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Abstract
In this paper, a novel method for investigating the particle-crushing behavior of breeding particles in a fusion blanket is 
proposed. The fractal theory and Weibull distribution are combined to establish a theoretical model, and its validity was 
verified using a simple impact test. A crushable discrete element method (DEM) framework is built based on the previously 
established theoretical model. The tensile strength, which considers the fractal theory, size effect, and Weibull variation, 
was assigned to each generated particle. The assigned strength is then used for crush detection by comparing it with its 
maximum tensile stress. Mass conservation is ensured by inserting a series of sub-particles whose total mass was equal to 
the quality loss. Based on the crushable DEM framework, a numerical simulation of the crushing behavior of a pebble bed 
with hollow cylindrical geometry under a uniaxial compression test was performed. The results of this investigation showed 
that the particle withstands the external load by contact and sliding at the beginning of the compression process, and the 
results confirmed that crushing can be considered an important method of resisting the increasing external load. A relatively 
regular particle arrangement aids in resisting the load and reduces the occurrence of particle crushing. However, a limit exists 
to the promotion of resistance. When the strain increases beyond this limit, the distribution of the crushing position tends 
to be isotropic over the entire pebble bed. The theoretical model and crushable DEM framework provide a new method for 
exploring the pebble bed in a fusion reactor, considering particle crushing.
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1  Introduction

Granular materials are widely used for tritium breeding and 
neutron multiplication in the pebble beds of breeding blan-
kets of fusion devices. Understanding the mechanical mech-
anisms of pebble beds has become crucial in recent years. 
Numerous studies have been conducted on granular packing 

characteristics [1–4], mechanical properties of single peb-
bles [5–7], purge flow characteristics [8–11] and heat-mass 
transfer [12–14]. Experimental and numerical investigations 
have been conducted to gain a deeper understanding of peb-
ble beds. However, some studies have proposed that particle 
crushing is inevitable in the blanket, and the main reasons 
can be summarized as follows: (1) Granular particles are 
frequently confined in a random dense packing structure, 
which means that the surface of a single particle may have 
multiple contacts with neighbors, resulting in a relatively 
complicated stress condition. (2) Granular materials are 
subjected to thermal loads, and the differences in the coef-
ficient of thermal expansion between particles or between 
particles and structural materials can result in complex load-
ing conditions, leading to particle crushing. (3) Extreme 
service conditions in fusion reactors require consideration 
of electromagnetic disturbances and neutron irradiation, 
which create significant uncertainties in the stress state of 
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the particles. Particle crushing has been observed in some 
experiments, i.e., ceramic pebbles in the HELICA [15, 16] 
and EXOTIC [17, 18] facilities exhibit varying degrees of 
crushing. Particle crushing may affect some key parameters 
of the fusion blanket, such as the effective thermal conduc-
tivity; thus, the possible crushing phenomenon should be 
considered and a more in-depth study should be conducted 
on the evolution of the crushing event.

To date, several studies have focused on the crush-
ing behavior of pebble beds. For example, in Ref. [18], a 
probability analysis model of particle-crushing energy was 
proposed, and crushing behavior in ceramic pebble beds in 
a fusion blanket was analyzed. Some researchers [19, 20] 
considered the critical storage elastic energy as the crite-
rion to determine whether the particles are crushed; after 
converting the data obtained in the experiment into the 
equivalent elastic strain energy, Zhao et al. found that the 
distribution of the equivalent elastic strain energy conformed 
to the Weibull distribution; thus, an energy-based crushing 
criterion was applied to a discrete element method (DEM) 
simulation. Wang et al. [21] established a new method to 
simulate crushed particles, where the original particle was 
replaced by several sub-particles, two hemispherical walls 
of the same diameter as the original particle moved axi-
ally in the cylindrical region, and the randomly generated 
sub-particles were compressed to the location of the last 
time step before the original particle crushing, keeping 
the particle at the original point of breakage. Based on the 
hypothesis of different crushing rates, the evolution law of 
the mechanical properties was investigated using the DEM. 
The probabilistic crushing strength of Li4SiO4 pebbles was 
reproduced in DEM simulations using the random sub-ball 
removal scheme in Ref. [22], and the authors quantitatively 
analyzed the size-dependent crushing strength and fragment 
size. Our previous work [23] also established a theoretical 
model of the crushing behavior description, and the fractal 
theory and Weibull distribution were combined to describe 
the size distribution and strength variation. A brief intro-
duction and previous research are included in this paper in 
Sect. 2.

