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Abstract
With the rapid development of the nuclear power industry on a global scale, the discharge of radioactive effluents from nuclear 
power plants and their impact on the environment have become important issues in radioactive waste management, radiation 
protection, and environmental impact assessments. �-detection of nuclides requires tedious processes, such as waiting for the 
radioactive balance of the sample and pretreatment separation, and there is an urgent need for a method specifically designed 
for mixing � rapid energy spectrum measurement method for nuclide samples. The analysis of hybrid �-energy spectrum is 
proposed in this study as a new algorithm, which takes advantage of the spectral analysis of �-logarithmic energy spectrum 
and fitting ability of Fourier series. The logarithmic energy spectrum is obtained by logarithmic conversion of the hybrid 
linear energy spectrum. The Fourier fitting interpolation method is used to fit the logarithmic energy spectrum numerically. 
Next, the interpolation points for the ‘effective high-energy window’ and ‘effective low-energy window’ corresponding to 
the highest E

m
 nuclide in the hybrid logarithmic fitted energy spectrum are set, and spline interpolation is performed three 

times to obtain the logarithmic fitted energy spectrum of the highest E
m

 nuclide. Finally, the logarithmic fitted spectrum 
of the highest E

m
 nuclide is subtracted from the hybrid logarithmic fitted spectrum to obtain a logarithmic fitted spectrum 

comprised of the remaining lower E
m

 nuclides. The aforementioned process is iterated in a loop to resolve the logarithmic 
spectra of each nuclide in the original hybrid logarithmic spectra. Then, the radioactivity of E

m
 nuclides to be measured is 

calculated. In the experimental tests, 14C , 90Sr , and 90Y spectra, which are obtained using the Fourier fitting interpolation 
method are compared with the original simulated 14C , 90Sr , and 90Y spectra of GEANT4. The measured liquid scintillator 
data of 90Sr∕90Y sample source and simulated data from GEANT4 are then analyzed. Analysis of the experimental results 
indicates that the Fourier fitting interpolation method accurately solves 14C , 90Sr , and 90Y energy spectra, which is in good 
agreement with the original GEANT4 simulation. The error in 90Y activity, calculated using the actual detection efficiency, 
is less than 10% and less than 5% when using the simulated full-spectrum detection efficiency, satisfying the experimental 
expectations.

Keywords Nuclear power effluents · Hybrid � energy spectrum · Fourier series · Cubic spline interpolation · Activity 
calculation

1 Introduction

The discharge of radioactive effluents [1] from nuclear power 
plants and their radiological impact on the environment are 
significant concerns in radioactive waste management, radia-
tion protection, and environmental impact assessment owing 
to the rapid development of nuclear power generation world-
wide [2, 3]. Radioactive fission products are produced in fuel 
during power generation in nuclear power plants. Neutron 
activation products are produced in structural and cladding 
materials. These fission products may be released from the 
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small amount of fuel in the broken cladding into the reactor 
coolant, causing radioactive contamination. This results in 
coolant effluents containing artificial radionuclides, such as 
90Sr , 137Cs , and 60Co [4], all of which undergo � decay to 
produce � rays. 90Sr and its daughter 90Y are pure � decay 
nuclides and are considered to be highly dangerous radionu-
clides and carcinogens. Once 90Sr is absorbed by the human 
body, it is stored in bones and cannot be eliminated. There-
fore, it is crucial to locate and quantify 90Sr activity to assess 
the effects of radiation on nuclear power plant workers. On 
March 18, 2023, the Japanese government announced that 
equipment for discharging contaminated water from Fuku-
shima into the sea was in operation [5]. It is expected that 
over a period of 30 years, more than one million tonnes 
of nuclear waste will be discharged into the sea. Radioac-
tive substances accumulate in marine food chains over time 
and pose potential health risks to humans [6–8]. Measur-
ing �-emitting radionuclides in nuclear fuel and radioactive 
effluents is essential for understanding the activity of the 
fuel and the radioactive content of the waste. This facilitates 
the management and disposal of radioactive waste. These 
spectra exhibit a continuous distribution of particle ener-
gies E� ranging from 0 to Em ( Em is the maximum energy 
of a � particle). The analysis of the energy spectra produced 
by the measurement of �-emitting radionuclides in radioac-
tive effluents can be challenging because of the complex 
mixture of energy spectra resulting from the combination 
of several radionuclides [9, 10]. To address these issues, 
a typical approach involves performing laborious chemical 
separation of the �-radionuclide mixture, followed by instru-
mental detection. However, this method increases the time 
required and generates chemical waste during the separation 
process, which can lead to harmful effects on the environ-
ment [11–13].

