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Abstract
Very high-energy electrons (VHEEs) are potential candidates for FLASH radiotherapy for deep-seated tumors. We proposed 
a compact VHEE facility based on an X-band high-gradient high-power technique. In this study, we investigated and realized 
the first X-band backward traveling-wave (BTW) accelerating structure as the buncher for a VHEE facility. A method for 
calculating the parameters of single cell from the field distribution was introduced to simplify the design of the BTW struc-
ture. Time-domain circuit equations were applied to calculate the transient beam parameters of the buncher in the unsteady 
state. A prototype of the BTW structure with a thermionic cathode-diode electron gun was designed, fabricated, and tested 
at high power at the Tsinghua X-band high-power test stand. The structure successfully operated with 5-MW microwave 
pulses from the pulse compressor and outputted electron bunches with an energy of 8 MeV and a pulsed current of 108 mA.

Keywords  Backward traveling-wave accelerating structure · Equivalent circuit model · High-power test · Very high-energy 
electron radiotherapy

1  Introduction

Radiotherapy is an effective way to relieve the cancer burden 
worldwide [1, 2]. In 2014, scientists reported the superiority 
of using an ultrahigh dose rate (FLASH) for radiating lung 
tumors in mice [3]. Subsequently, FLASH-RT has become 
a topic of particular interest in radiotherapy research [4]. 
Radiotherapy facilities employing different particles, includ-
ing photons [5, 6], electrons [7, 8], and protons [9, 10], are 
underway to apply FLASH radiotherapy in clinical settings. 
Very high-energy electrons (VHEEs) are considered poten-
tial candidates for realizing FLASH radiotherapy for deep-
seated tumors in the near future. VHEE radiotherapy, which 
was first proposed in 2000 [11], utilizes electrons with ener-
gies ranging from 50 to 200 MeV [12] to treat tumors to real-
ize fine conformality and reduce treatment time [13, 14]. In 

recent years, various VHEE radiation experiments have been 
performed in linear accelerator platforms [15, 16]. Facilities 
for the future clinical application of VHEE-FLASH radio-
therapy were also proposed by the SLAC National Accelera-
tor Laboratory [8] and the Compact Linear Collider (CLIC) 
radio frequency (RF) group at the European Organization for 
Nuclear Research (CERN) in collaboration with the Laus-
anne University Hospital (CHUV) [17]. A research team at 
Tsinghua University also proposed a compact VHEE facility 
based on the developed X-band high-gradient technology.

The layout of the proposed compact VHEE facility is 
illustrated in Fig. 1. The facility is powered by an X-band 
50-MW klystron. A pulse compression device enhances the 
power from the klystron to 150-MW, 300-ns pulses. The 
linear accelerator includes a buncher and two X-band high-
gradient structures. Electrons from a pulsed direct-current 
(DC) gun were bunched and accelerated to 100 MeV. This 
VHEE beamline is supposed to deliver 40-Hz, 24 nC/pulse 
electrons to generate a dose rate of 40 Gy/s at a field of 6 
cm × 6 cm, which can be applied in FLASH radiotherapy 
research. The pulse compression devices and high-gradient 
structures have been preliminarily studied  [18, 19]. This 
paper introduces research on a prototype of the buncher.

Linear accelerating structures can be divided into three 
types: standing-wave (SW), traveling-wave (TW), and back-
ward traveling-wave (BTW) structure. The BTW structure is 
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selected as the buncher in this study for the following reasons: 
compared with the SW structure, the BTW structure can be 
operated without a circulator, and its filling time is shorter, 
which is more favorable in the case with a pulse compressor; 
compared with the TW structure, the BTW can accomplish 
transverse bunching without a solenoid. Moreover, the BTW 
structure exhibits a higher shunt impedance than the TW struc-
ture. However, BTW structures are less commonly used than 
SW and TW structures, and only S-band BTW structures have 
been reported [20–23]. In this study, we expanded the applica-
tion of BTW structures to a higher frequency (11.424 GHz, 
X-band).