Currently, only a few studies have been conducted on 
particle-crushing behavior in fusion blankets, and many 
reports have been published on particle-crushing behavior 
in other fields, such as geotechnical engineering [24–27] 
and chemical engineering [28, 29]. McDowell et al. derived 
the relationship between the compression rate under a uni-
axial compression test (UCT) and the fractal geometry of 
the crushing and proposed that the premise of using fractal 
theory is that the particle is assumed continue to crush if 
the stress continues to increase. Nakata et al. [30] derived a 
particle-crushing law using a triaxial test based on the sta-
tistical distribution of the single-particle-crushing strength, 
which was determined using single-particle-crushing tests. 

A limitation of this method is that some assumptions are 
made when calculating the particle stress for crushing pre-
diction, which lacks experimental evidence, and the stress 
distribution at the particle level may be highly heterogene-
ous. The application of scanning electron microscopy (SEM) 
and computed tomography (CT) for the experimental obser-
vation of particle-crushing behavior is of interest [31–34]. 
High-resolution CT images provided by nanoscale-focused 
scanners can directly distinguish and quantify the contact 
between particles, which means that the technology may be 
used to observe topological evolution in the particle system. 
However, the limitation of this technology is that CT imag-
ing cannot capture the interaction force between particles, 
which is essential for understanding crushing behavior.

As demonstrated and discussed above, from theoreti-
cal models, experimental studies, and numerical investi-
gations, the evolution of particle crushing in the pebble 
bed has not been fully studied, and advanced and effective 
tools to accurately and reasonably model the crushing pro-
cess are still lacking; thus, the subsequent evolution law 
cannot be explored. This paper presents a novel method for 
describing and modeling the pebble bed of a fusion blan-
ket that considers crushable particles in the system. A par-
ticle-crushing model that considered the size distribution 
of fragments, fractal dimension, size effect, and variation 
in particle strength is derived and demonstrated. Based on 
the theoretical model, the crushable DEM framework is 
built and used to explore the evolution of crushing behav-
ior. The paper is organized as follows: The first section has 
introduced the background and reviewed previous research 
results. The Section II briefly describes the derivation of 
the theoretical model; more detailed information can be 
found in Ref. [23]. Section 3 proposes the crushable DEM 
framework and calculation process, and Sect. 4 presents 
a numerical investigation of crushing evolution. The final 
section presents the conclusions and key findings of the 
study.

2 � Theoretical model

In this paper, a theoretical model for describing crushing 
behavior is derived by combining fractal theory and the 
Weibull distribution. During a crushing event, pebbles in a 
pebble bed break into several sub-parts, and the self-simi-
larity between the sub-parts and the whole can be described 
using fractal theory. Specifically, the mass of a sub-part 
within a size of �L can be expressed as M(�L) = �dM(L) , 
where L is the size of the original body, and 𝜁 < 1 is the scal-
ing coefficient. Regarding the crushing behavior of the peb-
ble bed, the number of pebbles with radius r, N(r), should 
follow a fractal distribution:
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where D is the fractal dimension of the crushed pebble bed, 
and a larger D often indicates a more significant extent of 
the crushing behavior.

The function F(r) defines the cumulative proportion of par-
ticles with radii less than or equal to r. However, because of 
the dynamic changes caused by crushing events, the particle-
size distribution function should also be a function of time � , 
denoted by F(r, �) . The number of particles with radii ranging 
from r to r + dr is expressed as

The proportionality coefficient determined by the material 
properties is denoted by k1 . The number of particles rang-
ing from r to r + dr has two sources: First, larger particles 
with a radius of a(a > r) would break into several pieces, 
some of which would fall within the interval r to r + dr . 
This part, denoted as ΔN1 , has a positive effect on Nr→r+dr . 
Second, particles with a radius of r would break into smaller 
sub-parts, which negatively influences Nr→r+dr . Therefore, 
to consider these two factors together, Nr→r+dr takes the fol-
lowing form:

In this equation, v(a) denotes the crush rate for particles 
within the radius r, and �(a, r) is the distribution function 
of larger particles with radius a crushed into sub-particles 
with radius r. v(a) and �(a, r) obey the power laws v(a) = �rk 
and �(a, r) = (k∕a)k . By substituting them into Eq. (3), the 
solution is obtained as follows:

where �(r, �) is the distribution function of particles with 
radii larger than r, and �(r, �) = 1 − F(r, �) . The radius 
range in the pebble bed of a fusion reactor is typically nar-
row; thus, �(r, 0) can be assumed to be equal 0 for calcula-
tion simplification. Eq. (4) can be expressed as

Equation (5) can be substituted into the expression of F(r, �):

Combined with the relationship found in previous literature, 
�t = rc

−k , Eq. (6) can be rewritten as follows:

(1)N(r) ∝ r−D,

(2)Nr→r+dr = k1
�

��

�F(r, �)

�r
drd �.

(3)

k1
�

��

�F(r, �)

�r
dr d� =

∫
rmax

r

v(a) d�
�F(a, �)

�a

��(a, r)

�r
dr da

−v(r) d�
�F(r, �)

�r
dr.