Research on spectrum analysis methods for the hybrid 
�-energy spectrum has been conducted domestically and 
internationally for many years to simplify the process. In 
2016, Gui-Feng et al. proposed a method for analyzing the 
spectrum by establishing a linear relationship between the 
fitting parameters and quenching index based on the asym-
metric dual sigmoid function fitting of the 90Sr∕90Y liq-
uid scintillation logarithmic energy spectrum at different 
quenching levels [14]. In 2022, Castells et al. developed the 
DECLAB software for analyzing the liquid scintillation �
-logarithmic energy spectrum. They constructed a partial 
least-squares (PLS) model for the standard liquid scintilla-
tion �-logarithmic energy spectrum and considered classical 
calibration models, such as constant efficiency and quench-
ing curves, in a liquid scintillation spectrometer [15]. The 
aforementioned studies partially resolved the issue of sepa-
rating samples for measurement. However, they encounter 
problems such as poor fitting and low measurement effi-
ciency. To overcome these issues, in this study, we propose 

a new algorithm, the Fourier fitting interpolation method, for 
resolving hybrid �-energy spectra. This method is based on 
the spectral analysis advantages of the �-logarithmic energy 
spectrum and fitting ability of the Fourier series function. It 
realizes fast and accurate resolution of the hybrid �-energy 
spectrum data and provides a new method for more efficient 
�-nuclide measurements.

2  Material and methods

2.1  Material

Figure 1 shows 90Sr∕90Y sample source used in the activ-
ity error analysis, which was prepared by the Guangdong 
Radiation Environment Monitoring Technology Center. 
The method for preparing 90Sr∕90Y sample source was as 
follows: 10 mL of 90Sr∕90Y standard equilibrium solution 
with a reference activity of 37.157 Bq/mL was used. Subse-
quently, strontium [16] and yttrium [17] carriers were added, 
and oxalic acid was added to precipitate strontium oxalate 
and yttrium oxalate. The resulting 90Sr∕90Y sample source 
had a 100% recovery rate. The � sample source had an initial 
activity of 371.44 Bq and was used for the activity error 
analysis experiments.

2.2  ̌ ‑logarithmic energy spectrum system

In contrast to the shapes of � and � decay spectra [18], the � 
decay spectrum is continuously distributed. Figure 2 shows 
the �-linear energy spectrum [19]. Given that � nuclides emit 
�particles with a continuously distributed energy range from 
zero to the maximum energy Em , some � measurement sys-
tems use a logarithmic processing function to handle the � 
energy spectra. Figure 3 illustrates this logarithmic conver-
sion process.

�-Logarithmic energy spectroscopy offers several advan-
tages over linear energy spectroscopy. First, it can signifi-
cantly enhance the energy resolution in the low-energy range 
without significantly reducing that in the high-energy range. 
This solves the problems of inaccuracy and incompleteness 

Fig. 1  (Color online) Sample source for 90Sr∕90Y
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of the linear energy spectrum at the low-energy end of the 
measurement. When analyzing low-activity decay events, 
the statistical error for each energy channel remains almost 
constant across the entire energy range of the measurement, 
owing to the flat background spectral line of the �-logarith-
mic energy spectrum. Therefore, liquid scintillation spec-
trometry [20] logarithmic processing of � energy spectrum 
is more suitable for conducting energy spectral analyses of 
two or more � nuclides.

2.3  Fourier series function fitting model

Curve fitting [21] is a widely used technique in data analy-
sis, statistics, and computer vision, among other fields. Its 
primary objective is to gain a better understanding of the 
data, make predictions, and infer the underlying laws by con-
structing mathematical expressions that match data trends. 

Common curve fitting methods include the least-squares, 
kernel, and spline methods [22, 23].

Least squares [24] is a widely adopted curve fitting tech-
nique. The core concept involves minimizing the sum of 
the squares of the residuals between the model predictions 
and actual observations by adjusting the model parameters. 
This achieves optimal fitting. In practice, the least-squares 
method can be used to determine the coefficients of a model. 
This ensures that the fitted curve closely follows the distribu-
tion trend of the real data, thereby improving the accuracy 
and reliability of the model predictions. However, the least-
squares method is highly sensitive to outliers. Therefore, 
when fitting the hybrid �-energy spectrum, any outliers or 
noise in the data can significantly affect the fitting results, 
causing the fitting curve to deviate from the real data trend 
[25]. Equation 1 shows the least-squares method for a model 
with n data points: Here, yi represents the actual data point 
value and f (xi) represents the value fitted by the model.