The remainder of this paper is organized as follows: Sect. 2 
introduces the beam dynamics and RF design of the BTW 
structure. The fabrication and low-power tests of this struc-
ture are presented in Sect. 3. In Sect. 4, detailed high-power 
experimental results are presented. Finally, the conclusions 
are presented in Sect. 5. The appendices show the existing 
and developed methods used in this study. Appendix A intro-
duces the equivalent circuit model and illustrates its applica-
tions. In Appendix B, we develop a method for calculating 
the single-cell parameters from the field distribution using the 
circuit model. This method can be used to design the X-band 
BTW structure. In Appendix C, we apply the equivalent circuit 
model in the time domain, which can be used to calculate the 
transient beam parameters of a buncher. Appendix D presents 
the beam dynamics equations used in this study.

2 � Design of the BTW structure

The X-band BTW structure groups the DC electron beam 
into bunches (via the bunching section) and accelerates them 
to approximately 8 MeV (via the accelerating section). The 

length of the buncher structure in a compact VHEE accelera-
tor should be as short as possible. Since the buncher shares 
the same power supply system with the X-band high-gradi-
ent structure, the filling time of the BTW structure should 
not be longer than that of the X-band high-gradient structure, 
which is 95 ns [24].

The beam dynamics design of the BTW structure is simi-
lar to that of the SW structure and involves the following 
steps: First, the cavity shape was optimized. After optimi-
zation, the electric field distribution along the Z-axis of a 
single cell with different lengths was calculated to construct 
the field distribution of the entire structure. The constructed 
field was used to calculate the beam parameters along the 
structure. The beam parameters at the exit were optimized 
by adjusting the length and field amplitude of each cell in 
the bunching section. Finally, the RF design and simulation 
were performed to realize the optimized constructed field 
distribution.

The RF design of a BTW-type buncher is different from 
that of SW and TW bunchers. The developed method for 
designing a BTW structure is to simulate the RF parameters 
of each single cell and then calculate the field distribution of 
the entire structure using the equivalent circuit model [25]. 
However, this method ignores the influence of the coupling 
holes when simulating the single cell. In this study, we intro-
duce a method for calculating the parameters of single cell 
from the field distribution, simplifying the design process of 
the BTW structure. This method is described in Appendix B.

The cell shape of the BTW structure is illustrated in 
Fig. 2. A “nose” structure was adopted to improve the shunt 
impedance. Coupling holes are shaped like “kidneys” to 
enable convenient fabrication. Because the input power of 
this structure is much smaller than that of the high-gradient 
structure, the shunt impedance and quality factor are not as 

Fig. 1   (Color online) Layout of 
the compact very high-energy 
electron facility for radiotherapy
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important. Instead, we focused more on the fabrication and 
tuning, considering that this is the first fabrication attempt 
of an X-band BTW structure. The working mode of the 
structure is selected as 5π/6 to make the first several bunch-
ing cells longer, which is beneficial for fabrication and tun-
ing. The accelerating gradient of the accelerating section 
is set to 44 MV/m, with a maximum surface electric field 
of approximately 200 MV/m, which proved feasible in the 
high-gradient experiment [18].

An industrial thermionic cathode-diode electron gun 
was used as the electron source. The parameters of the DC 
electron gun are listed in Table 1. An ellipse can be used to 
represent the electrons emitted from the thermionic cathode 
in phase space. The geometric emittance is the ellipse area 
divided by π, and normalized emittance is the geometric 
emittance multiplied by the normalized momentum of the 
emission electron. The relevant values in optimizing the 
beam parameters are the capture rate, energy spread, and 
phase spread. The capture rate determines the pulsed beam 
current. As an accelerator used in radiotherapy, the energy 
spread of a buncher should be as small as possible. Moreo-
ver, the phase spread produces an energy spread when the 
high-gradient structures further accelerate the bunches.

