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Abstract
The covariant density functional theory (CDFT) and five-dimensional collective Hamiltonian (5DCH) are used to analyze 
the experimental deformation parameters and moments of inertia (MoIs) of 12 triaxial nuclei as extracted by Allmond and 
Wood [J. M. Allmond and J. L. Wood, Phys. Lett. B 767, 226 (2017)]. We find that the CDFT MoIs are generally smaller than 
the experimental values but exhibit qualitative consistency with the irrotational flow and experimental data for the relative 
MoIs, indicating that the intermediate axis exhibites the largest MoI. Additionally, it is found that the pairing interaction 
collapse could result in nuclei behaving as a rigid-body flow, as exhibited in the 186–192 Os case. Furthermore, by incorporat-
ing enhanced CDFT MoIs (factor of f ≈ 1.55 ) into the 5DCH, the experimental low-lying energy spectra and deformation 
parameters are reproduced successfully. Compared with both CDFT and the triaxial rotor model, the 5DCH demonstrates 
superior agreement with the experimental deformation parameters and low-lying energy spectra, respectively, emphasizing 
the importance of considering shape fluctuations.

Keywords  Moment of inertia · Trixial nucleus · Covariant density functional theory · Five-dimensional collective 
Hamiltonian · Low-lying energy spectrum

1  Introduction

The moment of inertia (MoI) is crucial for studying the rota-
tional behavior of nuclei [1–6]. For example, the observa-
tion of an abrupt MoI change in a rotational band led to the 
discovery of the “backbending” phenomenon [7], which has 
triggered a revolution in the study of the structure of atomic 
nuclei, which is still currently on-going. Therefore, accurate 
MoI prediction is a major goal in rotational theory. The MoI 
has been extensively studied in axially symmetric nuclei. 
However, our understanding of this phenomenon in triaxi-
ally deformed nuclei is relatively limited. A triaxial shape is 
associated with intriguing phenomena such as the � band [2], 
signature inversion [8], anomalous signature splitting [9], 

wobbling motion [2], and chiral rotation [10]. Among these, 
wobbling motion and chiral rotation serve as direct evidence 
of a stable triaxial shape.

Phenomenological MoI models in triaxial nuclei can be 
categorized into two ideal types: rigid-body and irrotational 
flow MoIs [1–5]. Rigid-body MoIs consider the nucleus to 
rotate as a single entity. Consequently, the MoI is calculated 
by summing the products of each infinitesimal mass element 
and the square of their distance from the axis of rotation, 
which depends on deformation parameters ( � , � ) as [1–5]

Here, Brig =
2

5
MR2 = 0.0138 × A5∕3 ℏ2∕MeV represents the 

rigid-body inertia parameter. However, experimental MoIs 
are generally much smaller than rigid-body MoIs [1–5].

Conversely, irrotational-flow MoIs assume that the 
nucleus behaves like an irrotational liquid, that is, there is 
an absence of vorticity for the largest possible area in the 
central sphere. Therefore, only nucleons located outside 
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the central sphere contribute to the MoI. Correspondingly, 
irrotational-flow MoIs are given as  [1–5]

where Birr =
3

8�
MR2 = 0.00412 × A5∕3 ℏ2∕MeV represents 

the irrotational flow inertia parameter.
There are key differences between these two MoI 

types. First, Jirr, k becomes zero along the symmetric axis, 
whereas Jrig, k does not. Second, Jirr, k indicates that the 
intermediate axis exhibits the largest MoI, whereas Jrig, k 
suggests that the short axis exhibits the largest MoI. This 
leads to the observation that Jirr, k can induce a phenom-
enon known as transverse wobbling motion [11] and chi-
ral rotation [10], while Jrig, k lacks this capability. Finally, 
Jirr, k strongly depends on the deformation parameter 
�2 , whereas Jrig, k is less sensitive to deformation and is 
roughly proportional to � . Overall, for a given deformation 
� , Jrig, k generally exceeds Jirr, k , indicating a significant 
difference in magnitude between these two MoIs.