The kernel method [26] is a technique for curve fitting using 
locally weighted regression, in which the core idea involves 
determining the parameters of the model by assigning dif-
ferent weights to each data point based on its nearby neigh-
bors. Using the kernel method, we were able to capture the 
local characteristics of the data points, thus obtaining more 
accurate and finer curve fitting results and improving the fit-
ting effect and predictive ability of the model. However, the 
computational complexity of the kernel method is usually 
high, particularly when dealing with large-scale data, and the 
amount of computation can be extremely large, resulting in 
a lengthy process when fitting a hybrid �-energy spectrum 
[27]. For a model with n data points, the kernel method is 
expressed by Eq. 2. Here, yi denotes the value of the actual 
data point, and wi(x) denotes the weight of the data point i.

The core concept of the spline method [28] is to make the 
overall fitting curve more flexible to adapt to changes in 
the data by decomposing the data interval into several local 
regions with a simple polynomial function fitted within 
each region. Through the spline method, we are able to 
overcome the overfitting or underfitting problems that may 
occur during the global fitting process and obtain smoother 
and more natural fitting curves, which improve the robust-
ness and prediction accuracy of the model. However, the 
spline method fits the data intervals into segments, which 
may lead to an overfitting problem if the chosen spline 
order is too high, making the fitted curve too complex and 

(1)min

n∑
i=1

(yi − f (xi))
2

(2)f (x) =

n∑
i=1

wi(x)yi

Fig. 2  �-particle energy spectrum

Fig. 3  (Color online) Conversion of �-linear and logarithmic energy 
spectra
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insufficiently smooth [29]. For a model with n data points, 
the spline method is expressed as Eq. 3. Here, pi(x) denotes 
the multispline of the ith segment and I[xi−1,xi] denotes the 
indicator function.

In summary, the least-squares, kernel, and spline methods 
are not suitable for the curve fitting of hybrid �-energy spec-
tra, despite their respective merits. In the hybrid � energy 
spectrum, the logarithmic energy spectra of different � 
nuclides are superimposed; however, the contribution of the 
highest Em nuclide to the high-energy channel group is sepa-
rate, which is characteristic of the high-energy section of the 
hybrid � logarithmic energy spectrum. Thus, the channel 
group between the highest energy and second-highest energy 
nuclides in the hybrid � nuclides is defined as the ‘effec-
tive high-energy window.’ According to a priori knowledge, 
there must be a section of the channel group with zero count-
ing value after the zero channel, and it can be ‘considered’ 
that this channel group is contributed by any nuclide (or the 
highest Em nuclide) individually, which is a characteristic of 
the low-energy section of the hybrid � logarithmic energy 
spectrum. The channel group is defined as the ‘effective 
low-energy window.’ To preserve the spectral line charac-
teristics of the high-energy and low-energy segments in the 
hybrid �-logarithmic energy spectrum and achieve a better 
fit, we employed the fitting model based on the ‘optimized’ 
Fourier series function to curve-fit the hybrid �-logarithmic 
energy spectrum, resulting in the hybrid �-logarithmic fitted 
spectrum.

Equation  4 shows the triangular Fourier series [30], 
which includes the sine and cosine functions. This series 
is frequently used in spectral analysis to treat unknown 
bounded nonperiodic functions as periodic functions in a 
specific region.

By solving coefficients ak and bk in the triangular Fourier 
series, the information of the original discrete data can be 
described by a function. For the logarithmic spectral data, 
the ‘optimized’ Fourier series function is used to build the 
fitting model shown in Eq. 5. Here, i denotes the channel 
value and nmin and nmax denote the start and end channel val-
ues of the selected fitting range, respectively. Furthermore, 
M denotes the width of the selected range of the spectral 
fitting, as shown in Eq. 6. a, ci , and d1, d2, d3,… , dN denotes 
the coefficients to be determined; k represents the corre-
sponding fitting order of dk ; and N denotes the order of the 
fit function.

(3)f (x) =

k∑
i=1

Pi(x)I[xi−1,xi](x)

(4)f (x) = a0 +

∞∑
k=1

(ak cos(k�x) + bk sin(k�x))

When selecting the order of the fitting function N, we calcu-
late the better fitting order NG using the better curve fitting 
order algorithm. The procedure is as follows:

• Step 1: Establish the Fourier series fitting function model 
with order N of 0 to 50, choose the Bisquare robust non-
linear least-squares method of LM optimization algorithm 
to complete the function fitting of order 0 to 50 (robust 
preprocessing reduces the influence of outliers in the 
fitted data on the fitting results), and calculate a, ci , and 
d1, d2, d3,… , dN [31, 32].

