(S) = = |tan <—)+Sln SO |

15 P [ 28 ((25)2 +1 (316)

o2

where § = Z <, o, is the RMS transverse electron beam size,

u

b,  is the bunching factor at the H-th harmonic determined
by the longitudinal current distribution, and /p, is the peak
current.

The above formula was derived by assuming that the lon-
gitudinal and transverse distributions of the electron beam

@ Springer

do not change significantly in the radiator. The energy spread
of the electron beam can lead to a current distribution change
inside the undulator, considering that the undulator has an
Rs¢q = 2N, Ay, where A is the fundamental on-axis resonant
wavelength of the undulator. If we consider the impact of
the energy spread on coherent radiation, and assuming that
the microbunching length reach its minimum at the radiator
center, there will be a correction or reduction factor multi-
plied to the radiation power given by Eq. (314)

NE erf( 205N, Ao >

(317)
2 %%Nuflo

C

Here, we remind the readers that in our case of the GLSF
SSMB, the beam is not transversely round at the radiator.
Therefore, we used an effective round beam size to evaluate
the radiation power using the above formula. This effective
transverse beam size o, is between o, and o,. For a more
accurate calculation of the radiation power, we can use the
real beam distribution and invoke a numerical method [17].

With all the beam physics issues properly handled, we
have finally obtained a solution for a 1 kW EUV source
based on GLSF SSMB, as shown in Table 2.

9 Summary

This paper discusses our efforts to obtain a solution for 1 kW
EUV light source based on SSMB. Here, we provide a brief
summary of this endeavor. We start by presenting the gen-
eralized Courant—Snyder formalism to build the theoretical
framework for the following investigations. Based on the
formalism, we conducted a theoretical minimum emittance
analysis in an electron storage ring, from which we deter-
mined that to obtain a small longitudinal emittance, we
need to decrease the bending angle of each bending magnet,
which means increasing the number of bending magnets in
the ring. In principle, we can obtain a small longitudinal
emittance and a short bunch length along this line. How-
ever, there is practical limitation. To obtain a short bunch
length, we need to increase the bending magnet number and
lower the phase slippage factor of the ring. Using the pre-
sent realizable phase slippage, which at minimum is on the
order of 1 x 1075, a bunch length of a couple of 10 nm is
the lower limit if we apply the longitudinal weak focusing
regime. To compress the bunch length further, a longitudinal
strong focusing regime can be invoked, similar to its trans-
verse counterpart in the final focus of a collider, to compress
the longitudinal beta function, thus the bunch length at the
radiator significantly. This scheme can realize a bunch length
of the nanometer level, thus allowing coherent EUV radia-
tion generation. However, because the compression of the
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longitudinal beta function requires a strong energy chirp of
the electron beam, which is similar to a strong quadrupole
focusing strength in the transverse dimension, the modula-
tion laser power required is at the GW level, making the
optical enhancement cavity of the SSMB only work in a low
duty cycle pulsed mode, and thus limits the filling factor of
the microbunched beam in the ring, and thus the average out-
put EUV power. This leads us to the generalized longitudinal
strong focusing (GLSF) regime, which is the focus of this
study. The basic idea of the GLSF is to exploit the ultrasmall
natural vertical emittance in a planar electron storage ring
and apply partial transverse-longitudinal emittance exchange
to compress the bunch length or generate high-harmonic
bunching with a shallow energy modulation strength, thus
lowering the requirement for the modulation laser power.
The backbone of such a scheme is transverse-longitudinal
phase space coupling. To find a solution based on the GLSF
scheme, we first conduct a formal mathematical analysis
of transverse-longitudinal coupling (TLC)-based bunch
compression and harmonic generation schemes and prove
three related theorems that are useful in the later choice of
parameters and evaluation of laser power. We then discuss
the details of different specific coupling schemes, grouping
them into two categories: energy modulation-based coupling
schemes and angular modulation-based coupling schemes.
We derived the formulas for the bunching factor and laser-
induced modulation strength in each case and used them
for quantitative calculations and comparisons. Our conclu-
sion from these analyses is that the commonly used TEM,,
mode laser-induced energy modulation-based schemes are
favored for our application in SSMB, as its requirement on
the modulation laser power is lower than that in the angu-
lar modulation-based schemes. There are also various other
important physical issues to be considered in finding a solu-
tion, such as the quantum excitation contribution of the
GLSF section to the vertical emittance, the application of
damping wigglers to speed up damping and its impact on
the transverse emittance, intra-beam scattering and coherent
synchrotron radiation-induced microwave instability, and the
energy compensation system. The motivation of these stud-
ies is to make our choice of parameters as self-consistent as
possible from a beam physics perspective. Finally, based
on all the analyses and calculations, we present an example
parameter set of a GLSF SSMB light source that can deliver
1 kW average-power EUV radiation. This 1 kW EUV solu-
tion as shown in Table 2 summarizes the investigations pre-
sented in this study. Our study provides a basis for the future
development of SSMB.
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