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Abstract
Precise knowledge of the nuclear symmetry energy can be tentatively calibrated using multimessenger constraints. The neu-
tron skin thickness of a heavy nucleus is one of the most sensitive indicators for probing the isovector components of effective 
interactions in asymmetric nuclear matter. Recent studies have suggested that the experimental data from the CREX and 
PREX2 collaborations are not mutually compatible with existing nuclear models. In this study, we review the quantification 
of the slope parameter of the symmetry energy L from the neutron skin thicknesses of 48Ca and 208Pb. Skyrme energy density 
functionals classified by various isoscalar incompressibility coefficients K were employed to evaluate the bulk properties of 
finite nuclei. The calculated results suggest that the slope parameter L deduced from 208Pb is sensitive to the compression 
modulus of symmetric nuclear matter, but not that from 48Ca. The effective parameter sets classified by K = 220MeV can 
provide an almost overlapping range of L from 48Ca and 208Pb.

Keywords  Nuclear symmetry energy · Neutron skin thickness · Energy density functional

1  Introduction

Nuclear symmetry energy (NSE), which characterizes the 
energy cost of converting isospin-symmetric nuclear matter 
(SNM) into pure neutron matter (PNM), plays a vital role 
in determining the properties of finite nuclei and neutron 
stars [1–5]. The density dependence of the NSE, that is, 
Esym(�) , can be expanded around the saturation density �0 
( ≃ 0.16 fm−3 ). The slope parameter L determines the behav-
ior of the equation of state (EoS) for asymmetric nuclear 
matter in the vicinity of �0 . Precise knowledge of the den-
sity dependence of the NSE is difficult to obtain owing to 
the uncertainties arising from the varying model-dependent 
slope parameter L. Fortunately, the characteristic behaviors 
of the NSE can be extracted indirectly from both extensive 
terrestrial nuclear experiments and observed astrophysical 
events [6–12].

Nuclear symmetry energy has been extensively used to 
encode the implications of the degree of isospin-asymmetry 
in finite nuclei. This is especially useful in the formation of 
the neutron skin thickness (NST) or neutron halo structures 
[13–15]. The quantity of NST, ΔRnp =

�
⟨r2

n
⟩ −

�
⟨r2

p
⟩ , is 

defined as the difference between the root-mean-square 
(rms) radii of the neutrons and protons in a heavy nucleus 
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and is strongly correlated to the slope parameter of the NSE, 
L [16–35]. Therefore, the NST of a heavy nucleus was meas-
ured to provide a constraint on the EoS of neutron-rich mat-
ter around �0.

The neutron radius of 208Pb has been determined in a 
laboratory by measuring the parity-violating asymmetry APV 
in polarized elastic electron scattering experiments such as 
PREX2 [36]. These efforts provided the latest value of NST 
w i t h  s i g n i f i c a n t l y  i m p r o v e d  p r e c i s i o n : 
ΔR208

np
= 0.212−0.354 fm . Moreover, a precise measurement 

of the NST for 48Ca was updated by the CREX group: 
ΔR48

np
= 0.071−0.171 fm [37]. The reported NST of 48Ca is 

relatively thin compared to the measurement obtained by the 
high-resolution electric polarizability experiment ( �

D
 ) in the 

RCNP collaboration ( ΔR48
np

= 0.14−0.20 fm ) [38]. In con-
trast, the NST of ΔR208

np
 obtained by the PREX2 Collabora-

t ion is  larger  than that  measured by RCNP 
( ΔR208

np
= 0.135−0.181 fm ) [39]. In Ref. [40], the NST of 

208Pb obtained by constraining astrophysical observables 
favors smaller values; for example, ΔR208

np
= 0.17 ± 0.04 fm . 

Likewise, the optimized new functionals obtained by cali-
brating the APV and �

D
 values of 208Pb predict an NST of 

ΔR208
np

= 0.19 ± 0.02 fm and symmetry-energy slope of 
L = 54 ± 8MeV [41]. Recent theoretical studies have sug-
gested that neutron star masses and radii are more sensitive 
to the NST of 208Pb than its dipole polarizability �

D
 [42]. 

These results challenge our understanding of nuclear forces 
and energy density functionals (EDFs).