• Step 2: Calculate the sum of squares of the differences 
between all the fitted data and original data of order N from 
0 to 50 using Eq. 7, denoted as S2

N
 . Here, fFN

(i) and Ci 
denote the values of the corresponding counts of the chan-
nel i in the hybrid �-logarithmic energy spectrum fitted by 
order N and in the original hybrid �-logarithmic energy 
spectrum, respectively.

• Step 3: Using Eq. 8 penalty function PFN , calculate the 
corresponding order N that minimizes the penalty function 
PFN from order 0 to 50 as shown in Fig. 4 as the better fit-
ting order NG.

(5)fF(i) =

�
a + ci +

∑N

k=1
dk sin

�
k�i

M

�
i ∈ [nmin, nmax]

0 i ∉ [nmin, nmax]

(6)M = nmax − nmin

(7)S2
N
=

nmax∑
i=nmin

[fFN
(i) − Ci]

2

(8)PFN = S2
N

√
N

Fig. 4  (Color online) Penalty function PF
N
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The penalty function PFN is used to measure the quality of 
the fit, by which it is possible to assess the effectiveness of the 
fit using different orders and select the fit order that minimizes 
the penalty function as the better fit order NG.

If the optimal fitting order NG does not yield satisfactory 
results, we can further consider the coefficient of determina-
tion R2 (Eq. 10) corresponding to the fitting function around 
NG . By evaluating the distribution of residual values in the 
‘effective low-energy window’ for i ∈ [nlow_min, nlow_max] and 
the ‘effective high-energy window’ for i ∈ [nhigh_min, nhigh_max] 
regions as well as the smoothness of the curve after fitting, 
the optimal fitting order Nb can be determined as depicted in 
Fig. 5. SST (Eq. 11) represents the sum of the squares of the 
difference between the original data and its mean of the origi-
nal data. Furthermore, SSR (Eq. 12) represents the sum of the 
squares of the difference between the fitted data and mean of 
the original data. C (Eq. 13) represents the average channel 
count.

(9)min(PFN) → NG

(10)R2 =
SSR

SST
=

SST − S2
N

SST
= 1 −

S2
N

SST

(11)SST =

nmax∑
i=nmin

[Ci − C]2

(12)SSR =

nmax∑
i=nmin

[fF(i) − C]2

Once the order of the optimal fitting function Nb is deter-
mined, the hybrid logarithmic fitting energy spectrum can 
be plotted using (fF(i)) points i ∈ [nmin, nmax] . The ‘effective 
high-energy window’ and ‘effective low-energy window’ can 
then be set for the highest Em nuclides in the current hybrid �
-logarithmic fitting energy spectrum.

2.4  Cubic spline interpolation

The cubic spline interpolation function [33] ‘connects’ 
the ‘effective low-energy window’ and the ‘effective high-
energy window’ of the hybrid �-logarithmic fitted energy 
spectrum to produce a smooth continuous curve, i.e., the 
highest Em nuclide �-logarithmic fitting energy spectrum. 
It has the advantages of a simple formula, fast calculation 
speed, and good stability and is designed to ensure calcu-
lation efficiency by making the �-energy spectrum coher-
ent, smooth, and retains the details of the original data in 
the entire energy range, which provides a more reliable and 
accurate basis for the subsequent analysis and interpretation 
of the data [34].

For y = f (x) in a given interval [a, b] with the given p 
nodes, a = x0 < x1 < … < xp < b and the function values 
y0, y1,… , yp correspond to the p nodes. Furthermore, S(x) is 
termed as a cubic spline interpolation function if it satisfies 
the following conditions: 

1. On each subinterval [xk−1, xk] ( k = 1, 2,… , p ), S(x) is a 
polynomial not higher than the third degree;

2. S(x) is second-order derivable in [a, b] interval and the 
derivative function is continuous, i.e., S(x) ∈ C2[a, b];

3. The function S(xk) is equal to the function value yk 
( k = 1, 2,… , n).

From condition (1), S(x) in each [xk−1, xk] interval can be 
expressed as Eq. (14):

To determine the interpolation function in p intervals, 4p 
conditions are required for the 4p coefficients to be deter-
mined {ak} , {bk} , {ck} , {dk} . From condition (2), S(x) should 
satisfy the conditions shown in Eq. (15) at each node xk and 
3p − 3.