(4)�(r, �) = �(r, 0)e−�r
k� ,

(5)�(r, �) = e−�r
k� .

(6)D(r, �) = 1 − �(r, �) = 1 − e−�r
k� .

The particle-size distribution function F(r) has the follow-
ing form:

where N(r) and n(r) represent the numbers of particles 
with radii larger and smaller than r, respectively, and the 
total number of packed pebbles in the bed is denoted by Nt . 
According to the fractal distribution, the number of particles 
with a radius larger than r can be expressed in the power-law 
form: N(r) ∝ r−D . Here, we substitute its differential form 
dN(r) ∝ (−D)r−D−1 into Eq. (8) and obtained

Note that the equations presented above are established 
based on the number of particles rather than their masses. 
However, given the large number of particles present in the 
small pebbles packed in the pebble bed, the mass distribu-
tion was used in this study. Specifically, the mass distribu-
tion is denoted by D(r, �) = M(r)∕Mt = (r∕rc)

k , where M(r) 
and Mt represent the mass of particles with radii smaller than 
r and the total particle mass, respectively. The differential 
form of the mass distribution can be expressed as

where � is the density of the pebble material. Taking the 
above equations together, the differential form of F(r, �) is 
dD(r, �) ∝ r2−D dr . Thus, F(r, �) can be obtained by integrat-
ing its differential form:

By comparing the initial ( D(r, �) = M(r)∕Mt = (r∕rc)
k ∝ rk ) 

and final forms ( D(r, �) = Ar
3−D ) of F(r, �) , the relationship 

between the fractal dimension and the parameter k can be 
derived as

When considering the crushing strength of pebbles in a 
packed bed, the size effect must be considered, as the pebble 
bed in a fusion reactor may not have a mono-sized distribu-
tion because of the initial polydisperse arrangement (e.g., 
the beryllium bed used for neutron multiplication) or the 
crushing behavior of pebbles. The crushing strength is typi-
cally determined using uniaxial compression tests on several 
particles and can be calculated as �c = Fc∕Sc , where Fc and 
Sc are the crushing loads obtained in the compression tests 
and nominal contact area between the particle and plate. 

(7)
D(r, �) = 1 − e

(

−
(

r

rc

)k
)

.

(8)F(r) =
n(r)

Nt

,

(9)dF(r) ∝ dn(r) ∝ − dN(r) ∝ r−D−1 dr.

(10)dM(r) = Mt dD(r, �) =
4

3
��r3 dn(r),

(11)D(r, �) = ∫
r

0

r2−D dr = Ar3−D.

(12)k = 3 − D.
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For spherical pebbles used in a fusion reactor, Sc must fol-
low Sc ∝ r2.

In addition to the crushing strength, the inherent crushing 
strength �e is introduced here, which is determined solely by 
the material properties and is defined as �e = Fc∕Sa , where Sa 
denotes the actual contact area. According to fractal theory, the 
contact area between the particle and compression plate can be 
considered a transformation process from a higher dimension 
(3D) to a lower dimension (2D), resulting in the reduction in 
the particle’s dimension by 1. Therefore, for a crushed pebble 
bed with an original fractal dimension of D, the contact area 
can be expressed as

Taken together, we can obtain the relationship between the 
crushing strength and fractal dimension: �c = �er

D−3 . For 
clarity, its logarithmic form is used:

The crushing strength frequently demonstrates significant 
variations owing to the existence of initial defects and 
cracks. The Weibull distribution has been widely used to 
predict survival probability when particles are subjected 
to a specific external load. The Weibull distribution can be 
expressed as

where �0 is the characteristic stress, and m denotes the 
Weibull modulus. Often, the parameter n has the following 
form: n = (

r

r0
)3 . However, in this paper, to implement the 

(13)Sa ∝ rD−1.

(14)log �c = (D − 3) log r + f
(
�e
)
.

(15)Pn(�, n) = exp

[

−n

(
�

�0

)m]

,

fractal theory in the theoretical model, we rewrite n as 
n = (

r

r0
)D  [23] and Eq. (15) as

To determine the mathematical correlation between m and 
D, which are the two main parameters in the Weibull and 
fractal theories, and for the probability illustrated in the 

above equations to be constant, i.e., 
[

−
(

r

r0

)D(
�

�0

)m
]

= C , 

we can obtain the following relationship:

A series of impact tests was conducted to verify the validity 
of the theoretical model established in this paper. The test 
apparatus, as shown in Fig. 1, consisted of a cylindrical con-
tainer mounted on a base, a drop hammer weighing 286 g, 
screens ( 0.0625 − 5mm ), a high-precision electronic scale, 
and glass particles. Spherical glass particles with a radius of 
r =2.5 mm (specific gravity: 2.4 − 2.6 g∕cm3 ) were used to 
form a packed bed. Note that glass particles were used owing 
to their widespread use in previous studies. Different parti-
cles may have significant differences in the physical prop-
erties and mechanical behavior. However, the impact test 
aimed to simulate the key characteristics, crushing behavior, 
and evolution of pebble accumulation; the influence of mate-
rial performance differences was not significant. The number 
of bed layers n, impact time i, and drop height h were varied. 
After each impact test, the particles were sieved manually to 
obtain the mass distribution within each range. The cumula-
tive distribution was plotted in a double logarithmic coordi-
nate system, and the fractal dimension of particle crushing 

(16)Pn(�, r) = exp

[

−

(
r

r0

)D(
�

�0

)m
]

.

(17)m = D∕(3 − D).

Fig. 1   (Color online) Test 
apparatus used to validate the 
theoretical model
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was calculated using the slope k of the fitted straight lines 
according to Eq. (12). Three replicates were performed for 
each group to minimize test errors.

Single-layer ( n = 1 ) and two-layer ( n = 2 ) pebble beds 
with 12 and 24 particles, respectively, were formed. The 
impact times were varied in the ranges of 16–20 ( n = 1, h =

15.5  cm), 5–11 ( n = 1, h =20.5  cm), 26–28 ( n = 2, h =

35 cm), and 17–21 ( n = 2, h =40.5 cm). The experimental 
results are presented in Fig. 2. Each data point in the figure 
represents the mean of three replicates and is denoted by 
Dni(h) , where n and i are the number of bed layers and the 
impact time, respectively. The subscripts n and i represent 
the exact values. The letter h in parentheses indicates the 
hammer drop height during the test. The y-axis denotes the 
logarithm of the cumulative distribution �r , and the x-axis is 
the logarithm of the particle radius r. The sub-figure in each 
plot shows the relationship between the impact energy of 
the unit mass particles Em and the fractal dimension Dni(h) . 
Em is calculated as Em = E∕mp = imgh∕mp (J/kg), where m 

and mp denote the weight of drop hammer and particles, 
respectively.

The experimental results shown in Fig. 2 demonstrated 
highly significant linear trends in all the test cases. The frac-
tal dimension of the particle-crushing behavior changed with 
the impact time, number of bed layers, and drop height. Spe-
cifically, the fractal dimension increased with the impact 
time, indicating an increase in the extent of crushing. 
However, with an increase in the impact energy, the fractal 
dimension, which can be considered a measure of the degree 
of crushing, reached a limit beyond which the pebbles in the 
packed bed could not be crushed any further. This phenom-
enon corresponded with physical practice.

Another aspect of concern is the evolution rate of crush-
ing behavior in a packed bed. For the single-layer packed 
bed results shown in Fig. 2a and b, the impacts required to 
achieve the final state were five and seven at h =15.5 cm and 
h =20 cm, respectively. For the two-layer bed, the required 
impact times were 3 and 5, respectively. These results 
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suggest that the rate of crushing evolution changes more 
rapidly in a two-layer bed than in a single-layer bed. In con-
trast, the opposite was true for the amount of change in the 
fractal dimension. The test results showed that ΔD was 0.545 
( h =15.5 cm), 0.2247 ( h =20.5 cm) for single-layer beds, 
and 0.116 ( h =35 cm), 0.08 ( h =45.5 cm) for two-layer beds. 
These results can be explained by the fact that the contact 
and topology are more stable in a two-layer bed because the 
pebbles can resist external loading through pebble–pebble 
and pebble–wall contacts. The network force chain generated 
in a two-layer bed can withstand impact loading in the axial 
direction. For single-layer beds, axial force chains cannot be 
used to resist loading, resulting in a more dramatic change 
in the extent of crushing.

3 � Crushable DEM framework

3.1 � Discrete element method

In this paper, a numerical method based on the established 
theoretical model within the DEM framework is demon-
strated and used to study crushing behavior evolution in the 
pebble bed of a helium-cooled ceramic breeder (HCCB) 
blanket. Cundall and Strack proposed the DEM, and its 
model involves two stages: (1) The interaction force is calcu-
lated performed based on the provided particle positions and 
mechanical models when a pair of particles interpenetrate 
each other; (2) the acceleration of the particles is then deter-
mined using the force obtained in the last step and Newton’s 
second law, and the new position of the particle is calculated 
using time-stepping integration.