In 2017, Allmond and Wood [12] analyzed a dozen tri-
axially deformed nuclei using experimental data for 2+ 
state energies and the electric quadrupole matrix elements. 
They compared the extracted deformation parameters and 
empirical MoIs for all three principal axes with predic-
tions from rigid and irrotational flow models. Their results 
showed that the absolute MoIs were between the values 
expected from the two models. However, the relative 
MoIs exhibited qualitative consistency with the �2 sin2 �
-dependence for the irrotational-flow MoI. This was the 
first report of empirical MoIs for all three principal axes 
in triaxially deformed nuclei. Subsequently, Schuck and 
Urban  [13] showed that these empirical MoIs can be 
explained via semiclassical cranked Hartree-Fock-Bogo-
liubov (HFB) [14, 15] calculations, which superimpose the 
rigid and irrotational flow contributions. The agreement 
between theory and experiment suggests the macroscopic 
behavior of nuclei. However, this approach neglected the 
shell effects. Hence, it is important to investigate MoIs 
using a fully microscopic approach considering these 
effects. Moreover, it has been recognized that certain 
studied nuclei exhibit significant � and � fluctuations, 
and could deviate from the extracted average values [12]. 
Therefore, it is imperative to comprehensively investigate 
these fluctuations and their implication.

Microscopically, the Inglis formula [1, 3, 4, 6, 16] can be 
used to study MoIs by constraining the wave functions to 
rotate at a constant angular velocity, � . However, neglecting 
pairing correlations in this formula yields MoI values close 
to those of rigid-body predictions. For improved accuracy, 
the Inglis-Belyaev (IB) formula considers pairing correla-
tions within the BCS formulation [1, 3, 4, 6, 17]

(2)Jirr, k = 4Birr�
2 sin2

(
� − k

2�

3

)
, where Ei , vi , and �i⟩ denote the quasi-particle energies, 

occupation probabilities, and single-nucleon wave func-
tions, respectively. The summation runs over the proton and 
neutron quasi-particle states. It is worth noting that the IB 
formula incorporates the effects of nucleon pairing and shell 
structure on MoIs.

In this work, we will employ the state-of-the-art covari-
ant density functional theory (CDFT) as a microscopic 
approach for studying MoIs. The CDFT is a comprehensive 
and reliable tool for investigating the ground-state proper-
ties of spherical and deformed nuclei throughout a nuclide 
chart [18–25]. Within the mean-field approximation, MoIs 
can be calculated in a fully microscopic and self-consistent 
manner using the IB formula [26, 27]. However, to accu-
rately describe the low-lying energy spectra, we must go 
beyond the static mean-field approximation. Accordingly, 
we will adopt a five-dimensional collective Hamiltonian 
(5DCH) approach [2, 3, 5, 23, 28–36], that considers five 
quadrupole dynamic degrees of freedom: deformation 
parameters (�, �) and nucleus orientation angles �(�, �,�) . 
Furthermore, the collective parameters in 5DCH, including 
the MoIs, are determined via CDFT calculations, that is, 
using 5DCH-CDFT [23, 26, 27, 33, 36]. The 5DCH-CDFT 
has achieved great success in studying various nuclear col-
lective properties such as phase transitions  [27, 37–40], 
shape evolution  [26, 41–56], tidal waves   [57], and the 
nuclear landscape considering beyond-mean-field dynamic 
correlation energies [58, 59]. For a comprehensive review, 
see Refs.  [23, 33, 36].

In this paper, we will investigate the deformation param-
eters and MoIs for the reported 12 triaxially deformed nuclei 
using 5DCH-CDFT. The calculated deformation parameters 
and MoIs will be compared with existing experimental data 
and rigid and irrotational-flow MoIs. Additionally, we will 
study the low-lying energy spectra of these nuclei to validate 
the CDFT MoI predictions.

2 � Numerical details

The detailed theoretical framework for 5DCH-CDFT can 
be found in Refs. [23, 26, 27, 33, 36]. For the CDFT cal-
culations, we employ the point-coupling energy density 
functional PC-PK1 in the particle-hole channel and the 
density-independent � force in the particle-particle chan-
nel, as described in [60]. The �-force strength parameter is 
set to 349.5MeV fm3 ( 330.0MeV fm3 ) for neutron (proton) 
pairing, which is calibrated by fitting an empirical neutron 
(proton) pairing gap [60]. To solve the equation of motion 

(3)Jk =
�

ij

(uivj − viuj)
2
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, k = 1, 2, 3,
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for nucleons, we expand the Dirac spinors in a set of three-
dimensional harmonic oscillator basis functions in Cartesian 
coordinates with 14 major shells. This provides an accurate 
representation of the nucleon spatial distribution within the 
nucleus. To determine the collective parameters on the (�, �)
-plane for the 5DCH, we perform constrained triaxial CDFT 
calculations in the � ∈ [0.0, 0.8] and � ∈ [0◦ , 60°] regions, 
with a step size of Δ� = 0.05 and Δ� = 6◦ , respectively.