(13)C =
1

nmax − nmin

nmax∑
i=nmin

Ci

(14)S(xk) = ak + bkx + ckx
2 + dkx

3 (k = 1, 2,… , p)

(15)

⎧⎪⎨⎪⎩

S−(xk) = S+(xk)

S
�−(xk) = S

�+(xk)

S
��−(xk) = S

��+(xk)

(k = 1, 2, 3,… , p − 1)

Fig. 5  Distribution of fitted differences
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From condition (3) above, S(x) must satisfy all p + 1 condi-
tions shown in Eq. (16), and there are already 4p − 2 condi-
tions in the above statistics.

Finally, by adding two boundary conditions, 4p coefficients 
and S(xk) can be determined: The following three boundary 
conditions are commonly used. 

1. Given the values of the first-order derivatives at the two 
endpoints: 

2. Given the values of the second-order derivatives at the 
two endpoints, where it becomes a natural boundary 
condition when z0 = zp = 0 : 

3. S(x) is a function with period b − a : 

Specifically, to ‘connect’ the ‘effective low-energy win-
dow’ and the ‘effective high-energy window’ using 
cubic spline interpolation functions, we utilize the fit-
ted spectrum line fF(x) = y with a given set of p nodes 
x0 < x1 < … < xp and corresponding function values 
y0, y1,… , yp as interpolation points within the interval 
x ∈ [nlow_min, nlow_max] ∪ [nhigh_min, nhigh_max] [35–37]. This 
was conducted to perform a cubic spline interpolation. To 
ensure smoothness and low-count properties at high- and 
low-energy ends of the hybrid logarithmic fitted energy 
spectrum, the first-order derivatives, as shown in Eq. (21), 
are used as boundary conditions in the calculation of the 
cubic spline interpolation function [38, 39].

By employing cubic spline interpolation to derive the loga-
rithmic fitting energy spectrum of the highest Em nuclide in 
the hybrid logarithmic fitting energy spectrum, the current 

(16)S(xk) = yk (k = 0, 1, 2, 3,… , p)

(17)
{

S�(x0) = z0
S�(xp) = zp

(18)
{

S��(x0) = z0
S��(xp) = zp

(19)
{

S��(x0) = z0 = 0

S��(xp) = zp = 0

(20)

⎧⎪⎨⎪⎩

S−(x0) = S+(xp)

S
�−(x0) = S

�+(xp)

S
��−(x0) = S

��+(xp)

(21)
{

S�(x0) = 0

S�(xp) = 0

hybrid logarithmic fitting energy spectrum is subtracted 
from the logarithmic fitting energy spectrum to yield a log-
arithmic fitting energy spectrum comprising the remaining 
lower Em nuclides. Subsequently, new ‘effective low-energy 
window’ and ‘effective high-energy window’ selections are 
made in this energy spectrum and inputted into the inter-
polation analysis process. Iterating through this process 
allows the resolution of the logarithmic energy spectrum 
of each nuclide in the original hybrid logarithmic energy 
spectrum. Finally, activity calculations were performed for 
each resolved log-fit energy spectrum.

2.5  Algorithmic process

This algorithm has five main modules: logarithmic conversion, 
curve fitting, cubic spline interpolation processing, difference 
processing, and activity calculation. The specific process is 
as follows. 

1. Use the logarithmic processing function provided by the 
liquid scintillation spectrometer to convert the �-linear 
energy spectrum into a logarithmic energy spectrum;

2. Curve fitting of the hybrid logarithmic energy spectrum 
using an ‘optimized’ Fourier series function model 
with ‘effective high-energy windows’ and ‘effective 
low-energy windows’ for the highest Em nuclides in the 
current hybrid �-logarithmic fitted energy spectrum;

3. Select the ‘effective high-energy window’ and ‘effec-
tive low-energy window’ in the hybrid � log-fit energy 
spectrum and use cubic spline interpolation to obtain the 
log-fit energy spectrum of the � nuclide with the highest 
Em;

4. Differencing the current hybrid log-fit energy spectrum 
with the log-fit energy spectrum of the �-nuclide with 
the highest Em yields a new hybrid log-fit energy spec-
trum comprising the other �-nuclides with lower Em . 
Substituting this into Step 3 and iterating according to 
the previous procedure, the logarithmic energy spectrum 
of each nuclide can be resolved;

5. After resolving the hybrid logarithmic energy spec-
trum, an activity calculation is performed for each of the 
resolved logarithmic fitted energy spectra. The activity 
calculation formula is shown in Eq. 22. Here, A denotes 
the source activity, C denotes the total counts of the 
energy spectrum, t denotes measurement time, � denotes 
detection efficiency, and R denotes sample recovery rate.