This study uses dynamic equations to calculate the beam 
parameters, as introduced in Appendix D. The beam dynam-
ics optimization results of the BTW structure are shown 
in Fig. 3. The average energy of the bunch at the exit is 
7.8 MeV, with a capture rate of 32%, as shown in Fig. 3a, 
b. The root-mean-square (RMS) energy spread is 1.7 MeV, 
while the RMS phase spread is 13°. During calculation, 
the electron beam from the DC gun within an RF period 
is divided into 100 longitudinal slices. Figure 3c shows the 
phase spaces of each capture slice. The iris radius is 2 mm, 
and the envelope of the captured electron is within this 
restriction, as shown in Fig. 3d. The relative phase velocity 

of a single cell ( �p ) is defined as its length divided by the 
cell’s length in the light-speed section, which is 10.93 mm 
in this BTW structure. After optimization, the �p values of 
each cell are shown in Fig. 3e. The �p of the last cell is set 
to be larger than 1 to match its length with the width of the 
standard waveguide. The constructed unloaded and loaded 
electric field distributions are shown in Fig. 3f.

A 3D electromagnetic simulation was performed using 
the CST Studio suite [26]. Figure 4a shows the vacuum 
model of the BTW structure. The structure consists of eight 
cells representing the bunching section and 16 cells rep-
resenting the accelerating section, to give a total length of 
238 mm. The width of the input waveguide was 10.16 mm 
to match the BJ-100 standard waveguide; therefore, the last 
cell was lengthened by 0.73 mm. The width of the output 
waveguide was 3.31 mm, and a step waveguide was designed 
to match it with a standard waveguide. The input and output 
couplers both adopted a quasi-symmetric shape to suppress 
the dipole field.

The model was simulated using a frequency-domain 
solver at the working frequency point, through which the 
field distribution along the Z-axis and reflection coefficient 
at the input port can be obtained. By applying the method 
introduced in Appendix B, the frequencies of each cell and 

Fig. 2   (Color online) Single-cell model in the accelerating section of the BTW structure: a front view of a quarter of the single cell without cou-
pling holes and b side view of a quarter of the single cell. The red dotted area shows the shape of the coupling holes between adjacent cells

Table 1   Parameters of the thermionic cathode electron gun

Parameters Value

Perveance (μP) 0.347
Voltage (kV) 12.5
Emission current (mA) 485
Waist radius (mm) 0.46
Geometric emittance (mm‧mrad) 32.7
Normalized emittance (mm‧mrad) 7.26
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coupling coefficients of adjacent cells can be derived. After 
repeatedly adjusting the radius and coupling hole of each 
cell, the simulated cell parameters of the BTW structure 
converged to the designed values derived from the optimized 
field distribution, as shown in Fig. 5. The simulated coupling 
factors of the input and output couplers were 29.3 and 101, 

respectively. In contrast, their designed values were 29.7 and 
102, respectively. The filling time of the structure calculated 
using Eq. (17) in Appendix B was 95 ns.

When the simulated cell parameters converged to the 
designed values, the simulated electric field distribu-
tion also converged to the designed value. The 2D field 

Fig. 3   (Color online) Optimization results of the BTW structure: a 
output electron energy versus injection phase of the DC gun; b elec-
tron energy distribution at the exit; c transverse phase space of dif-
ferent longitudinal slices; d transverse envelope of different longitu-

dinal slices along the structure. The dashed line represents the iris 
radius; (e) the relative phase velocity of each cell; and (f) constructed 
unloaded and loaded electric field amplitude of the structure after 
optimization

Fig. 4   (Color online) a Vacuum model and b cross-sectional electric field distribution of the BTW structure
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distribution at the cross-section is shown in Fig. 4b. The 
longitudinal field distribution on the Z-axis is shown in 
Fig. 6. The field amplitude distribution is nearly the same 
as the constructed one with the circuit model, and the 
phase advance is concentrated on the working mode, 5π/6.

The simulated S-parameters in CST are shown in 
Fig. 7. The simulated reflection coefficient at the work-
ing frequency is −40 dB, and the transmission loss is 
−5.1 dB. The S-parameters calculated using the equiva-
lent circuit model are also presented. The S-parameters 
fit well in the frequency range next to the working point 
(11.40–11.47  GHz). Relatively obvious distinctions 
between the CST and circuit models were observed at 
higher frequencies, possibly owing to fitting errors in the 
circuit model and the narrowness of the first several cells.