3 � Results and discussion

3.1 � Potential energy surfaces

Figure 1 shows the potential energy surfaces (PESs) in 
the (�, �)-plane for the 12 triaxial nuclei obtained from 
the CDFT calculations with an effective interaction 
PC-PK1  [60]. For comparison, the experimental defor-
mation parameters from previous studies  [12] are also 
included for comparison. For 110 Ru , a triaxial deformation 
of (� = 0.26, � = 40◦ ) is observed. The predicted � and � 
values are slightly smaller and larger than the experimental 
values of 0.310(11) and 29.0°(4.8°) [12], respectively. The 
PES of this nucleus is relatively flat in the � - and �-direc-
tions toward the oblate side. By contrast, for 150 Nd, 156 Gd, 
166,168 Er, 172 Yb , and 182,184 W , the minimum is located at 
� = 0◦ , i.e., it exhibits a prolate shape, which disagrees with 
the triaxial deformation indicated by the experimental data. 
Around the calculated minimum, the curve is relatively flat 
along the �-direction toward the experimental deformation 
parameters ( ≈ 0.5MeV ). Nevertheless, these findings under-
score the limitations of the mean-field approximation used 
in the CDFT calculations and suggest that the additional 
refinements, such as those for the fluctuation effects, are 
necessary to improve the predictions for these nuclei (c.f. 
Fig. 10). For 186–192 Os , the CDFT calculations show good 
agreement with the experimental data for ground-state defor-
mation parameters. The minima � values range between 20° 
and 30°, indicating the importance of triaxial deformation 
in these nuclei.

3.2 � Moments of inertia

Using the obtained single-nucleon wave functions, ener-
gies, and occupation factors generated from the constrained 
self-consistent CDFT solutions, we calculate the MoIs 
using the IB formula for all three principal axes [23, 26, 
27, 33, 36]. The calculated MoIs, denoted as JCDFT, k , are 
plotted as a function of �2 sin2(� − 2k�∕3) and � , as shown 
in Fig. 2. For comparison, the experimental values, denoted 
as JExp, k [12], are also plotted. As shown in Fig. 1, the pre-
dicted deformation parameters obtained via CDFT are not 
ideally identical to the experimental parameters. This can 

lead to ambiguity when comparing the CDFT-predicted and 
experimental MoIs. To address this issue, the deformation 
parameters used in the CDFT calculations are constrained to 
be the same as the experimental parameters [12]. Finally, the 
obtained JCDFT, k are compared with Jrig, k (1) and Jirr, k (2).

Figure 2 shows that both the experimental and CDFT 
MoIs fall between the expectations of rigid and irrotational 
motions. This suggests that the flow structures within realis-
tic nuclei are neither purely irrotational nor rigid. The JExp, k 
values are found to be 6.3, 7.4, and 10.0 times larger than the 
Jirr, k values for the intermediate (m, 1-axis), short (s, 2-axis), 
and long (l, 3-axis) axes, respectively. Correspondingly, the 
ratios JCDFT, k are smaller at 4.5, 5.8, and 10.0. This underes-
timation is due to the use of the IB formula without consid-
ering the Thouless-Valatin dynamic rearrangement  [61–64]. 
Therefore, the order of MoIs for the different models can be 
expressed as: Jirr, k < JCDFT, k < JExp, k < Jrig, k.