(22)A =
C

t�R
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3  Results and discussion

The experimental environment involves a liquid scintillation 
spectrometer and GEANT4 simulation detector model. Two 
types of experiments were conducted to verify the feasibility 
and validity of the Fourier fitting interpolation method. First, 
14C , 90Sr , and 90Y energy spectra obtained using the Fourier 
fitting interpolation method were compared with the original 
simulated 14C , 90Sr , and 90Y energy spectra of GEANT4 
to verify the consistency between the measured and simu-
lated energy spectra. Second, the Fourier fitting interpola-
tion method and Asym2Sig method are used to analyze the 
liquid scintillation test data and GEANT4 simulation data 
of the 90Sr∕90Y sample source, respectively, to evaluate the 
advantages and limitations of the Fourier fitting interpola-
tion method.

3.1  GEANT4 Simulation of 14C∖90Sr∖90Y Energy 
Spectrum Analysis

The GEANT4 simulated 14C∕90Sr∕90Y hybrid logarithmic 
fitted energy spectrum shown in Fig. 6 is fitted using an 
‘optimized’ Fourier series function model. Considering that 
Em = 0.156 MeV for 14C , 0.546 MeV for 90Sr , and 2.284 
MeV for 90Y , the part of the channel group at the high-
energy end of the energy interval from 0.546 MeV to 2.2839 
MeV (750 to 870 channel group) and the ‘presence’ section 
after the zero channel are all counted. Part of the low-energy 
end of the channel group (channels 0–140), where the counts 
are all zero, can be considered to be contributed by 90Y with 
the highest Em in the mixing spectrum alone. Therefore, the 
750 to 870 channel groups and the 0 to 140 channel groups 

of the fitted spectra are selected as the ‘effective high-energy 
window’ and ‘effective low-energy window’ corresponding 
to the highest Em nuclide 90Y and then they are ‘connected’ 
using cubic spline interpolation. Then, using the cubic spline 
interpolation process, we ‘connect’ them to obtain a smooth 
spectrum, i.e., the �-logarithmic fitted spectrum correspond-
ing to the 90Y nuclide.

In the order of Em from largest to smallest ( 90Y → 90Sr 
→ 14C ), the 14C/90Sr∕90Y hybrid log-fit energy spectrum is 
initially processed by difference with the log-fit energy spec-
trum of 90Y to obtain the 14C/90Sr hybrid log-fit energy spec-
trum. Subsequently, 14C/90Sr hybrid log-fit energy spectrum 
is processed using cubic spline interpolation to obtain a log-
fit energy spectrum corresponding to the 90Sr nuclide. Next, 
the 14C/90Sr hybrid log-fit energy spectrum is processed 
based on the difference from the log-fit energy spectrum 
of 90Sr to obtain the 14C log-fit energy spectrum. Finally, 
14C/90Sr∕90Y log-fit energy spectrum and the resolved 14C , 
90Sr , and 90Y log-fit energy spectra were obtained as shown 
in Fig. 7.

Based on the presentation in Fig. 8, we compared 14C , 
90Sr , and 90Y energy spectra, which is obtained by using 
the Fourier fitting interpolation method with the original 
GEANT4 simulated energy spectra. The results showed 
good agreement between the two methods, verifying the 
feasibility and validity of the Fourier fitting interpolation 
method in the experimental setting of a liquid scintillation 
spectrometer. This shows that the energy spectra obtained by 
the Fourier fitting interpolation method are consistent with 
the actual simulation data and can accurately reflect the dis-
tribution of the particle energy spectra under experimental 
conditions. This result provides strong support for the use 
of Fourier fitting interpolation for liquid scintillation spec-
trometer data analysis and provides a reliable method and 

Fig. 6  (Color online) 14
C∕90Sr∕90Y hybrid �-logarithmic fitted 

energy spectrum Fig. 7  (Color online) Spectrogram for 14C/90Sr∕90Y
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basis for the further development of liquid scintillation spec-
trometers in nuclear physics experiments and applications.