Newton’s law is expressed as follows:

where m and I denote the mass and moment of inertia, 
respectively. v and � are the translational and angular veloci-
ties, respectively. Fi and Mi represent the force and rele-
vant torque applied to the particle, respectively. The force 
applied to the particle body consists of several parts, which 
can be expressed as Fi = Fb + Fc + Fexternal , where Fb , Fc , 
and Fexternal represent the body, contact, and external forces, 
respectively. The contact force Fc can be divided into normal 
and tangential forces, denoted as Fn and Ft , respectively. The 
normal and tangential contact forces are functions of the 
overlaps ( �n or �t ) and relative velocities ( vn or vt ) between 
the contact pairs. The detailed calculation methods for Fn 
and Ft are given as

(18)
∑

Fi = mivi,
∑

Mi = Ii�i,

(19)Fn =(−4∕3)E
∗
√
(R∗�n) − 2

√
5∕6�

√
(Snm

∗)vn,

where E∗ and R∗ denote the equivalent modulus and radius 
and can be calculated as 1

E∗
=

1−�2
1

E1

+
1−�2

2

E2

 and 1
R∗

=
1

R1

+
1

R2

 , 
respectively, where E, � , and R are the particles’ Young’s 
modulus, Poisson’s ratio, and radius, respectively. The over-
lap in the normal and tangential directions is a critical vari-
able during the force calculation. The normal overlap �n can 
be easily determined using �n = R1 + R2 − d12 , where R1 , R2 , 
and d12 represent the radii of particles 1 and 2 and the dis-
tance between the two particle centers, respectively. The 
tangential overlap �t requires an integral of the tangential 
velocity �t = ∫

Δt
vtdt . The normal stiffness Sn and tangential 

s t i f f n e s s  St  i n  E q .   ( 2 0 )  a r e  g i ve n  a s 
Sn = 2E∗

√
R∗�n, St = 8G∗

√
R∗�n  , where the equivalent 

shear modulus G∗ =
2−�2

1

G1

+
2−�2

2

G2

 , G represents shear modu-
lus of particles: G = E∕(2 + 2�) ( � : coefficient of friction). 
The damping effect can be introduced by setting an appropri-
ate coefficient of restitution e, which can be considered a 
function of e: � = lne∕

√
ln2e + �2 . Coulomb’s friction law 

is used to determine the occurrence of sliding between par-
ticles: Ft = −�||Fn

||
�t

�n
.

3.2 � Stress and strength in the DEM

Generally, a UCT can measure the crushing strength of a sin-
gle particle. However, as a granular assembly, the crushing 
strength of pebbles in a pebble bed may differ significantly 
from that of a UCT because the pebble stress is affected by the 
multi-contact scenario, which results in a much more compre-
hensive stress condition. Extensive research has proved that 
the results obtained in DEM simulations, where the tensile 
strength of particles was used as the breakage criterion, agree 
closely with experimental data. Therefore, in this study, ten-
sile strength was selected to control the occurrence of particle 
crushing. To connect the contact force in mesoscopic with the 
stress level macroscopically, we use the following equation:

where Vs and Z denote the particle volume and coordination 
number, respectively. li

m
 denotes the m-th component of the 

unit normal vector of the i-th contact. f i
n
 denotes the n-th 

component of the i-th contact force vector. For a 3D simula-
tion, the primary and secondary stresses of a particle can be 
calculated as follows:

(20)Ft = − 8G∗
√
(R∗�n)�t − 2

√
5∕6�

√
(Stm

∗)vt,

(21)�mn =

∑Z

i=1
li
m
f i
n

Vs

,

(22)�1 =
�11 + �33

2
+

√

(
�11 − �33

2
)2 + �13�31,
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The maximum tensile stress should be perpendicular to the 
direction of the first principal stress and is given as

Thus, �t,max of each generated particle is calculated at every 
timestep, and �t,max is compared with the tensile strength of 
the particle, whose calculation and assignment processes 
are discussed below.

The established theoretical crushing model suggests that 
the crushing strength can be calculated using Eq. (16), which 
has been modified by considering the fractal theory and 
Weibull distribution. The variation in the particle-crushing 
strength is first discussed by considering a mono-sized peb-
ble bed, where the size effect of the crushing strength could 
be neglected. r in Eq. (16) can be considered a constant 
equal to the reference radius r0 , and Eq. (16) takes a new 
form:

To obtain the probability distribution of the particle-crush-
ing strength, we must derive Eq. (25).

The size effect of the crushing strength is reconsidered by 
modifying the above equation based on fractal theory:

(23)�3 =
�11 + �33

2
−

√(�11 − �33

2

)2

+ �13�31.

(24)�t,max = (�1 − 3�3)∕2.

(25)Pn(�, n) = exp

[

−

(
�

�0

)m]

.

(26)pn(�, n) =
m

�0

(
�

�0

)m−1

exp

[

−

(
�

�0

)m]

.

