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Abstract
Accurate real-time simulations of nuclear reactor circuit systems are particularly important for system safety analysis and 
design. To effectively improve computational efficiency without reducing accuracy, this study establishes a thermal-hydraulics 
reduced-order model (ROM) for nuclear reactor circuit systems. The full-order circuit system calculation model is first estab-
lished and verified and then used to calculate the thermal-hydraulic properties of the circuit system under different states as 
snapshots. The proper orthogonal decomposition method is used to extract the basis functions from snapshots, and the ROM 
is constructed using the least-squares method, effectively reducing the difficulty in constructing the ROM. A comparison 
between the full-order simulation and ROM prediction results of the AP1000 circuit system shows that the proposed ROM 
can improve computational efficiency by 1500 times while achieving a maximum relative error of 0.223%. This research 
develops a new direction and perspective for the digital twin modeling of nuclear reactor system circuits.

Keywords  Reactor system model · Primary circuit · Reduced-order · Proper orthogonal decomposition · Least-squares 
method

1  Introduction

Simulations of nuclear reactor circuit systems provide a ver-
satile and intuitive tool to understand their operating mecha-
nisms and performances, including their thermal-hydraulic 
properties [1–3], safety features [4, 5], and operational 
efficiency [6]. To analyze the detailed thermal-hydraulic 
behavior in the reactor core circuit, the computational fluid 
dynamics (CFD) [7] method has been adopted in pressur-
ized water reactors (PWRs) [8] and boiling water reactors 
[9], which solves the Navier–Stokes equations, large-eddy 
simulation equations, and Reynolds-averaged Navier–Stokes 

equations to simulate the flow and heat transfer phenomena 
inside the circuit in detail. However, because the simulation 
of a nuclear reactor circuit system involves large-scale mul-
tiphysics coupling calculations, real-time and ultra-real-time 
CFD simulations are challenging [10]. For the simulation 
of a full-circuit system, a coarse-mesh average distribution 
is often sufficient for engineering requirements. From this 
perspective, various simplified methods have been devel-
oped, including lumped parameter models [11], subchannel 
analysis [12], nodal methods [13], and the one-dimensional 
finite difference method (FDM) [14]. These studies have 
effectively supported the steady-state analysis [15], transient 
response [16, 17], and controller design [18] of Generation 
III reactor systems [19]. Simultaneously, they have provided 
significant assistance in the thermal-hydraulic analysis [20, 
21], core design, and economic-benefit assessment [22] of 
Generation IV reactor systems [23].

Although these system programs can quickly achieve 
an accurate simulation of the entire circuit system, their 
computational efficiency still requires further improvement 
for real-time simulations, and especially for ultra-real-time 
simulations, which is particularly important for digital twins 
and data assimilation [24, 25]. In these applications, numeri-
cal simulations need to be synchronized with actual oper-
ating conditions or should be faster than actual operating 
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conditions to simulate physical phenomena inside the circuit 
so that operators can carry out their corresponding opera-
tions. Therefore, for both commercial nuclear power plants 
and research reactors, establishing an accurate real-time or 
ultra-real-time simulation platform [23] is of paramount 
importance. In particular, when applied to power plant con-
dition monitoring and fault diagnosis, an efficient and accu-
rate numerical method can provide data support for the data 
assimilation process [24]. Therefore, reduced-order methods 
(ROMs) [26–29] may be an efficient approach.

The ROM constitutes an approach that can significantly 
reduce computational resource requirements and processing 
time. This target is achieved by generating snapshots from 
preexisting data, extracting data characteristics from these 
snapshots, and subsequently employing these data character-
istics to make accurate and efficient predictions of unknown 
conditions. Several ROMs have been proposed and applied 
to various engineering disciplines. The Routh approxima-
tion method was proposed in the field of order reduction for 
linear time-invariant systems [30]. Reduced-order modeling 
of large-scale dynamical systems has been achieved with the 
application of Krylov subspace methods [31]. Furthermore, 
linear system reduction techniques such as the Pade approxi-
mation method have been employed, as demonstrated by 
[32]. Moreover, proper orthogonal decomposition (POD) has 
garnered widespread use in fluid-dynamic analyses [33] and 
the characterization of coherent features within fluid flows 
[34]. Sartori et al. [35] employed POD theory to investigate 
the single-channel model of a lead-cooled fast reactor. It also 
demonstrated efficacy in solving parameterized nonlinear 
partial differential equations [36], yielding commendable 
results in various applications.

This study aims to establish a POD-ROM for modeling 
reactor primary circuit systems to accelerate thermal-
hydraulic calculations and maintain accuracy. The remainder 
of this paper is organized as follows: In Sect. 2, the theo-
retical foundations of the primary circuit full-order model 
theory, POD reduced-order theory, and circuit reduced-
order model theory are explained. In Sect. 3, we present the 
outcomes of computations conducted with both full- and 
reduced-order models under diverse operating conditions. 
These results were subjected to meticulous analysis and 
discussion, encompassing an examination of the relative 
errors between them. Finally, Sect. 4 presents the conclud-
ing remarks of this study.

2 � Modeling theory

2.1 � Full‑order model

This section introduces the modeling theory of a one-
dimensional steady-state thermal system circuit. An AP1000 

reactor [37] is used as an example. This intricate circuit 
comprises essential components, namely, the reactor core, 
pressurizer, steam generator, and pump, all interconnected 
through a pipe model representation. Notably, the pressur-
izer serves as a pressure-containment boundary within this 
circuit, maintaining a constant pressure of 15.5 MPa [38]. 
The main pump model is based on the nuclear main pump 
head normalization curve provided by Zhu et al. [39], where 
the rated head of the AP1000 reactor coolant pump is 111.3 
m, and the design mass flow rate is 17,886 ( m3∕h ). The 
spatial arrangement of these critical components and inter-
connecting pipes is shown in Fig. 1 for reference.