In Ref. [43], 207 EoSs were employed to explore the sys-
tematic correlations between ΔR48

np
 and L(CREX) and between 

ΔR208
np

 and L(PREX2). The slope parameter of the NSE 
obtained by fitting ΔR48

np
 covers the interval range 

L(CREX) = 0−50MeV ; however, the calibrated correlation 
between the slope parameter L and ΔR208

np
 yields 

L(PREX2)= 76−165MeV . As mentioned in the literature, 
there is no overlap between L(CREX) and L(PREX2) at the 
one-� level. A combined analysis was also performed using a 
recent experimental determination of the parity-violating 
asymmetry in 48Ca and 208Pb [44]. The study demonstrated 
that the existing nuclear EDFs cannot simultaneously offer an 
accurate description of the skins of 48Ca and 208Pb. The same 
scenario can also be encountered in Bayesian analyses, where 
the predicted ΔR48

np
 is close to the CREX result, but consider-

ably underestimates the result of ΔR208
np

 with respect to the 
PREX2 measurement [45]. Considering the isoscalar–isovec-
tor couplings in relativistic EDFs, the constraints from various 
high-density data cannot reconcile the recent results from the 
PREX2 and CREX collaboration measurements [46]. These 
investigations indicate that it is difficult to provide consistent 
constraints for the isovector components of the EoSs using 

existing nuclear EDFs, and further theoretical and experimen-
tal studies are urgently required [47].

To reduce the discrepancies between the different measure-
ments and observations, an extra term controlling the domi-
nant gradient correction to the local functional in the isoscalar 
sector has been used to weaken the correlations between the 
properties of the finite nuclei and the nuclear EoS [48]. As 
demonstrated in Ref. [49], the influence of the isoscalar sec-
tor is nonnegligible in the analysis. Nuclear matter properties 
expressed in terms of their isoscalar and isovector counterparts 
are correlated [50]. As noted above, existing discussions focus 
on the isovector components in the EDF models. Characteris-
tic isoscalar quantities, such as the incompressibility of sym-
metric nuclear matter, are less considered when determining 
the slope parameter L [43]. The nuclear incompressibility can 
be deduced from measurements of the isoscalar giant mono-
pole resonance (ISGMR) in medium-heavy nuclei [51, 52] 
and multi-fragmentations of heavy ion collisions [53]. The 
NSE obtained through the effective Skyrme-EDF is related 
to the isoscalar and isovector effective masses, which are also 
indirectly related to the incompressibility of symmetric nuclear 
matter [54]. Although correlations between the incompress-
ibility coefficients and isovector parameters are generally 
weaker than correlations between the slope parameter L and 
NSE [55], quantification uncertainty due to nuclear matter 
incompressibility is inevitable in the evaluation. Therefore, the 
influence of the isoscalar nuclear matter properties is essential 
for evaluating slope parameter L.

The remainder of this paper is organized as follows. In 
Sect. 2, we briefly describe our theoretical model. In Sect. 3, 
we present the results and discussion. A short summary and 
outlook are provided in Sect. 4.

2 � Theoretical framework

The sophisticated Skyrme-EDF, expressed as an effective zero-
range force between nucleons with density- and momentum-
dependent terms, has been succeeded in describing various 
physical phenomena [56–65]. In this study, Skyrme-like effec-
tive interactions were calculated as follows [66, 67]:

where r = r1 − r2 and R = (r1 + r2)∕2 are related to the 
positions of two nucleons r1 and r2 , P = (∇1 − ∇2)∕2i is the 

(1)

V(r
1
, r

2
) = t

0
(1 + x

0
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2
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1
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relative momentum operator and �′ is its complex conju-
gate acting on the left, and �

�
= (1 + 𝜎⃗1 ⋅ 𝜎⃗2)∕2 is the spin 

exchange operator that controls the relative strength of the 
S = 0 and S = 1 channels for a given term in the two-body 
interactions, where 𝜎⃗1(2) are Pauli matrices. The final term 
denotes the spin-orbit force, where 𝜎 = 𝜎⃗1 + 𝜎⃗2 . Quanti-
ties � , t

i
 , and x

i
 ( i = 0–3) represent the effective interaction 

parameters of the Skyrme forces.
Generally, effective interaction parameter sets are 

calibrated by matching the properties of finite nuclei 
and nuclear matter at the saturation density. Notably, 
the Skyrme-EDF can provide an analytical expression 
of all variables characterizing infinite nuclear matter 
(see [66–69] for details). The neutron skin of a heavy 
nucleus is regarded as a feasible indicator for probing 
isovector interactions in the EoS of asymmetric nuclear 
matter. Thus, the neutron and proton density distribu-
tions can be self-consistently calculated using Skyrme 
EDFs with various parameter sets. To clarify this, we 
further inspected the correlations between the slope 
parameter L and the NSTs of 48Ca and 208Pb. The bulk 
properties were calculated using standard Skyrme-type 
EDFs [51]. The corresponding effective interactions were 
in accord with the calculated nuclear matter properties, 
such as binding energy per nucleon E = E∕� , symmetry 
energy Esym(�) =