Figure 8 shows the surface electric field, magnetic field, 
and modified Poynting vector of the BTW structure. Only 
the input coupler and two cells are shown because the 
maximum surface fields are located in the acceleration 
section. The maximum surface electric field was located at 
the nose of the cells, whereas the maximum magnetic field 
and modified Poynting vector were located at the coupling 
hole between adjacent cells. The maximum field values 
and other parameters are listed in Table 2.

Fig. 5   Single-cell parameters of the BTW structure: a the simu-
lated and designed single-cell frequencies and b the simulated and 
designed coupling coefficient between adjacent cells

Fig. 6   Electric field of the BTW structure simulated by CST and cal-
culated with equivalent circuit model: a electric field amplitude dis-
tribution along the Z-axis and b phase advance of adjacent cells

Fig. 7   (Color online) S-parameters of the BTW structure simulated 
in CST and calculated with the equivalent circuit model: a reflection 
spectrum and b transmission spectrum. The black dashed lines denote 
the working frequency, 11.424 GHz
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3 � Fabrication and low‑power test

A 3D computer-aid design (CAD) model of the BTW struc-
ture is shown in Fig. 9. The couplers consist of two halves, 
each processed by the milling machine. The single cell was 
processed using a lathe, while its coupling holes, cooling 
channels, and tuning holes were processed using a milling 
machine. The tuning pins were brazed in the tuning holes for 
tuning during low-power measurements. After machining, 
each part was brazed for further testing.

After fabrication, RF measurements were applied to the 
structures. Bead-pull field measurements were performed 
to tune the structure, as shown in Fig. 10. The details of the 
experimental setup are similar to those in Ref. [18]. Accord-
ing to the nonresonant perturbation theory [27], the electric 
field is proportional to the square root of the reflection vari-
ations in the presence and absence of a perturbing object.

After obtaining the field distribution, the tuning method 
for nonuniform TW accelerating structures [28] was 

Fig. 8   (Color online) Surface field of the BTW structure at the input section: a surface electric field; b surface magnetic field; and c surface-
modified Poynting vector

Table 2   Design and simulated parameters of the BTW structure

Parameters Value

Cell radius, Rc (mm) 7.72–8.80
Cell length, L (mm) 4.81–10.93
Coupling hole, � (°) 15.2–33.4
Quality factor Q 3600–6500
Shunt impedance, ZT2 (MΩ/m) 25.8–139
Group velocity,vg 0.0051–0.021c
Filling time, tf (ns) 95
Pulse width, D (ns) 230
Cell’s stored energy, u (mJ) 1.1–15.8
Accelerating gradient, Ea (MV/m) 43.6
Peak surface, E (MV/m) 190
Peak surface, H (kA/m) 720
Peak surface, Sc (MW/mm2) 3.8
Pulse heating, ΔT  (K) 105
Reflection, S11 (dB) − 40
Transmission, S21 (dB) − 5.1

Fig. 9   (Color online) Engineer-
ing design of the BTW struc-
ture: a CAD model of the whole 
BTW structure; b the output 
coupler with a step waveguide; 
c the single cell with cooling 
channels and tuning pins; and d 
the input coupler



A compact X‑band backward traveling‑wave accelerating structure﻿	 Page 7 of 17  40

applied. Based on the tuning method, the frequency of the 
cells in the accelerating section was approximately 4 MHz 
below the designed value. Therefore, we tuned the cells 
by pushing the tuners onto the structure. However, the 
measurement results showed that the frequency of the first 
cell (i.e., the output coupler) was approximately 50 MHz 
lower than the designed value, which was beyond the tun-
ing range. This frequency shift was previously evaluated 
as a fabrication deviation because of a lack of experience. 
To reduce the influence of the deviation on this BTW 
structure, we tuned the cells of the bunching section away 
from the designed frequencies to counteract part of the 
reflection from the first cell. This machining fault can be 
avoided in the future by conducting more detailed checks 
during the low-power tests.