The proposed method is divided into two stages: offline 
and online. For the offline stage, the one-dimensional 
FDM for solving system thermal-hydraulic equations is 
first employed as a full-order numerical method to model 
the thermal-hydraulic behavior of components within the 
primary circuit system. A series of typical samples of the 
circuit calculation results under different states from the 
full-order model were chosen as snapshots to generate a 
reduced-order model of the primary thermal system circuit 
(RO-PTSC). In the online stage, the proposed reduced-order 
model can be used to simulate the thermal-hydraulic prop-
erties with significant acceleration and high accuracy. The 
intricate process of constructing this reduced-order model 
is illustrated in Fig. 2, providing a visual representation of 
our methodology.

2.1.1 � Core

The reactor core generates heat via nuclear fission, which is the 
primary energy source for nuclear power systems. The ther-
mal-hydraulic process for the reactor core is characterized by a 
single-channel model [40], which describes a one-dimensional 
distribution along the axial direction. The governing equations 

Fig. 1   (Color online) Primary circuit schematic of the AP1000 reac-
tor
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of this model include the continuity, momentum, and energy 
equations, as follows:

where � represents the fluid density (kg/m3 ); x represents the 
axial coordinate along the core (m); u is the flow velocity 
(m/s); � represents the dynamic viscosity (Pa s); p repre-
sents the pressure (Pa); f represents the Darcy friction coef-
ficient; D represents the equivalent diameter of the reactor 
core (m) according to the coolant flow rate; Ksp represents 
the form-resistance pressure drop coefficient; Δx denotes the 
unit node length (m); g represents the gravitational accel-
eration ( m∕s2 ); T is the temperature (K); h is the specific 
enthalpy (J/(kg)); � represents the thermal conductivity (W/
(m K)); q represents the heat absorbed per unit volume of 
coolant (W/m3 ), which can be written as q = Q∕Vg , where 
Vg represents the per-unit node volume ( W∕m3 ); and Q rep-
resents the thermal power (W). For FDM discretization, 
the thermal power of the ith control element is calculated 
as Qi = Qc�i∕

∑NXc

i=1
�i , where Qc represents the core total 

power (W); NXc denotes the discrete number of cores in the 
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dx
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axial direction; and � denotes the neutron flux (1/(m2 s)). 
The equation for the friction factor f can be written as

where � represents the roughness (m), and Re denotes the 
Reynolds number.

The form-resistance pressure drop coefficient Ksp is 
expressed as follows [41]:

where � represents the ratio of the flow area of the position-
ing grid to that of the bar bundle, and CVD represents the 
modified drag coefficient, which can be written as

2.1.2 � Pipe

Two types of distinct pipe models are introduced in this con-
text. The first model is the discrete pressure drop pipe model, 
which does not consider heat transfer. Conversely, the second 
model is the discrete heat transfer pipe model, which explicitly 
accounts for heat transfer effects [42]. The governing equations 
for the discrete pressure drop pipe model include the continuity 
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Fig. 2   Flowchart of RO-PTSC model construction
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and momentum equations, which are given by the following 
equations:

where � represents the pipe tilt angle, and d represents the 
inner diameter of the pipe (m). fp represents the Darcy fric-
tion factor in the pipes, which can be expressed as [43]:

where ReD is the pipe Reynolds number, Recr is the critical 
Reynolds number, and �p is the pipe roughness (m).

In the discrete heat transfer pipe model, an energy equa-
tion must be incorporated into the continuity and momentum 
equations. The energy equations can be expressed as follows:

where qp denotes volumetric heat release rate ( W/m3).

2.1.3 � Steam generator

The steam generator is the interface between the primary and 
second circuits, where the coolant of the primary circuit flows 
through the U-tube and transfers heat to the coolant of the sec-
ond circuit. To simulate this equipment, the one-dimensional 
dynamic mathematical model proposed by Zhang et al. [44] 
is adopted, which introduces a distributed parameter model 
tailored for steam generators in PWRs. As shown in Fig. 3, T1,f 
and T1,ad represent the fluid temperature of the primary side in 
the parallel and counter-flow sections, respectively. Tw,in,f and 
Tw,out,f represent the inner and outer wall temperatures of the 
U-tube in the parallel flow section, respectively. Tw,in,ad and 
Tw,out,ad represent the inner and outer wall temperatures of the 
U-tube in the counter-flow section, respectively. T2,r and T2,s 
represent the preheating and boiling section temperatures of 
the secondary side fluid, respectively. T1,in represents the inlet 
temperature on the primary side, T2,in is the inlet temperature 
on the secondary side, and T1,out represents the outlet tempera-
ture on the primary side.

The steady-state heat dynamic balance equations of the 
parallel and counter-flows of the primary side can be written 
as follows:
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in which m1 is the mass flow rate of the primary side (kg/s) 
defined as m1 =

n

4
��1u1d

2
in

 , and �1 and u1 are the density 
(kg/m3 ) and velocity (m/s) of the primary side coolant, 
respectively; M1 represents the fluid mass per unit length 
along the axial direction of the primary side (kg/m) and is 
defined as M1 =

n

4
��1d

2
in

 ; n is the number of heat transfer 
tubes; din denotes the inner diameter of the U-tubes; cp,f rep-
resents the constant-pressure specific heat capacity of the 
coolant on the primary side (J/(kg K)); and K1 represents the 
average heat transfer coefficient of the primary side (W/(m2 
K)), which can be written using the Dittus–Boelter formula 
[45]:

where �1 denotes the fluid thermal conductivity on the pri-
mary side (W/(m K)). Re1 and Pr1 are the Reynolds and 
Prandtl numbers on the primary side, respectively.

The heat-balance equations of the U-tube inner wall for 
parallel and counter-flows can be written as

(12)
m1

M1

dT1,ad

dx
= −

n�dinK1

M1cp,ad
(Tw,in,ad − T1,ad),

(13)K1 = 0.023
�1

din
Re0.8

1
Pr0.3

1
,

Fig. 3   One-dimensional dynamic model of steam generators
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where cp,w is the constant-pressure specific heat capacity of 
the U-tube wall (J/(kg K)); �w is the thermal conductivity 
of the wall (W/(m K)); dout denotes the outer diameter of 
the U-tube (m); and Mw denotes the tube wall mass per unit 
length in the axial direction (kg/m).