To investigate whether JCDFT, k follows the properties of 
Jirr, k , we examine their relative MoIs as functions of � , as 
shown in Fig. 3, and compare them with the experimen-
tal data [12] for all three principal axes. The scale used in 
Fig. 3 is normalized to J1 , which represents the MoI of the 
m-axis. We find that the relative JCDFT, k are also qualita-
tively consistent with Jirr, k and in agreement with JExp, k . 
This agreement confirms the validity of the CDFT approach 
for describing the triaxially deformed nuclei. It is worth not-
ing that the MoIs calculated using the cranking model based 
on the modified oscillator potential exhibit the same behav-
ior as Jirr, k [65]. These results demonstrate the importance 
of considering Jirr, k to understand the collective rotational 
behavior of triaxially deformed nuclei. For example, the m 
axis exhibits the largest MoI, which leads to the appearance 
of transverse wobbling in the low-spin region [11, 65, 66] as 
well as chiral rotation when the nucleus possesses a particle-
hole configuration [10, 67–70].

3.3 � Moments of inertia in 190 Os

Notably, as shown in Fig. 3, the calculated relative MoIs 
for 186–192 Os along the l axis are overestimated compared 
with the experimental values, which contradicts the trend 
for Jirr,k . To investigate this discrepancy, we further ana-
lyze the 190 Os case. Using the CDFT, we calculate the 
MoIs as a function of � for fixed values of � = 0.1 , 0.2, 0.3, 
and 0.5. Additionally, the individual contributions from 
neutrons and protons to the MoIs are also analyzed, as 
shown in Fig. 4. As � increases, the degree of asymmetry 
becoms more pronounced. The relative MoIs along the s 
axis remain consistent with the irrotational flow, and sig-
nificant deviations occur at � = 0.1 and 0.2. Intriguingly, 
for the l axis MoI, a peculiar phenomenon is observed. At 
� = 0◦ , the relative MoIs for � = 0.1 and 0.2 do not van-
ish, which exceeds the expectation for a prolate shape. 
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Additionally, the contributions of protons and neutrons 
are substantially different at � = 0.2 , with the proton con-
tribution being significantly larger than that of neutrons. 
However, when � = 0.3 and 0.5, the l axis relative MoI 
returns to zero.

To investigate the potential influence of � deformation 
on the MoI behavior with respect to � for isotope 190 Os, we 
calculate the MoIs for both the m and l axes as a function 
of � , while maintaining � fixed at 0Å, as shown in Fig. 4. 
It is worth noting that when � is set to 0Å, Jm is equal to 
Js . Additionally, we plot the individual contributions of 

Fig. 1   (Color online) Potential 
energy surfaces in the (�, �)
-plane for 12 nuclei calculated 
via CDFT. All energies are 
normalized with respect to the 
minimum (stars). The contour 
lines are spaced at 0.5 MeV 
intervals. Experimental 
deformation parameters from 
the literature [12] are included 
(dots) for comparison



Moments of inertia of triaxial nuclei in covariant density functional theory﻿	 Page 5 of 11  183

neutrons and protons to the MoIs, as shown in Fig. 5. To 
further analyze the results, we compare them with those 
obtained for 168 Er, which exhibit good agreement with Jirr,k , 
as shown in Fig. 3. Figure 5 shows the Jm and Jl behav-
ior for 168 Er, revealing an increasing trend in Jm as the 
deformation � increases, which is expected given that the 
degree of the asymmetry increases. Conversely, Jl aligns 
with the anticipated behavior for a prolate shape, namely, it 
approaches zero. However, for 190 Os , noticeable deviations 
are observed, particularly for Jl values that do not vanish 
within a range of � values between 0.08−0.22 (as indicated 
by the vertical lines in the figure).

As mentioned previously, the MoIs in the CDFT are cal-
culated using the IB formula, which are determined from 
the quasi-particle energy of the quasi-particle states in the 
denominator and matrix elements of the angular momentum 
in the quasi-particle states in the numerator. In particular, the 
single-particle energy levels near the Fermi surface play a 
decisive role in determining the MoIs. Thus, to elucidate the 
reason behind the non-vanishing Jl values for 190 Os shown 
in Fig. 5, we investigate the corresponding single-particle 
energy levels of protons and neutrons for 190 Os as a function 
of � . We compare these results with those for 168 Er , which 
serve as a reference, as shown in Fig. 6. Upon examining 
the single-particle energy levels for protons in 190 Os , we 
observe that the energy level density near the Fermi surface 

Fig. 2   (Color online) Left: CDFT, experimental, and irrota-
tional-flow MoIs relative to the rigid-body value as functions of 
�2 sin2(� − 2k�∕3) for the 1-, 2-, and 3-axes, corresponding to the m, 
s, and l axes, respectively. Right: CDFT and experimental MoIs rela-
tive to the irrotational flow value as functions of � for the m, s, and l 
axes. The dashed lines represent the average ratio of the 12 nuclei