3.2  Activity error analysis

3.2.1  Fourier fitting interpolation method

To measure the 90Sr∕90Y sample source, the liquid scintil-
lation spectrometer used was the Quantulus1220 ultra-low-
background liquid scintillation spectrometer from Perkin 
Elmer, USA. The detection efficiencies for 3H and 14C were 
25% and 68%, respectively. The background counting rate 
(relative to the 3H energy region) was 0.067 s−1 . The dis-
tance between the source and scintillator incident window 
was set to 1 mm, and the measurement time was 7200 s. 
The Fourier fitting interpolation method was used to ana-
lyze the energy spectrum of the 90Sr∕90Y sample source. 
The results show that the measured detection efficiency of 
the liquid scintillation spectrometer for the 90Sr∕90Y sample 
source was 25.721%. The full-spectrum detection efficiency 
of GEANT4 simulation was 27.24%. Given that the initial 
activity of the 90Sr∕90Y sample source is 371.44 Bq and the 
half-life of 90Y is 64 h, it can be concluded that 90Sr and 90Y 
in the sample are in a long-term equilibrium state. Therefore, 
the activities of 90Sr and 90Y are equal, indicating that the 
actual activity of 90Y is 185.72 Bq.

According to the process described above, the 35th-order 
‘optimized’ Fourier series function is used to fit the meas-
ured energy spectrum of 90Sr∕90Y and channel group of 340 
to 500 is selected as the ‘effective high-energy window’ 
corresponding to 90Y . By analyzing the Geant4 simulation 
results and liquid scintillation energy spectrum data, the cor-
responding channel of 23.8 keV in the logarithmic energy 
spectrum of 90Sr∕90Y was still in the channel group with a 
count of zero, and a channel group of 1 to 10 was selected 

as the ‘effective low-energy window’ of 90Y . Using cubic 
spline interpolation to ‘connect’ the ‘effective high-energy 
window’ and the ‘effective low-energy window’ to get a 
smooth spectrum, i.e., the 90Y energy spectrum. The fitted 
90Sr∕90Y energy spectrum is subtracted from 90Y energy 
spectrum to obtain the 90Sr energy spectrum. The results 
of the Fourier fitting interpolation method for the 90Sr∕90Y 
sample source are shown in Fig. 9.

By analyzing the results of the Fourier fitting interpola-
tion method, we obtain the following conclusions: the aver-
age count rate per minute of 90Y is 3173.803 CPM, i.e., the 
activity of 90Y corresponding to 25.721% of the measured 
detection efficiency is 205.66 Bq with a relative error of 
10.737%; similarly, the activity of 90Y corresponding to 
27.24% of the simulated full-spectrum detection efficiency 
is 194.20 Bq with a relative error of 4.568%. These results 
are consistent with the test expectations and show that the 
Fourier fitting interpolation method has a high accuracy and 
reliability when analyzing the experimental data. These ana-
lytical results provide an important reference for the further 
study and application of the performance of 90Y in liquid 
scintillation spectrometers, as well as an experimental basis 
for the optimization and improvement of liquid scintillation 
spectrometers.

3.2.2  Asym2Sig method

First, an asymmetric double-sigmoid function is used to fit 
the measured logarithmic energy spectrum data of a pure 
90Y sample source. The initial values of the fitting param-
eters ( w1,w2,w3 ) in the A-term asymmetric double-sigmoid 
function are determined as 109.9, 74.75, and 12.92, respec-
tively. Based on 90Sr∕90Y sample source � , set the peak 

Fig. 8  (Color online) Comparison of 14C/90Sr∕90Y logarithmic fitted 
energy spectral analysis effects

Fig. 9  (Color online) Results of Fourier fitting interpolation analysis 
of the measured spectra of 90Sr∕90Y sample source
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count channel locations corresponding to 90Y and 90Sr in 
the logarithmic energy spectrum and set the initial fitting 
parameters of the shape parameters ( xc, xb ) to 350 and 180. 
The asymmetric double-sigmoid function can be obtained 
as Eq. (24):

On this basis, the sum of the asymmetric double-sigmoid 
functions A and B is used to evaluate 90Sr∕90Y � , per-
form curve fitting on the logarithmic energy spectrum, 
and determine the final fitted values of 10 shape param-
eters ( A, xc,w1,w2,w3 ) and ( B, xb,wb1,wb2,wb3 ) as 3054, 
347.8, 110.9, 74.35, 12.92, and 2503, 182.1, 143.8, 
56.98, 14.5. Finally, the ten determined shape parameters 
( A, xc,w1,w2,w3 ) and ( B, xb,wb1,wb2,wb3 ) were fed into 
the single asymmetric double-sigmoid function to obtain 
the logarithmic energy spectra of 90Sr and 90Y . The energy 
spectrum analysis results of the Asym2Sig method for the 
90Sr∕90Y sample source are shown in Fig. 10.