The heat-balance equations of the outer wall of the U-tube 
for the parallel flow in the preheating and boiling sections 
can be written as follows:

Similarly, the heat-balance equation of the outer wall of the 
U-tube for the counter-flow of the preheating and boiling 
sections can be written as

where K2 and K2,s denote the heat transfer coefficients of 
the preheating and boiling sections of the secondary side, 
respectively.

In a natural-circulation steam generator, the heat trans-
fer process in the preheating section of the secondary side 
undergoes supercooled boiling. Therefore, the convection 
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heat transfer coefficient in the preheating section can be 
uniformly treated by following the approach used for the 
boiling section and the principles of boiling heat transfer. 
According to Rohsenow [46], the heat transfer coefficient 
can be described as follows:

where cp,s is the constant-pressure specific heat capacity of 
saturated water (J/(kg K)); Cw is the combination factor of 
a particular heating surface fluid; Prs represents the Prandtl 
number of saturated water; m is an empirical index, for 
water, m=1; �s represents the viscosity of saturated water 
(kg/(m s)); � denotes the latent heat of vaporization (kJ/kg); 
g represents the gravitational acceleration (m/s2 ); �s repre-
sents the density of saturated water (kg/m3 ); �g is the density 
of saturated steam (kg/m3 ); � represents the surface tension 
of water at the vapor–liquid interface ( W∕m2 ); and q denotes 
the heat-flow density on the secondary side ( W∕m2).

The heat-balance equations of the preheating and boil-
ing sections of the secondary side are as follows:

where cp,2 represents the constant-pressure specific heat 
capacity of the fluid-preheating section on the secondary 
side (J/(kg K)); M2 represents the fluid mass per unit length 
along the axial direction of the secondary side preheating 
section (kg/m); and h2,s is the enthalpy of the boiling section 
on the secondary side (J/kg).

2.1.4 � Connection between different components

The primary circuit comprises the above components, all 
connected. Mathematically, this connection is achieved by 
transferring physical quantities between different compo-
nent equations, as shown in Fig. 4.

In Fig. 4, the inlet and outlet of each component are 
represented by dashed-line and dashed-dotted-line boxes, 
respectively. Along the yellow arrows, the output variables 
of each component, including temperature, pressure, and 
velocity, are transferred to the next component as input 
values. For example, the output temperature, pressure, and 
velocity of the core are transferred to heat section 1 as 
inlet variables.
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2.1.5 � Numerical computation methods of the full‑order 
model

The AP1000 primary circuit model constructed in this study 
comprises a core, heat section, pressurizer, steam generator, 
pressure drop pipe, cold section, and pump, as shown in 
Fig. 1. Among these components, the physical field distribu-
tions in the core, heat section, steam generator, pressure drop 
pipe, and cold section are computed using the FDM. The 
calculated area is discretized using a uniform mesh configu-
ration along the coolant flow direction. The physical proper-
ties of the coolant, including thermal conductivity, density, 
kinematic viscosity, and specific heat capacity, are defined 
as functions of temperature and pressure based on the IF97 
thermophysical property table [47].

In the governing equations of the pipes and cores, the 
convective terms are discretized using the first-order upwind 
scheme [48], whereas the diffusion terms are discretized 
using a central differencing scheme [49]. The discretization 
formats of the governing equations for both the pipes and 
reactor core can be expressed as follows, where i represents 
the index of the internal grids and the subscripts ‘p’ and 
‘c’ represent the pipe and core, respectively. Continuity 
equation:

(23)
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Δxp
= 0,

Momentum equation:

Energy equation:
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Fig. 4   Connection between different components
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The inlet boundaries for the temperature, flow velocity, and 
pressure are applied to the inlet of the pipes and core, and 
the fully developed boundaries for the outlet boundaries are 
applied to the pipes and core [50].

For the governing equations of the steam generator, the dis-
cretization of Eqs. (11), (12), (21), and (22) employs a first-
order upwind scheme, which is written as follows:

The inlet boundary conditions for temperature and enthalpy 
are applied to the primary and secondary sides of the steam 
generator. On the secondary side, the inlet temperature is 
defined as the corresponding coolant inlet temperature of the 
core, whereas the outlet boundary is set as a fully developed 
boundary.
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2.2 � Reduced‑order model

2.2.1 � Snapshots and POD bases

As previously mentioned, the construction of the reduced-
order model involves offline and online stages, as shown in 
Fig. 5. In the offline stage, the full-order model is used to gen-
erate snapshots under various typical operating conditions. 
In the online stage, the reduced-order model is applied to 
predict the distributions of temperature, velocity, and pres-
sure for unknown states. The first step in the offline stage is 
to calculate snapshots of different operation states, including 
the temperature, pressure, and velocity distributions. During 
this process, N operating states are selected within the operat-
ing range, and snapshots of these states are calculated using 
the full-order model (FOM) described in Sect. 2.1. The snap-
shot set generated in the offline stage based on the FOM is 
expressed as follows:

(33)A =
[
�1, �2,… , �h,… , �N

]
,

Fig. 5   Reduced-order calculation steps
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where �h represents the variation set at the hth operation 
condition, which can be expressed as

where k is the kth variable, and L is the total number of vari-
ables. Within the primary circuit, NX grids are set for the 
numerical calculation, and �h,k can be expressed as follows:

where g represents the gth discrete grid, and �h,k,g represents 
the value of the kth variable at the gth grid under the hth 
operation condition.

The main modes of the system variation, namely the POD 
bases, can be extracted based on a thorough analysis and 
processing of these snapshots, thereby realizing the objective 
of reducing the system intricacy to a lower-dimensional rep-
resentation. POD bases consist of a set of modes or functions 
employed to characterize the predominant characteristics of 
variation within a system. These modes are extracted from 
snapshots and are conventionally represented as feature vec-
tors. According to POD theory [51], the POD basis can be 
obtained from the eigenvalues and eigenvectors of the matrix 
S, which can be expressed as follows:

The eigenvalues of S are defined as �i, i ∈ [[1,N]] , which sat-
isfy 𝜆1 > ⋯ > 𝜆i > ⋯ > 𝜆N > 0 . The corresponding eigen-
vectors of these eigenvalues are X1,… ,Xi,… ,XN , and the 
POD basis Pm can be defined as follows:

where Pm,k,g represents the m-order POD basis correspond-
ing to variable kth at the gth grid.