The tensile strength of a particle of radius r is calculated 
using Eq. (27). The tensile strength is assigned to each par-
ticle when the particle is generated. From a single-particle 
perspective, the given tensile strength is random owing to 
the randomness of the Weibull distribution, whereas from a 
pebble bed perspective, the assigned tensile strength of all 
the particles obeys the Weibull distribution, which is consist-
ent with the characteristics of the strength variation caused 
by randomly distributed initial cracks and defects. The maxi-
mum tensile stress on each particle is updated using Eq. (24) 
at every timestep and compared with its tensile strength, 
which is calculated using Eq. (27). The particle breaks when 
𝜎t,max > pn(𝜎, r).

3.3 � Crushable DEM framework

A detailed schematic of the crushable DEM framework is 
presented in Fig. 3. Local stress mutations frequently exist 
when the crushing of particles occurs because the particles 
are broken into several pieces, and the spatial distribution 
of solid particles experiences a dramatic change. We adopt 
the radius reduction method to reproduce the local stress 
mutations used in our previous study. The particle deter-
mined to be crushed would experience a radius reduction 
from r to 0.5r. However, the mass of the pebble bed 
decreases as the radius of the crushed particles decreases; 
thus, system mass loss occurs and can be conserved by 
injecting sub-particles into the pebble bed. The mass loss 
introduced by a single particle is calculated as 

(27)pn(�, n) =
m

�0

(
�

�0

)m−1

exp

[

−

(
�

�0

)m](
r

r0

)D

.

Fig. 3   (Color online) Framework of crushable DEM
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Δm = 4

(

�r3� − �

(
R

2

)3

�

)

∕3 = 7��r3∕6 . The total mass 

of the pebble bed was monitored during the simulation, 
and several sub-particles were randomly inserted into the 
pebble bed when the mass loss of the pebble bed system 
was greater than 7��r3∕6 . The feasibility of this sub-par-
ticle insertion approach is validated in Ref. [35].

We now examine the sub-particles injected into the 
system. Using the established theoretical model, the size 
distribution of the particle fragments was assumed and 
proven to obey the fractal distribution. The integral inter-
val in Eq. (11) was changed from 0 → r to r1 → r2 , and the 
proportion of the mass of particles with radii between r1 
and r2 can be obtained as follows:

Granular materials lithium orthosilicate (OSi) and lithium 
metatitanate (LMT) are commonly used in fusion blankets 
for tritium breeding. Consequently, we selected to simu-
late OSi pebbles (Li4SiO4 pebbles) in the crushable DEM 
case. The Weibull modulus m and characteristic stress 
�0 for the Li4SiO4 pebbles with a radius of 0.5 mm were 
obtained from experiments conducted by other research-
ers: �0 =30.2 MPa and m = 3.97 . Using Eq. (17), we cal-
culated the fractal dimension of the Li4SiO4 pebble as 
D = 3m∕(m + 1) = (3 × 3.97)∕(3.97 + 1) ≐ 2.396 . Conse-
quently, we can rewrite Eq. (28) as follows:

This equation relates to the change in mass between the two 
radii, r1 and r2 , of the OSi pebbles.

For a lower computing cost, the radius range of inserted 
sub-particle was limited to 0.08 − 0.24mm , and the sub-
particle size followed the fractal distribution with fractal 
dimension D = 2.396 . The size distributions of r, calcu-
lated using Eq. (29), are listed in Table 1.

(28)∫
r2

r1

r2−Ddr = (3 − D)(r3−D
2

− r3−D
1

).

(29)Mr1→r2
= 0.604(r0.604

2
− r0.604

1
) ∝ r0.604

2
− r0.604

1
.

4 � Crushable DEM simulation of UCT 
on the pebble bed in a fusion blanket

4.1 � Numerical experiment setup

The crushable DEM framework was implemented in 
LIGGGHTS-PUBLIC, which is an open-source DEM parti-
cle simulation software based on LAMMPS. An annular cyl-
inder container model with an outer diameter dout =57 mm, 
inner diameter din =17 mm, and height H =156 mm  [36] 
was constructed and imported into LIGGGHTS as an .stl 
file to hold OSi particles. Li4SiO4 pebbles were generated 
from an insertion face located at the top of the container and 
were allowed to fall under gravity. Ultimately, 423736 Li4
SiO4 pebbles were packed into a container. The total kinetic 
energy of the system kn was closely monitored during the 
packing and rearrangement processes, and the system was 
considered to be in equilibrium when kn < 1 × 10−10 J. When 
equilibrium was reached, a compression plate was used to 
compress the pebble bed at a constant velocity of 0.1 mm/s 
in the negative z-direction. The compression process ended 
when a target bed strain of 0.35% was reached, where the bed 
strain was defined as the ratio of the change in bed height to 
the initial bed height: � = ΔH∕Hi . Table 2 lists the details of 
the DEM parameters used in the simulations. As the pebble 
bed consisted of spherical pebbles made of a high Young’s 
modulus material and rolling friction is typically used to 
account for particle shape and interparticle contact, the roll-
ing friction model was omitted in this study to reduce com-
putational costs.