The field measurement results before and after tuning 
are shown in Fig. 11. Before tuning, the average phase 
advance of the accelerating section was 144°. After tun-
ing, this value is about 150°, corresponding to the work-
ing mode, 5π/6. Because of the fabrication error of the 
first cell, the field distribution of the bunching section was 
different from that of the designed section. We used the 
measured results after tuning to calculate the beam dynam-
ics, with the capture rate decreasing from 32 to 25%. 
This is acceptable for a prototype; however, more careful 
machining and checking should be performed in the future. 
The S-parameters after tuning are shown in Fig. 12; the 
reflection on the working frequency is − 25 dB, and the 
transmission loss is − 5.1 dB.

Fig. 10   (Color online) Field 
measurement of the BTW 
structure

Fig. 11   (Color online) Field measurement results before and after 
tuning: a relative field amplitude distribution and b phase advances 
measurement results



	 X.-C. Lin et al.40  Page 8 of 17

4 � High‑power test

After the low-power microwave test, the thermionic cathode 
electron gun was welded to the BTW structure. The structure 
was then installed and subjected to high-power testing at 
the Tsinghua X-band high-power test stand (TpoT-X) [29]. 
The high-power experimental setup is shown in Fig. 13. A 
previous study tested an X-band two-stage pulse compres-
sion system with a correction cavity chain at TpoT-X [19]. 
The BTW structure was installed at the output of the pulse 
compression system. The pulse compression system can out-
put a three-time, 230-ns flattop pulse in the one-stage pulse 
compression mode (with the second compressor detuned). 
The one-stage output is used as the input pulse for the BTW 
structure.

An RF waveguide window was installed between the 
pulse compressor and BTW structure to avoid interference in 
the vacuum inside the two systems, as shown in Fig. 13a. A 
high voltage was applied to the thermionic cathode using an 
electron gun power supply. A titanium window was installed 
at the exit of the structure. The beam was tested and meas-
ured under atmospheric conditions.

The structure was conditioned after installation, and the 
system operated at a repetition rate of 40 Hz. When the 
vacuum was worse than 1 × 10−5 Pa or the reflection from 
the structure was five times larger than the normal one, 
the auto-conditioning system recorded it as a breakdown 
event and shut down the microwave source for 30 s. If the 
structure operated without breakdown for 60 s, the klys-
tron output increased by a set value. After conditioning 

with 2.2 × 106 pulses, the BTW structure reached a maxi-
mum input power of 5.5 MW. After conditioning, the 
BTW structure operated with an input power of 5 MW for 
4.2 × 105 pulses, and a breakdown rate of 2 × 10−4/pulse 
was recorded. Therefore, the high-power performance of 
the BTW structure was verified. Subsequently, the ther-
mionic cathode was activated. The measured pervelance 
of the electron gun was 0.315 μP, which is 10% smaller 
than the designed value. Beam tests were conducted after 
activation.

The measurement results are shown in Fig. 14. The 
waveforms obtained during the high-power tests are 
presented in Fig. 14a. Among them, the input, output, 
and reflected waves were measured using a directional 
coupler, and the beam current was collected by a cur-
rent collector. The input wave was a 5-MW pulse from 
a pulse compressor. The output pulse was about 100 ns 
later than the input pulse. Owing to the dispersion effect, 
the shape of the output pulse differs from that of the 
input pulse. The pulsed beam current has similarities 
with the output wave in terms of transient behavior. 
Both pulses are magnified and plotted in Fig. 14b. The 
pulsed beam current can be roughly divided into a ris-
ing edge (1000–1130 ns), a steady state (1130–1190 ns), 
and a falling edge (1190–1260 ns), which is in accord-
ance with the output pulse. According to the equivalent 
circuit model, the output pulse reflects the field in the 
first cell. Therefore, when the first cell reaches the steady 
state, the beam current also does. The falling edge of the 
beam current is earlier than the output pulse because the 
cells behind the first cell, whose field also influences 
the bunching process, reach the falling edge earlier than 
the first cell. The steady state of the beam current is 
short because of the long filling time and short input 
pulse. The current waveform calculated from the meas-
ured input wave using the time-domain circuit equation 
introduced in Appendix C is shown in Fig.  14b. The 
calculated pulsed current wave fundamentally fits the 
measured value; however, any discrepancy between the 
calculated and measured pulse currents may be due to 
the inaccuracy of the transient beam loading calculation 
method.