(34)�h =
[
�

h,1
,… , �

h,k
,… , �

h,L

]T
,

(35)�
h,k
=
[
�h,k,1,… , �h,k,g,… , �h,k,NX

]T
,

(36)S = ATA.

(37)Pm =
1√
�m

AXm, m = 1, 2,… ,N

(38)Pm =

⎡⎢⎢⎣

Pm,1,1,… ,Pm,1,g,… ,Pm,1,NX ,…

Pm,k,1,… ,Pm,k,g,… ,Pm,k,NX ,…

Pm,L,1,… ,Pm,L,g,… ,Pm,L,NX ,…

⎤⎥⎥⎦

T

,

As the governing equations and snapshots generated 
by the full-order model for each component are different, 
special POD bases are formed for different components. In 
addition, for the same type of pipe, although the governing 
equations remain the same, different positions in the circuit 
result in different diameters and lengths. Consequently, their 
snapshots and generated POD bases are different.

According to POD theory, the significance of eigenvec-
tors is directly associated with the magnitude of their cor-
responding eigenvalues. To determine the POD order Np for 
reduced-order modeling, the following criteria can be used:

where I(Np) denotes the energy fraction of the first Np POD 
mode. Subsequently, the snapshots �h′,k,g can be expanded as

where cm is the mth-order basis function coefficient. There-
fore, in the process of solving a one-dimensional thermal 
circuit system, POD bases can be effectively applied to 
reconstruct the temperature, pressure, velocity, and relevant 
variables throughout the entire circuit under various operat-
ing conditions. The main task for the following processes is 
to establish the reduced-order model for solving the basis 
function coefficient cm , which, in this work, is achieved using 
the least-squares method (LSM) [52]. The main purpose of 
the ROM based on the LSM is to substitute Eq. (40) into 
linear equations (23)–(32). The residual functions of these 
equations are constructed as

where the subscripts i and m represent the indices of the 
mesh and POD order, respectively. A and b represent the 
stiffness matrix and source vector of the linear system, 
respectively.

The operating conditions to be predicted, including the 
inlet temperature, inlet flow rate, and core power, can be 

(39)
⎧

⎪

⎨

⎪

⎩

Np = argmin
{

I
(

Np
)

:I
(

Np
)

≥ 1 − 10−8
}

,

I
(

Np
)

=
∑Np

i=1 �i
∑N

i=1 �i
,

(40)�h�,k,g =

Np∑
m=1

cmPk,g,m,

(41)E =
∑
i

∑
m

AicmPi,m − bi,

Fig. 6   Distribution of compo-
nents along the flow direction
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introduced by imposing the corresponding data at node i. 
For example, the flow rate of inlet node i is set to the given 
inlet value.

When using the LSM, the POD coefficient cm can be 
determined by minimizing the residual equation, which 
converts Eq. (41) to the following equations:

After determining cm , the distribution variables, such as 
temperature, velocity, and pressure, can be obtained using 
Eq. (40). In the following section, the reduced-order model, 
mainly the residual functions of the primary circuit, is 
described in detail.

2.2.2 � Primary circuit POD reduced‑order model

To construct an entire reduced-order model for the primary 
circuit of the reactor, reduced-order models of the primary 
components within the circuit must first be established. For 
the AP1000 primary circuit considered in this study, the com-
ponents primarily encompassed the core, pipes, and steam 
generator. Other components with relatively minor effects on 
computational efficiency, such as regulators and pumps, do 
not require the development of reduced-order models. The 
spatial arrangement of AP1000 primary circuit components 
along the coolant traversing distance is shown in Fig. 6.

As previously mentioned, the establishment of the 
reduced-order model is based on a collection of snapshots. 
In this section, the variables used to construct the reduced-
order model are systematically selected based on the gov-
erning equations associated with the various components 
within the circuit. In the following sections, the selection 
of snapshots and establishment of the ROM for different 
components are introduced. To simplify the subsequent con-
struction of the residual function and compute the coefficient 
matrix of the POD bases, the functions differentiated within 
the governing equations are chosen as the variables.

2.2.3 � Core

Table 1 lists the selected variables contained in the snap-
shots, POD bases, and boundary conditions for the reactor 
core, which are determined from the single-channel thermal-
hydraulic equations (1)–(3) and their discretization. The core 

(42)
�E

�cm
= 0, m = 1, 2, ...

variables can be reconstructed using the POD bases accord-
ing to

where cm,c is the coefficient corresponding to the core POD 
basis, and Np,c represents the core POD order.

For each internal node, by applying Eq. (43) into Eqs.
(24), (26), and (28) and calculating the summation of the 
residue over all internal nodes, the accumulated residual 
functions of the core are generated as Eqs. (45), (49), and 
(46), where superscripts ‘con,’ ‘mom,’ and ‘ene’ represent 
the continuity, momentum, and energy, respectively, and 
NXc represents the number of discretized grid points in the 
reactor core.

Similarly, to satisfy the inlet and outlet boundaries of the 
eight selected variables, the following two residual functions 
for the inlet and outlet are defined in Eqs. (47) and (48), 
respectively. Then, the total residual function of the core 
can be written as

Subsequently, the coefficients cm can be determined using 
the LSM to minimize the residual function Ec . With the 
determined cm , the variables in Table 1 can be reconstructed 
using the POD bases, according to Eq. (43). The tempera-
ture, velocity, and pressure fields at each grid point of the 

(43)

�
� =

∑Np,c

m=1
cm,cPc,�,m,

� = {�u, �uu,P,�u, �, �uh,Pu, �T},

(44)Ec = Econ
c

+ Emom
c

+ Eene
c

+ Eb,in
c

+ Eb,out
c

.