Fig. 3   (Color online) Relative MoIs for all three principal axes as 
functions of � . The CDFT and experimental values are normalized to 
the irrotational values using the 1-axis (m axis) as a reference

Fig. 4   (Color online) Same as Fig.  3, but for 190 Os at � = 0.1 , 0.2, 
0.3, and 0.5
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in the region of 0.08 ≤ � ≤ 0.22 is much smaller than that of 
the other, which may indicate a decrease in the pairing inter-
action. Indeed, a quantitative study of microscopic nuclear 
level densities based on CDFT, as in Refs. [72, 73], would 
be interesting.

To study the effect of pairing interactions, we plot the 
pairing energy, as shown in the lower panels of Fig. 5. It 
can be clearly seen that in the region of 0.08 ≤ � ≤ 0.22 , 
the proton-pairing energy tends to vanish, indicating the col-
lapse of the proton pairing interaction. Consequently, the 
MoI of the l axis of proton does not disappear and behaves 
like a rigid MoI, as previously mentioned. Beyond this 
region, the pairing energy is a finite value and the proton 
Jl becomes zero. However, no pairing collapse occurred 
for 168 Er , and Jl is zero. It is noted that in the selected 
PC-PK1 interaction [60], the pairing strengths are fixed 
at specific values: Gn = 349.5MeV fm3 for neutrons and 
Gp = 330.0MeV fm3 for protons. To further explore the 
potential impact of varying pairing strengths on the final 
outcome, we analyze the calculated MoIs and pairing ener-
gies of the total neutrons and protons as a function of � 
for the nucleus 190 Os , as shown in Fig. 7. Specifically, we 
maintain Gn at 349.5MeV fm3 while adjusting Gp from 0.0 
to 165.0 (half of the original Gp strength) and 660.0MeV fm3 
(twice the original Gp strength). The observations reveal that 
when Gp is reduced or eliminated, the proton-pairing energy 
is significantly diminished. Consequently, there is a corre-
sponding increase in the proton moment of inertia Jl . In 
comparison with the case of the original Gp strength, the 
proton pairing collapse occurs in a larger � region. When 
Gp is enhanced, the proton-pairing energy increases dra-
matically. This results in a vanishing proton Jl . Hence, this 

Fig. 5   (Color online) Calculated MoIs (upper) and pairing energy 
(lower) of the total, neutron, and proton as functions of � for 168 Er 
(left) and 190 Os (right). The vertical lines label the region of nonzero 
Jl for 190 Os , while the horizontal lines label the vanishing of pairing 
energy

Fig. 6   (Color online) Partial proton (upper) and neutron (lower) sin-
gle-particle energy levels as functions of � at � = 0◦ for 168 Er (left) 
and 190 Os (right). The dashed line denotes the Fermi surface

Fig. 7   (Color online) Calculated MoIs (upper) and pairing energy 
(lower) of the total, neutron, and proton as functions of � for 190 Os 
with Gp = 0.0 (left), 165.0 (middle), and 660.0 MeV fm3 (right)
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indicates that rigid flow is a consequence of the collapse of 
the pairing interaction from irrotational flow. However, it 
should be noted that the underlying mechanism behind this 
phenomenon is still not fully understood. Additionally, we 
note that the pairing energy collapse is attributed to the fact 
that the present pairing correlations are treated in the BCS 
approximation without particle number projection. To avoid 
this problem, restoring particle number symmetry is neces-
sary [3]. However, this is beyond the scope of the present 
study. Nevertheless, the importance of pairing correlations 
on the nuclear structure and also, for example, on the frag-
ment mass distribution [74] and �-decay half-lives  [75] are 
already well known.