A bending magnet is typically used to measure the energy 
of a charged-particle bunch. However, the magnet was too 
large for installation at the exit of the BTW structure on 
our platform. Therefore, a series of steel sheets were used 
to measure the range of the electron beam and calculate its 
energy. The experimental setup is shown in Fig. 13b. The 
measurement results are shown in Fig. 14c. The practi-
cal range is 3.95 g/cm2. According to the standard GB/T 
25306–2010, the most probable energy source is:Fig. 12   (Color online) S-parameters of the BTW structure after tun-

ing. The blue solid line is the reflection spectrum. The red dotted line 
is the transmission spectrum. The black dash line denotes the working 
frequency
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where Ep is in MeV, and Rp is in g/cm2. Consequently, the 
measured beam energy is 8.01 MeV.

The beam spot was measured using a yttrium aluminum 
garnet (YAG) screen and recorded using a charge-coupled 
device (CCD) camera, as shown in Fig. 13c. The beam 
projection image after the pseudo-color processing, the 
beam density distributions at the X and Y cross-sections 
at the beam center (indicated by the green lines), and the 

(1)Ep = 0.22 + 1.98Rp + 0.0025R2
p
, Gaussian fitting curves (indicated by the red lines) are shown 

in Fig. 14d. According to the fitting results, the RMS radii 
of the beam are 1.0 and 0.95 mm in the X- and Y-direction, 
respectively.

A comparison of the designed and measured values of the 
BTW structure is presented in Table 3. Considering the loss 
of waveguide and quality factor degradation of the structure 
after fabrication, its input power was set to 5.0 MW, which 
was higher than the design value of 4.6 MW. The accelerat-
ing gradient was calculated by dividing the beam energy at 

Fig. 13   (Color online) High-
power beam test of the BTW 
structure: a high-power experi-
ment setup, b pulsed beam cur-
rent and beam energy measure-
ment, and c transverse beam 
distribution measurement
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the exit by the length of the structure. The measured value 
was 3% higher than the designed value. The breakdown 
rate is 2 × 10−4. A lower breakdown rate must be attained 
to apply this buncher in a radiotherapy scenario. In the 
future, rounding the coupling hole should be considered to 
reduce the breakdown rate. The measured pulsed current was 
smaller than the designed value because of the decreased 
capture ratio and electron gun emission. Although the beam 
parameters, including the current and beam spot, were not 
as good as the design, the high-gradient and large-current 

performances of the BTW structure were preliminarily veri-
fied. In the future, we will attempt to correct the fabrication 
error of the output coupler to ensure that the capture ratio 
is as designed, and the magnetic coupling holes between 
adjacent cells will be optimized with smooth rounding [22] 
to improve its high-gradient performance.

5 � Conclusion

This study presents the prototype X-band BTW accelerating 
structure for future very high-energy electron radiotherapy 
facilities. A method for calculating the parameters of single 
cell using field distribution was derived to simplify the design 
process. The BTW structure was simulated and designed in the 
CST using this method after dynamic beam optimization. The 
simulated field distribution fits well with the constructed distri-
bution. A time-domain circuit equation was applied to analyze 
the transient beam parameters of the buncher in the unsteady 
state. The BTW structure was fabricated at Tsinghua Univer-
sity and high-power tested at the Tsinghua X-band high-power 
test stand. The structure was powered with 5-MW microwave 
pulses from a pulse compressor, with an average gradient of 
45 MV/m. The electron bunches were accelerated to 8 MeV 