Table 1   Core variables, POD bases, and corresponding boundary 
conditions

Core variables POD basis Inlet boundary 
conditions

Outlet bound-
ary condi-
tions

�u Pc,�u �0,cu0,c –
�uu Pc,�uu �0,cu0,cu0,c –
p Pc,p p0,c dp∕dx = 0

�u Pc,�u �0,cu0,c � ⋅ du∕dx = 0

� Pc,� �0,c –
�uh Pc,�uh �0,cu0,ch0,c –
pu Pc,pu p0,cu0,c –
�T Pc,�T �0,cT0,c � ⋅ dT∕dx = 0
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core can be reconstructed based on the IF97 thermophysical 
properties.

(45)Econ

c
=

NXc�
i=2

⎡⎢⎢⎣

Np,c�
m=1

cm,c

�
Pc,�u,i,m − Pc,�u,i−1,m

Δxc

�⎤⎥⎥⎦

2

,

(46)

Eene
c =

NXc−1
∑

i=2

[ Np,c
∑

m=1
cm,c

(Pc,�uh,i,m − Pc,�uh,i−1,m

Δxc

)

+
Np,c
∑

m=1
cm,c

(Pc,pu,i,m − Pc,pu,i−1,m

Δxc

)

− 1
Δxc

Np,c
∑

m=1
cm,c

(Pc,�T ,i+1,m

Δxc
−2

Pc,�T ,i,m

Δxc
+

Pc,�T ,i−1,m

Δxc

)

− qc,i

]2

,

(47)

Eb,in
c

=

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,�u,1,m − �0,cu0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,�uu,1,m − �0,cu0,cu0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,p,1,m − p0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,�u,1,m − �0,cu0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,�,1,m − �0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,�uh,1,m − �0,cu0,ch0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,pu,1,m − p0,cu0,c

⎞⎟⎟⎠

2

+

⎛⎜⎜⎝

Np,c�
m=1

cm,cPc,�T ,1,m − �0,cT0,c

⎞⎟⎟⎠

2

,

(48)

Eb,out
c

=

⎡
⎢⎢⎣

Np,c�
m=1

cm,c

�
Pc,�uu,NXc,m

− Pc,�uu,NXc−1,m

Δxc

�
+

1

Δxc

Np,c�
m=1

cm,c

�
Pc,p,NXc,m

− Pc,p,NXc−1,m

Δxc

�

+

Np,c�
m=1

cm,c

�
Pc,�u,NXc,m

− Pc,�u,NXc−1,m

Δxc

�
+

1

2

�
f

D
+

Ksp

Δxc

� Np,c�
m=1

cm,cPc,�uu,NXc,m
+ g

Np,c�
m=1

cm,cPc,�,NXc,m

⎤⎥⎥⎦

2

+

⎡⎢⎢⎣

Np,c�
m=1

cm,c

�
Pc,�uh,NXc,m

− Pc,�uh,NXc−1,m

Δxc

�
+

Np,c�
m=1

cm,c

�
Pc,pu,NXc,m

− Pc,pu,NXc−1,m

Δxc

�

+

Np,c�
m=1

cm,c

�
Pc,�T ,NXc,m

− Pc,�T ,NXc−1,m

Δx2
c

�
− qNXc

⎤⎥⎥⎦

2

,

(49)
Emom
c

=

NXc−1∑
i=2

[ Np,c∑
m=1

cm,c

(
Pc,�uu,i,m − Pc,�uu,i−1,m

Δxc

)
+

Np,c∑
m=1

cm,c

(
Pc,p,i,m − Pc,p,i−1,m

Δxc

)

−

Np,c∑
m=1

cm,c

(
Pc,�u,i+1,m

Δx2
c

− 2
Pc,�u,i,m

Δx2
c

+
Pc,�u,i−1,m

Δx2
c

)
+

1

2

(
f

D
+

Ksp

Δxc

) Np,c∑
m=1

cm,cPc,�uu,i,m + g

Np,c∑
m=1

cm,cPc,�,i,m

]2
.

2.2.4 � Steam generator

The variable selections based on the steam generator (SG) 
governing equations are shown in Table 2. Because the tem-
perature at the last grid point of the parallel flow section is 
transferred to the last grid point of the counter-flow section, 
the inlet boundary condition for the coolant flow on the pri-
mary side is set as T1,f,1 = T1,0 . The outlet boundary condi-
tion of the coolant flow on the primary side is considered 
to be a fully developed boundary, indicating a temperature 
gradient of zero at the outlet of the counter-flow section.

Similar to Eq. (43), the SG variables can be reconstructed 
using the POD bases according to
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where cm,SG is the coefficient corresponding to the SG POD 
basis, and Np,SG represents the POD order of the SG.

Let the number of discrete meshes in the parallel flow 
and counter-flow sections of the SG U-tube be defined 
as NXSG . The dividing point between the preheating and 
boiling sections on the secondary side is positioned at grid 
location XSG . Based on the discretized equations for the 
flow and wall heat transfer on the primary side, Eqs.(29) 
and (30), and applying Eq. (50), the residual function cor-
responding to these two equations can be formulated as 
follows, where superscript 1 represents the primary side:

Similarly, for the discretized equations representing the flow 
in the secondary side and the heat transfer on the outer sur-
face of the U-tube, Eqs. (31) and (32), the residual function 
corresponding to these two equations can be formulated as 
follows, where superscript 2 represents the secondary side:

(50)

� =

Np,SG�
m=1

cm,SGPSG,�,m,

� =

⎧
⎪⎪⎨⎪⎪⎩

T1,f, T1,ad, Tw,in,f, Tw,out,f, Tw,in,ad, Tw,out,ad,

T2,r,
Tw,in,f − T1,f

�1cp,f
,
Tw,in,ad − T1,ad

�1cp,ad
, hs,

Tw,out,f − Tw,out,ad − 2T2,r

cp,2
,

(51)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

E
primary

SG
=
∑NXSG

i=2

�
m1

M1ΔxSG
A1 −

4K1

M1din
A2

�2

+
∑NXSG−1

i=1

�
m1

M1ΔxSG
A3 +

4K1

M1din
A4

�2

.