1

8
�2(E∕�)∕��2|�=�0 , slope parameter 

L = 3�0�Esym(�)∕��|�=�0 , and the incompressibility coef-
ficient K = 9�2

0
�2(E∕�)∕��2|�=�0 . The value of the isosca-

lar incompressibility K from experimental data on giant 
monopole resonances covers a range of 230 ± 10MeV 
[70, 71]. In addition, the incompressibility of symmet-
ric nuclear matter deduced from �-decay properties is 
K = 241.28MeV [72].

The nuclear breathing model exhibits a moderate cor-
relation with the slope of the NSE and a strong depend-
ence on the isoscalar incompressibility coefficient K of 
the symmetric nuclear matter [73]. The incompressibility 
of nuclear matter helps us understand the properties of 
neutron stars [74, 75]. Thus, it is essential to inspect the 
influence of isoscalar components on the slope param-
eter of the symmetry energy. To facilitate a quantitative 
discussion, a series of effective interaction sets classi-
fied by various nuclear incompressibility coefficients 
( K = 220MeV , 230MeV , and 240MeV ) were employed, 
as shown in Table 1. Generally, analytical expressions at 
the saturation density �0 have specific forms [68]. Using 
these expressions, the density dependence of the symme-
try energy can be expanded as a function of the neutron 
excess. Under the corresponding K, the slope parameter 
L and symmetry energy Esym at the saturation density �0 
also cover a large range.

3 � Results and discussions

In Fig. 1, the NSTs of 48Ca and 208Pb are determined under 
various effective interactions. The chosen parameter sets 
were classified by different incompressibility coefficients 
of symmetric nuclear matter, for example, K = 220MeV , 
230MeV , and 240MeV . The experimental constraint on the 
NST is indicated by a colored shadow. With increasing slope 
parameter L, the NST increases monotonically, and strong 
linear correlations between L and the NST of 48Ca and 208Pb 
are observed. As shown in Fig. 1(a), the linear correlations 
are similar, and the gradients for these three lines are in the 
range of 0.0008−0.0009.

Figure 1(b) shows the related linear correlations between 
ΔRnp(208Pb) and the slope parameters L for various nuclear 
matter incompressibility coefficients. However, with increas-
ing incompressibility coefficient, the slopes of the fitted lines 
gradually decrease or a large deviation emerges at a high 
L. The nuclear matter EoS is conventionally defined as the 
binding energy per nucleon and can be expressed as a Taylor 
series expansion in terms of the isospin asymmetry. As sug-
gested in Ref. [73, 76], the compression modulus of symmet-
ric nuclear matter is sensitive to the density dependence of 
the NSE. With increasing neutron star mass, the correlation 

Table 1   Saturation properties with the different Skyrme parameter 
sets, such as symmetry energy Esym (MeV), the slope parameter L 
(MeV) and the nuclear matter incompressibility coefficient K (MeV) 
at saturation density �0 ( fm

−3 ) [51, 68]

   K (MeV)        Sets        E
sym

 (MeV)        L (MeV)    

s2028 28   5.21
s2030 30  12.20
s2032 32  33.31

K = 220 s2034 34  40.37
s2036 36  58.82
s2038 38  72.59
s2040 40  83.22
s3028 28 −11.23 
s3030 30  22.87
s3032 32  36.22

K = 230 s3034 34  56.14
s3036 36  71.54
s3038 38  87.62
s3040 40 106.09
s4028 28   3.98
s4030 30  34.07
s4032 32  34.43

K = 240 s4034 34  62.59
s4036 36  75.67
s4038 38  98.65
s4040 40 108.17
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between K and its slope L increases [75]. From this figure, 
we can see that the isoscalar quantity of the incompressibil-
ity coefficient has a significant influence on the determina-
tion of the slope parameter L for 208Pb. However, for 48Ca 
this influence can be ignored.

Herein, we assume that the value of L is positive. Linear 
functions were fitted to the data classified by various nuclear 
matter incompressibility coefficients using the least-squares 
method. For K = 220MeV , we obtained the L − ΔR48

np
 rela-

tionship as

For L − ΔR208
np

 , the linear function K = 220MeV is expressed 
as

where a high correlation coefficient is located at R = 0.99.
As suggested in Ref. [43], the slope parameter L 

( 0−50MeV ) deduced from ΔR48
np

 cannot overlap the interval 

(2)ΔR48
np

= 0.0009L + 0.1155 > 0.1155 fm.