4.2 � Results and discussion

Figure 4a–g depicts the evolution of the number of crushed 
particles (denoted as � in the figures) during the loading 

Table 1   Mass and quantity percentage of inserted sub-particles

Radius, r ( mm) 0.08−0.12 0.12−0.16 0.16−0.20 0.20−0.24

Mass percentage (%) 29.47 25.74 23.29 21.50
Quantity percentage 

(%)
65.69 20.91 8.90 4.50

Table 2   Main parameters in the crushable DEM simulation 
(LIGGGHTS−3.80)

Parameter Value

Diameter for original particle, d1 (mm) 1
Diameters for crushed particle, d2 (mm) 0.5
Diameters for sub-particle, ds (mm) see Table 1
Density, �p ( kg∕m

3) 2323
Young’s modulus for particle, Ep (GPa) 90
Young’s modulus for wall, Ew (GPa) 200
Poisson’s ratio for particle, �p 0.24
Poisson’s ratio for wall, �w 0.23
Coefficient of restitution, e 0.1
Coefficient of friction, � 0.3
Compression rate, V (mm/s) 0.1
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phase, with the radial ( rp ) and axial ( hp ) positions normal-
ized by the cylindrical radius ( R ) and height ( H ). As the 
bed strain � increased from 0 % to 0.35% , the value of � also 
increased dramatically from 5 to 2223 as a direct result of 
the larger stress applied to the pebbles because of the more 
significant bed strain. Typically, granular assemblies resist 
mechanical loading through a rearrangement process that 
occurs within the spatial topology of the system. However, 
there are limitations to this resistance ability, beyond which 
the particle-crushing process must be employed to enable 
external load sharing throughout the system.

The distributed densities of the crushed particles for 
each case are plotted in Fig. 4a–g, which highlights areas 
with relatively high densities as hot zones, which appear 
darker in color. The changing trend of the hot zones could 

be analyzed in both the horizontal (x) and vertical (y) direc-
tions. The hot zone was observed to move toward the right 
side with increasing bed strain along the x direction, indi-
cating that the primary crushing events mostly occurred at 
the center of the pebble bed. As the compression loading 
increased, more crush events occurred near the container 
wall, highlighting the wall effect of the crush event loca-
tions, as well as the packing structure. The stress condition 
near the container wall became increasingly complex with 
an increase in compressive loading, resulting in a relatively 
looser packing structure and a larger gradient of the stress 
field compared to the central area, potentially resulting in a 
stress state mutation in the near-wall region. Pebbles have a 
coping mechanism called crushing to solve stress state muta-
tions. Therefore, we can conclude that the spatial topology 

Fig. 4   (Color online) Evolution of particle-crushing behavior. a–g Hot zone distribution evolution under the UCT. (h) Stress–strain relationship 
and change trend of the crushed particle number with stress
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influences the occurrence of crushing events in the pebble 
bed. A crushing wall effect similar to that of the packing 
factor was observed during the loading phase, in which the 
stress field changed more dramatically. The crushing of par-
ticles acted as a protective mechanism to prevent the failure 
of the granular material.

Regarding the changing tendency of the hot zone along 
the axial direction of the pebble bed, the figure shows that 
the hot zone moved upward with increased external com-
pression in the normalized coordinate system. This suggests 
that when the bed strain increased, the location of particle 
crushing shifted to the top of the bed. During the initial 
compression stage, the particles located at the bottom of 
the pebble bed were more susceptible to crushing because 
of the larger loading resulting from the gravity of the upper 
particles. Specifically, the gravitational force played a sig-
nificant role in the particle-crushing behavior. As the bed 
strain increased, the bed stress also increased, whereas the 
gravitational field remained constant, resulting in a decrease 
in the share of gravity in the total particle loading and a 
subsequent reduction in the impact of gravity. The granular 
system transformed into a state dominated by mechanical 
loading. More crushing events occurred near the contact 
area between the plate and pebble bed, indicating that the 
stress conditions were much more complex than those at 
other positions. The changing trend of the hot zone in the 
axial direction further corresponded with the conclusions 
drawn in the previous section. The internal spatial topology 
of the pebble bed significantly influences the occurrence of 
particle crushing. Along the axial direction, the presence of 
the compression plate led to an increased degree of random-
ness in particle stacking, and the spatial topology structure 
became increasingly unpredictable in regions closer to the 
plate. Overall, in the axial direction, the particles could resist 
gradually increasing external mechanical loads by undergo-
ing particle crushing. The crushing of particles in the upper 
layers also protects the integrity of the lower layers to some 
extent, preventing them from being damaged. This protec-
tive effect can effectively prevent a significant reduction in 
the tritium breeding performance of a blanket subjected to 
unexpectedly large axial loads.