A1 =
∑Np,SG

m=1
cm,SG

�
PSG,T1,f,i,m

− PSG,T1,f,i−1,m

�

A2 =
∑Np,SG

m=1
cm,SGPSG,ta,i,m

A3 =
∑Np,SG

m=1
cm,SG

�
PSG,T1,ad,i+1,m

− PSG,T1,ad,i,m

�

A4 =
∑Np,SG

m=1
cm,SGPSG,tb,i,m.

Based on the heat-balance equations for the U-tube inner 
wall, Eqs. (14) and (15), the corresponding residual function 
can be expressed as follows:

Based on the heat transfer equations, Eqs. (16) and (17), the 
corresponding residual function can be expressed as follows:

(52)

⎧
⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

E
secondary

SG
=
∑XSG

i=2

�
m2

M2ΔxSG
A1−

nK2�dout

M2

A2

�2
�

+
∑NXSG

i=XSG+1

�
m2

M2ΔxSG
A3−

nK2,s�dout

M2

A4

�2
�

A1 =
∑Np,SG

m=1
cm,SG

�
PSG,T2,r,i,m

− PSG,T2,r,i−1,m

�

A2 =
∑Np,SG

m=1
cm,SGPSG,tc,i,m

A3 =
∑Np,SG

m=1
cm,SG

�
PSG,hs,i,m

− PSG,hs,i−1,m

�
A4 =

∑Np,SG

m=1
cm,SG

�
PSG,Tw,out,f ,i,m

+PSG,Tw,out,ad,i,m
− T2,s

�
.

(53)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
w,in

SG
=

NXSG∑
i=1

�
2n��w

Mwcp,w ln
�

dout

din

�A1 +
nK1�din

Mwcp,w
A2

�2

+
NXSG∑
i=1

�
2n��w

Mwcp,w ln
�

dout

din

�A3 +
nK1�din

Mwcp,w
A4

�2

A1 =

Np,SG∑
m=1

cm,SG(PSG,Tw,out,f ,i,m

−PSG,Tw,in,f,i,m
)

A2 =

Np,SG∑
m=1

cm,SG(PSG,T1,f,i,m

−PSG,Tw,in,f,i,m
)

A3 =

Np,SG∑
m=1

cm,SG(PSG,Tw,out,ad,i,m

−PSG,Tw,in,ad,i,m
)

A4 =

Np,SG∑
m=1

cm,SG(PSG,Tw,out,ad,i,m

−PSG,Tw,in,ad,i,m
)

(54)

Eb
SG =

⎡

⎢

⎢

⎣

Np,SG
∑

m=1
cm,SGPSG,T1,f ,1,m − T1,0

⎤

⎥

⎥

⎦

2

+
⎡

⎢

⎢

⎣

Np,SG
∑

m=1
cm,SGPSG,T2,r ,1,m − T2,0

⎤

⎥

⎥

⎦

2

+
⎡

⎢

⎢

⎣

Np,SG
∑

m=1
cm,SGPSG,T1,f ,NXSG,m −

Np,SG
∑

m=1
cm,SGPSG,T1,ad,NXSG,m

⎤

⎥

⎥

⎦

2

Table 2   Steam generator variables, POD bases, and corresponding 
boundary conditions

Core variables POD 
basis

Inlet 
boundary 
conditions

Outlet 
boundary 
conditions

T1,f PSG,T1,f
T1,0 –

T1,ad PSG,T1,ad
– dT∕dx = 0

Tw,in,f PSG,Tw,in,f
– –

Tw,out,f PSG,Tw,out,f
– –

Tw,in,ad PSG,Tw,in,ad
– –

Tw,out,ad PSG,Tw,out,ad
– –

T2,r PSG,T2,r
T2,0 dT∕dx = 0

(Tw,in,f − T1,f)∕(�1 ⋅ cp,f) PSG,ta – –
(Tw,in,ad − T1,ad)∕(�1 ⋅ cp,ad) PSG,tb – –
hs PSG,hs

– –
(Tw,out,f + Tw,out,ad − 2T2,r)∕(cp,2) PSG,tc – –
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Based on the heat transfer equations, Eqs. (18) and (19), 
we can express the corresponding residual function using 
Eq. (56):

The residual functions corresponding to the inlet boundary 
conditions of the coolant on both the primary and second-
ary sides, as well as the outlet of the parallel flow and inlet 
of the counter-flow on the primary side, can be expressed 
by Eq. (54). The overall residual function ESG is as follows:

Subsequently, the coefficients cm,SG are determined using 
the LSM, and the temperature distribution inside the SG is 
reconstructed based on Eq. (50).

(55)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
w,out,parallel

SG

=
XSG∑
i=1

�
2n��w

Mwcp,w ln(dout∕din)
A1 +

nK2�dout

Mwcp,w
A2

�2

+
NXSG∑

i=XSG+1

�
2n��w

Mwcp,w ln(dout∕din)
A3

+
nK2,s�dout

Mwcp,w

�
T2,s − A4

��2

.

A1 =

Np,SG∑
m=1

cm,SG(PSG,Tw,in,f,i,m

−PSG,Tw,out,f ,i,m
)

A2 =

Np,SG∑
m=1

cm,SG(PSG,T2,r,i,m

−PSG,Tw,out,f ,i,m
)

A3 =

Np,SG∑
m=1

cm,SG(PSG,Tw,in,f,i,m

−PSG,Tw,out,f ,i,m
)

A4 =

Np,SG∑
m=1

cm,SGPSG,Tw,out,f ,i,m
.

(56)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
w,out,counter

SG

=
∑XSG

i=1

�
2n��w

Mwcp,w ln(dout∕din)
A1

+
nK2�dout

Mwcp,w
A2

�2
+

∑NXSG

i=XSG+1

�
2n��w

Mwcp,w ln(dout∕din)
A3

+
nK2,s�dout

Mwcp,w

�
T2,s − A4

��2

A1 =
∑Np,SG

m=1
cm,SG

�
PSG,Tw,in,ad,i,m

− PSG,Tw,out,ad,i,m

�

A2 =
∑Np,SG

m=1
cm,SG

�
PSG,Tw,in,ad,i,m

− PSG,Tw,out,ad,i,m

�

A3 =
∑Np,SG

m=1
cm,SG

�
PSG,Tw,in,ad,i,m

− PSG,Tw,out,ad,i,m

�

A4 =
∑Np,SG

m=1
cm,SGPSG,Tw,out,ad,i,m

.