3.4 � Low‑lying energy spectra

To further assess the predictive power of CDFT for the MoIs, 
we investigate the energy spectra of the ground-state, � , and 
� bands in the 12 triaxial nuclei using 5DCH based on CDFT 
inputs. As shown in Fig. 2, the calculated CDFT MoI values 
significantly underestimate the empirical results owing to 
neglecting the Thouless-Valatin corrections that are largely 
independent of deformation [62–64]. Therefore, we enhance 
the CDFT MoI values using a constant factor f ( ≈ 1.55 ) to fit 
the experimental 2+

1
 state energy. The results are presented in 

Fig. 8 along with the available experimental data obtained 
from the National Nuclear Data Center (NNDC) [71]. Note 

that the collective potentials in the 5DCH include the zero-
point energy (ZPE) corrections originating from vibrational 
and rotational kinetic energy [26]. We label this enhanced 
factor f used in the calculations for each subfigure to provide 
clarity. As shown in Fig. 8, the 5DCH energy spectra and the 
corresponding experimental data for the 12 triaxial nuclei 
are generally in good agreement. This agreement not only 
validates the effectiveness of the 5DCH but also provides 
further support for the overall validity of the CDFT approach 
for describing the nuclear dynamics of triaxially deformed 
nuclei.

However, the 5DCH predictions may differ from the 
experimental observations in certain cases. Specifically, for 
110 Ru , the theoretical � band energies are slightly higher 
than the experimental values. For 150 Nd , 156 Gd , and 168 Er , 
while the � band is reproduced, the �-band energy is over-
estimated, indicating that the mass parameter along the �
-direction is underestimated. For 172 Yb , the energy cross-
ings between the � and � bands are less evident in the calcu-
lations. For 182,184 W and 186 Os , the �-band slope is overes-
timated, indicating that the MoI in the � band is too small. 
Therefore, there is room for improvement in the theoreti-
cal models used in this study. For instance, the inclusion of 
dynamic pairing vibrations can improve the description of 
the 0+ state of the � band [76]. A more streamlined approach 
involves considering the enhancement of the mass param-
eters by a scaling factor, which is denoted by f ′ . For further 

Fig. 8   (Color online) Energy 
spectra of the ground-state, � , 
and � bands for the 12 nuclei 
calculated via the 5DCH (open 
circles) in comparison with 
those obtained from TRM 
calculations (open diamonds) 
and available experimental 
data (solid symbols) from 
NNDC [71]. The f value rep-
resents the enhanced factor for 
CDFT MoIs used in the 5DCH
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investigation, we select the nuclide 150 Nd as a representa-
tive example. Figure 9 shows the obtained energy spectra 
of the ground-state and � bands in 150 Nd using the 5DCH 
method, juxtaposed with pertinent experimental data from 
NNDC [71]. The analysis results reveal that exclusively 
enhancing the MoIs leads to an overestimation of the exci-
tation energy within the � band. Similarly, enhancing only 

the mass parameter along the �-direction, denoted as B�� , 
leads to an overestimation of the slopes exhibited by the 
ground-state and � bands. Notably, when both the MoIs and 
B�� are enhanced concurrently, the computed energy spectra 
for both the ground-state and � bands align favorably with 
the experimental observations.

To examine the fluctuation effects in the 5DCH, we per-
form rigid triaxial rotor model (TRM) [2] calculations using 
the experimental MoIs along the three principal axes [12] as 
inputs. The TRM does not consider the � degree of freedom 
and cannot predict the � band. Therefore, Fig. 8 shows the 
TRM results for the ground-state and � bands. The TRM 
successfully reproduces the ground-state band energies 
for 156 Gd , 166,168 Er , 172 Yb , 182,184 W , and 186 Os . It also 
describes the �-band behavior for these nuclei. However, 
this method overestimates the ground-state band energies in 
the high-spin region for 110 Ru150 Nd , and 188-192 Os , result-
ing in poorly described � bands with higher energies and 
a more pronounced staggering behavior, that is, indicating 
the � deformation degrees of freedom is estimated to be too 
rigid [7]. In contrast, the 5DCH calculations show better 
agreement in these cases, highlighting the importance of 
considering the fluctuations in the deformation degree of 
freedom.