The stress–strain relationship and the change trend of 
the number of crushed particles with stress are plotted in 
Fig. 4h. The power-law relationship between the number of 
crushed particles and stress in the bed can be observed from 
the graph, which is somewhat analogous to the relationship 
between stress and strain. As the strain on the pebble bed 
continued to increase, the axial load on the granular material 
also increased, and the generated stress rapidly increased 
with increasing magnitude and speed owing to the gradual 
collapse of the internal mechanism that initially resisted the 
external loads. Relying solely on measures such as friction, 
shear, compression, small deformation of particles, and 

spatial topological adjustment cannot ensure the stability of 
the bed structure under a gradually increasing external load. 
Therefore, the pebble bed must rely on the particle-crush-
ing mechanism to resist the load, leading to an accelerated 
increase in the number of particle fragmentation events with 
increasing stress, which is consistent with the conclusions 
obtained in the previous section.

To distinguish the spatial distribution of crushing events 
in the pebble bed more clearly, as shown in Fig.  5, we 
divided the bed into five layers radially and enumerated the 
number of crushed particles per layer separately. The entire 
pebble bed, except for the central portion with a diameter 
of 17 mm, was evenly divided radially into five layers, each 
with a mirrored gap of 8 mm ( Δd =8 mm). The numbers 
of crushed particles in each layer are shown in Fig. 6. The 
abscissa and ordinate denote the normalized number of 
crushed particles and radial position, respectively, i.e., the 
absolute number of crushed particles Ni , which are indi-
cated by the red numbers in Fig. 6, was normalized by the 
corresponding layer volume Vi , and the actual radial coor-
dination r was normalized by the radius of the pebble bed R 
Thus, the normalized Ni∕Vi could be regarded as a function 
of the radial position r/R. In Fig. 6, from the observation 
of the evolution of crush events during the compression 
process, we found that the crush event distribution was not 
uniform in each radial layer when the bed strain was small, 
and the particle-crushing phenomenon was most acute in the 
middle of the radial inner and outer walls of the bed. With 
increasing bed strain � , the crushed particles were primar-
ily distributed in the outer part of the bed, which may have 
been due to the regularity of the particle arrangement, which 
weakened when the radial distance was large, resulting in a 
more complex stress scenario. The particles near the inner 
wall maintained a lower overall crushing level at a lower 
strain, which significantly benefited from the more regular 

Fig. 5   Schematical view of layer distribution in the radial direction
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particle arrangement. However, the spatial nonuniformity 
of particle crushing gradually diminished as the external 
load increased. When the strain rate of the bed reached 0.3% 
under conditions of substantial external load, the arrange-
ment and topological structure of the particles had a minimal 
influence on the distribution of the particle-crushing loca-
tions. At this point, the crushing of particles was primarily 
governed by the external load.

5 � Conclusion

In this paper, we propose a novel method for investigat-
ing the crushing behavior of breeding particles in a fusion 
blanket. The fractal theory and Weibull distribution were 
combined to establish a theoretical model, and its validity 
was verified using a simple impact test. Subsequently, a 
crushable DEM framework is proposed based on a theoreti-
cal model that incorporates the DEM. The tensile strength, 
which considers the fractal theory, size effect, and Weibull 
distribution, was assigned to each generated particle, and 
the assigned strength was then used for crush detection by 

comparison with its maximum tensile stress. Mass conser-
vation was ensured by inserting a series of sub-particles 
whose total mass was equal to the quality loss. Based on the 
crushable DEM framework, a numerical simulation of the 
crushing behavior of a pebble bed with a hollow cylindrical 
geometry under uniaxial compression test was performed. 
The results of this investigation showed that the particle 
withstands the external load by contact and sliding at the 
beginning of the compression process, and the results con-
firmed that crushing can be considered an important means 
of resisting the increasing external load. A relatively regular 
particle arrangement aids in resisting the load and reduces 
the occurrence of particle crushing. However, a limit to the 
promotion of resistance exists. When the strain increases 
beyond this limit, the distribution of the crushing position 
tends to be isotropic over the entire pebble bed.

Overall, this study established a theoretical model to 
investigate particle-crushing behavior in a fusion blanket 
and provided a crushable DEM framework for numerical 
simulations. A limitation of this study was that the effect of 
a special multiphysics coupling field in a fusion reactor was 
not included or considered in the crushing model because of 

Fig. 6   (Color online) Number of crushed particles in each radial layer; the absolute number of crushed particles are indicated by red numbers
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the lack of experimental data. Further research is required 
to better understand the particle-crushing behavior in fusion 
blankets.
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