(57)
ESG = E

primary

SG
+ E

secondary

SG
+ E

w,in

SG

+ E
w,out,parallel

SG
+ E

w,out,counter

SG
+ Eb

SG
.

2.2.5 � Pipes

The selected variables and boundary conditions for the pipes 
are presented in Table 3. The thermal-hydraulic variables of 
the pipe can be reconstructed using the following equation:

where cm,p is the coefficient corresponding to the POD basis 
of the pipes, and Np,p represents their POD order. Similar 
to the previous sections, the residual functions of the pipe 
for the continuity and momentum equations at the internal 
grids can be defined using Eqs. (59) and (60), respectively.

where NXp denotes the number of discretized grid points in 
the pipes.

(58)
� =

Np,p∑
m

cm,pPp,�,m,

� ∈ {�, �u, �uu, p,�u, �uh∗, �T∗},

(59)Econ
p

=

NXp�
i=2

⎡⎢⎢⎣

Np,p�
m=1

cm,p

�
Pp,�u,i,m − Pp,�u,i−1,m

Δxp

�⎤⎥⎥⎦

2

,

(60)

Emom
p

=

NXp−1∑
i=2

[ Np,p∑
m=1

cm,p

(
Pp,�uu,i,m − Pp,�uu,i−1,m

Δxp

)

+

Np,p∑
m=1

cm,p

(
Pp,p,i,m − Pp,p,i−1,m

Δxp

)

−

Np,p∑
m=1

cm,p

(
Pp,�u,i+1,m − 2Pp,�u,i,m + Pp,�u,i−1,m

Δx2
p

)

+
f

2D

Np,p∑
m=1

cm,pPp,�uu,i,m + g sin �

Np,p∑
m=1

cm,pPp,�,i,m

]2
,

Table 3   Pipe variables, POD bases, and corresponding boundary 
conditions

*�uh∗ and �T∗ are only used in heat transfer pipes

Core variables POD basis Inlet boundary 
conditions

Outlet bound-
ary condi-
tions

�u Pp,�u �0,pu0,p –
�uu Pp,�uu �0,pu0,pu0,p –
p Pp,p p0,p dp∕dx = 0

�u Pp,�u �0,pu0,p � ⋅ du∕dx = 0

� Pp,� �0,p –
�uh∗ Pp,�uh �0,pu0,ph0,p –
�T∗ Pp,�T �0,pT0,p � ⋅ dT∕dx = 0
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Based on the boundary conditions listed in Table 3, the 
residual functions at the inlet boundary of the pressure 
drop pipes can be expressed using Eq. (61).

The governing equations for the outlet boundary grids 
of the pressure drop pipes can be discretized as follows:

The residual function based on the expression above can be 
represented as follows:

(61)

Eb,in
p

=

⎛⎜⎜⎝

Np,p�
m=1

cm,pPp,�u,1,m − �0,pu0,p

⎞⎟⎟⎠

2

+

⎛
⎜⎜⎝

Np,p�
m=1

cm,pPp,�uu,1,m − �0,pu0,pu0,p

⎞
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⎤⎥⎥⎦

2

.

Then, the residual function of the pressure drop pipe can 
be written as

For discretized heat-exchange pipes, the residual function 
includes an additional energy equation term compared to 
discretized pressure drop pipes. The residual function at the 
internal grid of the energy equation is expressed as follows:

The residual function at the inlet grid of the energy equation 
is expressed as follows:

The discretized form of the energy equation at the outlet grid 
can be written as

The corresponding residual function is expressed as follows:

Therefore, the residual function for the discretized heat-
exchange pipes can be represented as

(64)Ep = Econ
p

+ Emom
p

+ Eb,in
p

+ Eb,out
p

.

(65)
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.
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Subsequently, the LSM is applied to solve the coefficients 
cm,p for different pipes, and the required variables are 
reconstructed.

2.2.6 � Implementation of ROMs

After establishing a reduced-order model for each compo-
nent, the implementation of the proposed ROMs for predict-
ing different working conditions is listed as follows:

Offline stage:
Step 1: The key state parameters for different equipment 

and circuit systems such as inlet flow rate, inlet temperature, 
and core power are determined.

Step 2: The ranges of different state parameters are deter-
mined based on the actual operating conditions, and a series 
of state points are selected within these ranges for a full-
order simulation to obtain snapshots.

Step 3: The POD process is imposed according to 
Sect. 2.2.1 to obtain the POD bases, and a reduced-order 
model is built for the primary circuit.

Online stage:
Step 1: The state parameters are set for the state to be 

predicted.
Step 2: The POD coefficients cm are calculated for each 

component using Eqs. (44), (57), (64), (69), and (42).
Step 3: The temperature, pressure, and velocity distribu-

tions of the unknown state are reconstructed using Eqs. (43), 
(50), and (58).

3 � Results and discussion

This section presents a validation of the full-order model of 
the primary circuit system against the designated parame-
ters. After validation, the results obtained from the reduced-
order model corresponding to the primary circuit of the reac-
tor are analyzed and compared. The reduced-order model is 
validated in two parts. First, the results of the reduced-order 
model are compared with those of the FOM corresponding 
to the operating conditions included in the snapshots. The 
second part uses the reduced-order model to calculate the 
unknown operating conditions not included in the snapshots 

and compares them with the full-order results. In this study, 
11 specific operating conditions covering a 70–100% rat-
ing power are chosen as snapshots. Under different operat-
ing conditions, the core power and boundary conditions on 
the secondary side of the steam generator are considered as 
the input parameters. These selected snapshots serve as the 
foundation for generating POD bases and establishing the 
corresponding POD reduced-order models. Following Eq. 
(39), the values of Np for each component of the primary 
circuit are listed in Table 4.