(3)ΔR208
np

= 0.0019L + 0.0914 fm,

range of the slope parameter L ( 76−165MeV ) deduced from 
ΔR208

np
 . To facilitate a quantitative comparison of the experi-

ments with these theoretical calculations, the slope param-
eters L derived from the constraints of the NSTs of 48Ca and 
208Pb are presented for various nuclear matter incompress-
ibility coefficients in Table 2. Remarkably, the gaps between 
L − ΔR48

np
 and L − ΔR208

np
 increase with increasing incom-

pressibility coefficients from K = 220MeV to 240MeV.
Nuclear matter properties consisting of isovector and 

isoscalar components are correlated with each other. Ref. 
[50] suggests that there is no clear correlation between the 
incompressibility K and NSE, and between the slope of the 
NSE and incompressibility K. The correlations between K 
and the isovector parameters are generally weaker than those 
between the NST and NSE coefficients [18, 55]. As seen in 
Fig. 1(b), the increasing incompressibility coefficient K 
influences the determination of the covered range of the 
slope parameter L. Table 2 shows that the gap between 
L − ΔR48

np
 and L − ΔR208

np
 is smaller than the theoretical 

uncertainty when the nuclear incompressibility is 
K = 220MeV . This is instructive for calibrating new sets of 
Skyrme parameters for reproducing various nuclear matter 
properties as auxiliary conditions.

To facilitate the influence of the incompressibility coef-
ficient on determining the slope parameter L, the “data-to-
data” relationships between the NST of 208Pb and the incom-
pressibility coefficients K are presented in Fig. 2. Here, the 
slope parameters of the NSE were chosen to be approxi-
mately L = 34MeV and L = 73MeV . From this figure, it 
can be seen that the NST of 208Pb decreases with increasing 
incompressibility coefficient. This further demonstrates that 
the isoscalar compression modulus should be appropriately 
considered in the calibration protocol.

In our calculations, the upper limits of L were gradu-
ally overestimated as the incompressibility coefficient K 
increased. Combined with the latest PREX2 experiment, 
the result extracted from the relativistic EDFs leads to a 
covered range of L = 106 ± 37MeV [77]. The induced slope 
parameter L is more consistent with that obtained when the 
incompressibility coefficient is K = 220MeV.

In Refs. [78–80], a highly linear correlation between the 
slope parameter L and the differences in the charge radii of 

Fig. 1   (Color online) Neutron skin thickness of 48Ca and 208Pb as a 
function of slope parameter L at saturation density �

0
 . Experimental 

constraints are indicated by horizontal light-yellow (a) and blue (b) 
bands. The open markers represent Skyrme-EDF calculations clas-
sified by various incompressibility coefficients. The corresponding 
lines indicate theoretical linear fits

Table 2   Slope parameters L derived from the NSTs of 48Ca and 208Pb 
are shown by the classified isoscalar incompressibility coefficients

The systematic uncertainties are presented in parenthesis

   K (MeV)    L − ΔR48

np
 (MeV)      L − ΔR208

np
 (MeV)  

220 0−60.96 (3.08) 62.94−136.65 (1.70)
230 0−57.64 (2.87) 74.05−155.99 (1.64)
240 0−52.78 (2.54) 81.35−168.01 (1.33)
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mirror-partner nuclei ΔRch was demonstrated. The nuclear 
charge radius of 54Ni has been determined using collinear 
laser spectroscopy [81]. By combining the charge radii of 
the mirror-pair nuclei 54Fe, the deduced slope parameter 
covers the interval range 21MeV ≤ L ≤ 88MeV . A recent 
study suggested that the upper or lower limits of L may 
be constrained if precise data on the mirror charge radii 
of 44Cr−44Ca and 46Fe−46

Ca are selected [82]. In all of 
these studies, isoscalar nuclear matter properties were not 
considered. In fact, the value deduced from the relativistic 
and non-relativistic Skyrme EDFs with identical incom-
pressibility coefficients K = 230MeV gives a narrow range 
of 22.50MeV ≤ L ≤ 51.55MeV [83]. This is in agreement 
with the results in Ref. [84] where a soft EoS is obtained; 
for example, L ≤ 60MeV.