Using the 5DCH wave functions, we calculate the defor-
mation expectation 𝛽  and 𝛾̄ and their fluctuations Δ� and 
Δ� [38], and compare these values for the 0+

1
 state with those 

obtained from the CDFT ground-state calculations and the 
experimental data  [12], as shown in Fig. 10. While the 
CDFT ground-state deformation parameters deviate from the 
experimental values for some nuclei, the 5DCH accurately 
reproduces the experimental data. In particular, the nuclei 
predicted to have an axial shape in the CDFT calculations 
exhibit triaxiality in the 5DCH, emphasizing the significance 
of considering the fluctuations in the deformation degree of 
freedom. Additionally, we find that the 𝛽  value of the 5DCH 
is similar to that of CDFT for all nuclei except for 110 Ru 
and 150 Nd , suggesting a relatively small fluctuation in the 
� direction in these nuclei. However, only 110 Ru and 186-

192 Os exhibit notable triaxial deformation parameters (20° 
≤ � ≤ 40◦ ), as indicated by the light-blue band in Fig. 10. 
Additionally, all nuclei display significant fluctuations in 
triaxial deformation ( Δ� ≈ 10◦ ), which indicates a certain 
degree of � softness. Therefore, the occurrence of rigid tri-
axially deformed ground states remains uncommon.

Furthermore, utilizing the obtained 5DCH wavefunc-
tions, we calculate the in-band E2 transition probabilities 
B(E2) and compare these calculations with the available 
experimental data for Os isotopes 186-192 Os  [71], which 
exhibit notable triaxiality (c.f. Fig. 10), as shown in Fig. 11. 
Note that E2 transition results for additional nuclei can 
be referenced from Refs. [27, 40, 52, 54]. Despite a slight 
overestimation by the 5DCH approach compared with the 

Fig. 9   (Color online) Energy spectra for the ground-state and � bands 
in 150 Nd calculated via 5DCH (open symbols) compared with avail-
able experimental data (solid symbols) from NNDC [71]. The f and f ′ 
values respectively represent the enhanced factors for the CDFT MoIs 
and mass parameter B�� used in the 5DCH

Fig. 10   (Color online) Deformation parameters 𝛽  (upper) and 𝛾̄ 
(lower) of the 0+

1
 state in 5DCH (open circles) compared with the 

ground state deformation parameters in CDFT (open squares) and 
experimental data (solid circles) for 12 nuclei  [12]. In the 5DCH 
results, the Δ� and Δ� fluctuations are depicted as positive and nega-
tive error bars for 𝛽  and 𝛾̄ , respectively. The light-blue band repre-
sents the region of remarkable triaxial deformation
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experimental data, the agreement is reasonable. This is 
attributed to the significant advantage of the 5DCH-CDFT 
methodology: transition probabilities are computed within 
the entire configuration space, thus obviating the need for 
effective charges. This underscores the robustness of the 
5DCH approach for transition probability calculations.

4 � Summary

In summary, the MoIs for 12 triaxially deformed nuclei are 
investigated using the CDFT and 5DCH frameworks. The 
calculated deformation parameters, MoIs, and low-lying 
energy spectra are compared with available experimental 
data.

The results reveal that the absolute MoIs derived via 
CDFT are generally smaller than the experimental values, 
but exhibit qualitative consistency with irrotational flow 
and experimental data. Therefore, the m axis exhibits the 
largest MoI and it is more appropriate to use MoIs derived 
from irrotational flow instead of a rigid body when studying 
rotational behavior. However, it is found that the calculated 
relative MoIs for 186–192 Os deviated from the trend expected 
for irrotational flow. This discrepancy can be attributed to 
the collapse of pairing interaction, which leads to the nuclei 
behaving like a rigid-body flow. However, the underlying 
mechanism for this phenomenon remains unclear.

The 5DCH calculations incorporate an enhanced factor 
(a factor of f ≈ 1.55 ) to address the MoI underestimation by 
CDFT. Compared with the TRM and CDFT calculations, the 
5DCH results agree better with the experimental low-lying 
energy spectra and deformation parameters. These results 
emphasize the importance of considering deformation 
degree of freedom fluctuations. Overall, a rigid triaxially 
deformed ground state is rare.

Despite these insightful findings, there is still room for 
improvement in our theoretical models. For example, it 
was pointed out that enhancing the calculation accuracy for 
mass parameters can improve the description of the low-
lying energy spectra, particularly for the 0+ state and E0 
transitions [78]. Extending the scope of work to other novel 
nuclear collective excitations or unstable nuclei [79–82] is 
also of interest. By refining these calculations, we could 
enhance the overall predictive power of the theoretical 
framework and gain a deeper understanding of the underly-
ing nuclear dynamics.
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