Table 4   POD order for different 
components

Component N
p

Core 2
Heat pipe section 1 3
Heat pipe section 2 3
Steam generator 2
Pressure drop pipe 3
Cold pipe section 3

Table 5   Core design parameters and FOM simulation results

Design value Simulation value Errors (%)

Inlet temperature (K) 552.59 552.554 0.006515
Outlet temperature (K) 597.81 597.306 0.084308
Average flow rate (m/s) 4.816 4.81658 0.012043
Core pressure drop 

(MPa)
0.43 0.43512 1.190698

Table 6   SG design parameters and FOM simulation results

Design value Simulation value Errors (%)

Primary side 
inlet tempera-
ture (K)

594.25 594.212 0.006395

Primary side 
outlet tem-
perature (K)

553.75 553.664 0.01553

Fig. 7   (Color online) 100% operating condition temperature distribu-
tion
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3.1 � Full‑order model verification

First, the simulation results of the primary circuit FOM 
developed in this study are compared with the design param-
eters of the AP1000 reactor [37]. Tables 5 and 6 compare the 
full-power operating conditions with the full-order calcula-
tion results for the AP1000 reactor core and SG sections, 
respectively. These comparisons indicate that the proposed 
FOM can be used to accurately simulate the thermal-hydrau-
lic behavior of the system circuit. For verification, snapshots 
are obtained using the proposed FOM.

3.2 � Reduced‑order model verification

Second, the full-power operating conditions of the snap-
shot set are used to verify the correctness of the reduced-
order model. Figure 7 provides the temperature distribution 

of the reduced-order model and FOM, which is compared 
with those of the design values. This comparison shows 
that both the FOM and reduced-order model solutions are 
in good agreement with the design values. The reduced-
order model accurately predicts the physical distribution of 
a circuit system.

Figure 7 also further provides the relative error between 
the reduced-order model and FOM solutions. The maxi-
mum relative error between the results of the reduced-order 
model and the FOM is 0.233% for the primary circuit of the 
entire reactor. Compared with the design parameters, the 
relative deviation of the core inlet temperature calculated 
by the reduced-order model is 0.147%, that of the core exit 
temperature is 0.018%, that of the SG inlet temperature is 
0.145%, and that of the SG outlet temperature is 0.006%, 

Fig. 8   Temperature distribution of a 86.5% core power and b 74.5% 
core power along the flow direction

Fig. 9   Pressure distribution of a 86.5% core power and b 74.5% core 
power along the flow direction
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indicating that the proposed reduced-order model can accu-
rately predict the thermal-hydraulic behavior of the system 
circuit.

Under full-power operating conditions, the computational 
time for the FOM and reduced-order model is 63.9 s and 
0.0404 s, respectively. The reduced-order model shows an 
acceleration ratio of 1582 times, indicating that the proposed 
reduced-order model can effectively improve the comput-
ing speed. The FOM computing time of our self-developed 
code is similar to those of other widely used programs with 
the same accuracy. This further indicates that the proposed 
reduced-order model can be used to effectively accelerate 
reactor circuit calculations. In digital twin applications, the 
efficiency of the current reduced-order models can strongly 
support real-time or even ultra-real-time assimilation 
simulations.

Finally, to verify the extensibility and accuracy of the 
reduced-order model, 86.5% and 74.5% power operating 
conditions, which are not included in the snapshots, are cal-
culated using the reduced-order model. The temperature, 
pressure, and velocity fields obtained from the reduced-order 
model are compared with the FOM results. Under operat-
ing conditions of 74.5% and 86.5% power, the acceleration 
ratios of the reduced-order model are 1768 and 1493 times, 
respectively.

Figure 8 illustrates the temperature distribution along 
the flow direction calculated by both the full-order and 
reduced-order models under operating conditions of 86.5% 
and 74.5% power. In addition, the relative errors at various 
grid points are presented. The reduced-order results agreed 
well with the full-order results. For the 86.5% power oper-
ating condition, the maximum relative error is 0.117%, and 
the average error is 0.015%; for the 74.5% power operating 
condition, the maximum relative error is 0.063%, and the 
average error is 0.019%.

The pressure field distributions for both the 86.5% and 
74.5% full-power operating conditions and the relative errors 
between the reduced- and full-order results are illustrated in 
Fig. 9. Under the 86.5% operating condition, the maximum 
relative error is 0.012%, and the average error is 0.006%; 
under the 74.5% operating condition, the maximum relative 
error is 0.01%, and the average error is 0.007%.

Figure 10 presents the velocity field distributions for 
both the 86.5% and 74.5% power operating conditions. 
The reduced-order results are in good agreement with the 
full-order results. Under the 86.5% operating condition, 
the maximum relative error is 0.024%, and the average 
error is 0.008%; under the 74.5% operating condition, the 
maximum relative error is 0.026%, and the average error is 
0.02%. These solutions indicate that the proposed reduced-
order model can accurately predict the physical processes 
of unknown states.

4 � Conclusion

In this study, an RO-PTSC based on POD and LSM was 
developed. A full-order circuit model is used to generate 
snapshots under various operating conditions. The POD 
bases were subsequently constructed from the snapshots. 
Then, for all main circuit components, the residual func-
tions were constructed based on their governing equations, 
and the POD coefficient matrices were calculated using the 
LSM. The variables of interest in the governing equations 
could be reconstructed using these coefficient matrices and 
the POD basis. Subsequently, the temperature, pressure, 
and velocity fields were obtained by employing the com-
binatorial relationships between the reconstructed vari-
ables and invoking the IF97 physical property calculation 

Fig. 10   Velocity distribution of a 86.5% core power and b 74.5% core 
power along the flow direction
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function. To verify the proposed RO-PTSC method, the 
AP1000 primary circuit was simulated using a reduced-
order model and compared with the full-order results. For 
86.5% and 74.5% power operating conditions, the tempera-
ture, pressure, and velocity fields along the flow direction 
from the reduced-order model agreed well with the full-
order results and attained an acceleration ratio exceeding 
1000.
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