In atomic nuclei, the NST is regarded as a perfect signal 
for describing the isovector property, and is highly corre-
lated with the slope parameter of the NSE. The difference 
in the charge radii of the mirror-pair nuclei and the slope 
of the NSE exhibits a highly linear relationship [85–87]. 
To facilitate the influence of the isoscalar properties on 
determining the EoS of nuclear matter, the data-to-data 
relations between the difference in charge radii ΔRch of 
the mirror-pair nuclei 54Ni−54

Fe and the NSTs of 48Ca 
and 208Pb are shown in Fig. 3. Notably, highly linear cor-
relations between ΔRch and the NSTs of 48Ca and 208Pb 
are observed.

In Fig. 3(a), the linear functions fit the experimental 
data well across various incompressibility coefficients K, 
that is, the slope parameter can be constrained concur-
rently through the calculated NST of 48Ca and the ΔRch 
of mirror-pair nuclei 54Ni−54

Fe . However, as shown in 
Fig. 3(b), the fitting lines deviate from the cross-over 
region between ΔRch and the NST of 208Pb except for 
K = 220MeV . Although the linear function captures a 
relatively narrow region, this further demonstrates the 

need to extract valid information about the nuclear EoS 
by considering the isoscalar components in the calibration 
procedure.

The Coulomb term does not contribute to infinite 
nuclear matter calculations, in which the NSE plays an 
essential role in determining the evolution of isospin-
asymmetry components. However, in atomic nuclei, the 
actual proton and neutron density distributions are mostly 
dominated by the degree of isospin asymmetry and Cou-
lombic forces. It is evident that the competition between 
the Coulomb interaction and the NSE is related to the sta-
bility of the dripline nuclei against nucleon emission [88, 
89]. The NST is associated with the symmetry energy and 
significantly influenced by the NSE, which corresponds 
to the EoS of neutron-rich matter. Meanwhile, a strong 
linear correlation between the slope parameter L and the 
difference in the charge radii of the mirror-pair nuclei is 
evident [78–83]. As shown in Fig. 3, this highly linear 
correlation extends to the NST and the difference in the 

Fig. 2   (Color online) Neutron skin thickness of 208Pb as a function of 
incompressibility coefficient K at saturation density �

0

Fig. 3   (Color online) ΔR
ch

 of the mirror-pair nuclei 54Ni−54
Fe as a 

function of the neutron skin thicknesses of 48Ca (a) and 208Pb (b). 
The experimental constraints are shown as a horizontal light-blue 
band. The open markers are the results of Skyrme-EDF calculations. 
The corresponding lines indicate theoretical linear fits
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charge radii of the mirror-pair nuclei, owing to isospin-
symmetry breaking [87].

4 � Summary and outlook

As is well known, the Skyrme parameters can be charac-
terized analytically by the isoscalar and isovector nuclear 
matter properties of the Hamiltonian density. More effec-
tive statistical methods have also been used to discuss the 
theoretical uncertainties [28, 90, 91]. In this study, we 
reviewed the influence of nuclear matter incompressibility 
on the determination of the slope parameter of the NSE L. 
The NSTs of 48Ca and 208Pb were calculated using Skyrme 
EDFs. The slope parameter L deduced from 208Pb is sensi-
tive to the incompressibility coefficients, whereas that for 
48Ca is not. A continuous range of L can be obtained if the 
nuclear matter is incompressible at K = 220MeV . This 
is in agreement with that in Ref. [55] where the nuclear 
matter incompressibility covers the interval range of 
K = 223

+7
−8

MeV . This implies that isoscalar components 
should be considered when determining the slope param-
eter L. In addition, it is desirable to review the influence of 
the incompressibility coefficient K on the determination of 
the slope parameter L within the framework of relativistic 
EDFs.

The nuclear symmetry energy can be obtained using 
different methods and models [92–107]. The precise deter-
mination of the slope parameter L is related to various 
quantities such as the charge-changing cross-section [108, 
109], sub-barrier fusion cross-section, and astrophysical 
S-factor in asymmetric nuclei [110]. Generally, the pro-
ton and neutron density distributions are mutually deter-
mined by the isospin asymmetry and Coulombic force. The 
isospin-symmetry-breaking effect influences the deter-
mination of the charge density distributions [111–114]. 
Thus, more accurate descriptions of NST and charge radii 
are required. In addition, the curvature of the symme-
try energy Ksym [76] and three-body interactions in the 
Skyrme forces [115] may also influence the determination 
of the neutron skin.
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