The analysis results of the Asym2Sig method show that 
the average count rate per minute for 90Y is 3154.871 CPM, 

(23)
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(24)y(x) = A ⋅ (� ⋅ (1 − �)) + B ⋅ (� ⋅ (1 − �))

which corresponds to 25.721%. The actual detection effi-
ciency and activity of 90Y are 204.434 Bq with a relative 
error of 10.077% and 90Y , which corresponds to a simulated 
full-spectrum detection efficiency of 27.24% with an activity 
of 193.029 Bq and a relative error of 3.936%, which satisfied 
the testing expectations.

In summary, the logarithmic energy spectrum analysis 
results of the measured 90Sr∕90Y sample source using the 
Asym2Sig and Fourier fitting interpolation methods show 
that 90Y activity errors analyzed by the two spectral-solving 
algorithms using the actual detection efficiency are both 
approximately 10%. When using the simulated full-spectrum 
detection efficiency, the errors are all within 5%, which is in 
line with experimental expectations. Moreover, the relative 
error of 90Y activity analyzed using the Asym2Sig method is 
smaller than that of the Fourier fitting interpolation method, 
indicating better analysis results. However, given the need 
to detect pure 90Y sample sources in advance, the analysis 
using the Asym2Sig method is more cumbersome than that 
using the Fourier fitting interpolation method. In the actual 
analysis process, the above two energy spectrum analysis 
methods can be selected based on the on-site experimental 
conditions.

4  Conclusion

This research is mainly devoted to the rapid analysis of � 
nuclides, including 14C , 90Sr , and 90Y , accumulated in the 
radioactive effluents of nuclear power plants as well as in 
the surrounding environment. Based on an in-depth under-
standing of the principle of the measurement and analysis 
of the logarithmic energy spectrum of �-nuclides, a hybrid 
�-energy spectrum analysis algorithm, i.e., the Fourier fit-
ting interpolation method, is preliminarily designed and 
completed. The feasibility and validity of the Fourier fit-
ting interpolation method are verified via two experiments. 
Firstly, the 14C∕90Sr∕90Y energy spectra simulated by 
GEANT4 are analyzed using Fourier fitting interpolation 
method, and 14C , 90Sr , and 90Y energy spectra obtained 
by Fourier fitting interpolation method are compared with 
the original simulated 14C , 90Sr , and 90Y energy spectra of 
GEANT4. The results showed that the analysis of 14C , 90Sr , 
and 90Y energy spectra obtained by Fourier fitting interpola-
tion method is in good agreement with the simulated energy 
spectra of GEANT4. Second, the liquid scintillation meas-
ured data and GEANT4 simulated data of 90Sr∕90Y sample 
sources were analyzed using the Fourier fitting interpola-
tion method and Asym2Sig method, respectively. The results 
showed that when using Fourier fitting interpolation method, 
the average count rate per minute of 90Y was 3173.803 CPM, 
which corresponds to an activity of 205.66 Bq at a measured 

Fig. 10  (Color online) Analysis results of Asym2Sig method for the 
measured spectrum of 90Sr∕90Y sample source
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detection efficiency of 25.721% with a relative error of 
10.737%. When using Asym2Sig method, the average count 
rate per minute of 90Y was 3154.871 CPM, which corre-
sponds to an activity of 204.434 Bq at a measured detec-
tion efficiency of 25.721%, with a relative error of 10.077%. 
When the Asym2Sig method was used, the average count 
rate per minute of 90Y was 193.029 Bq at a simulated detec-
tion efficiency of 27.24%, with a relative error of 3.936%. 
Therefore, the activity error of 90Y analyzed using the actual 
detection efficiency of both algorithms was approximately 
10%, and the error was within 5% when using the simulated 
full-spectrum detection efficiency, which is in line with the 
experimental expectations. Furthermore, the Asym2Sig 
method had a smaller relative error than the Fourier fit-
ting interpolation method, indicating a better analysis per-
formance. However, Asym2Sig method requires the prior 
detection of pure 90Y sample sources, making the analysis 
process more cumbersome than the Fourier fitting interpola-
tion method. Two validation experiments demonstrated the 
superiority of the Fourier fitting interpolation method. This 
method not only avoids the cumbersome chemical separation 
process, but also reduces the harmful effects of chemical 
waste on the environment. In the future, we will continue to 
optimize the parameter settings and algorithmic flow of the 
Fourier fitting interpolation method to improve the accuracy 
and speed of �-nuclide energy spectra analysis. We introduce 
additional mathematical models and data processing tech-
niques to address the challenges of applying the algorithm 
to complex environments such as noise interference and 
background radiation.
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