Fig. 14   (Color online) High-
power test results of the BTW 
structure: a input, output, 
reflect, and pulsed current 
waveform during the high-
power experiment; b magnified 
output waveform, pulsed cur-
rent waveform, and calculated 
current with measured input 
pulse; c energy measurement 
with a stack of steel sheets; and 
d transverse distribution of the 
beam at the exit. Green lines 
are distributions at the cross-
section, and red lines are their 
Gaussian fitting curves

Table 3   Comparison of the designed and measured values of the 
BTW structure

Parameters Designed value Measured result

Input power (MW) 4.6 5.0
Accelerating gradient (MV/m) 43.6 45.0
Breakdown rate (/pulse) – 2 × 10−4

Capture ratio 32% 25%
Current (mA) 155 108
Energy (MeV) 7.8 8.0
rx (RMS) (mm) 0.69 1.0
ry (RMS) (mm) 0.69 0.95
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with a pulsed current of 108 mA. Both the high-gradient and 
large-current performance of the BTW structure were proven 
preliminarily in the high-power experiment.

Appendix A: Equivalent circuit model 
of a coupled cavity chain

The equivalent circuit model has been an important tool for 
analyzing coupled cavity chains [30–34]. It can be applied 
to calculate the field distribution from single-cell parameters 
[25] and to analyze cavity detuning during measurements 
[35]. The equations for the equivalent circuit model of the 
coupled cavity chain are expressed in Eq. (2).

In this equation, ki is the coupling coefficient between 
cells i and i + 1. The expressions �i , Xi , and Ii are different 
for the magnetic and electric coupling models. Here, we use 
subscript m and e to denote them, respectively:

where � is the angular frequency of the input microwave, 
�i is the resonant angular frequency of single cell, Qi is the 
quality factor, and �i is the coupling factor with the outer 
waveguide. As the solution of Eq. (2), Xi is related to the 
electric field of cell i [21].

Here, Vi is the maximum accelerating voltage of cell i, 
and Zi is the shunt impedance. Ii in Eq. (2) is a source term 
related to the input power and beam loading.

where Ti is the transit time factor, ii is the loaded current, 
and Pi is the input power. According to Eq. (2), if the RF 
parameters of each cell, that is, �i, ki, �i, Zi,Qi , are obtained 
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.
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Qi
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Qi
,
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+ ii

√
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Qi
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from the isolated single-cell model, then Vi can be calculated 
without simulating the entire structure.

An equivalent circuit model can also be applied to calcu-
late the reflection and transmission spectra. Assuming the 
input and output coupler are located in cells 1 and n, respec-
tively, the reflection and transmission coefficients can be 
derived by analyzing the voltages in the equivalent circuit 
model with the outer coupling:

To illustrate the function of the circuit model more vis-
ibly, we simulated an S-band (2856 MHz) 6-cell constant 
impedance TW structure and compared it with the calcu-
lation results of the circuit model. The dimensions of the 
example TW structure are shown in Fig. 15, the single-cell 
parameters are listed in Table4, and the simulation results 
are shown in Fig. 16.

The S-parameters fit very well, as shown in Fig. 16b, d, 
which indicates that the equivalent circuit model can serve 
as a method to quickly calculate the spectra of the coupled 
cavity chain. The circuit model can be used to calculate the 
field distribution as discrete complex values for each cell, 

(6)Γm = 1 + 2j
�1�1X1

I1�Q1

, Γe = 1 − 2j
�1�X1

I1�1Q1

(7)Tm = −2j

√
�1�nXn

I1�
√
Qe,1Qe,n

, Te = 2j
�n�Xn

I1
√
�1�n

√
Qe,1Qe,n

Fig. 15   (Color online) Dimensions of the example TW structure

Table 4   Single-cell parameters of the example TW structure

Parameters cell 1, 6 cell 2–5

f  (MHz) 2853.3 2849.9
k 0.0106 0.0106
Q 1.44 × 104 1.44 × 104

Z (MΩ) 2.68 2.68
� 63
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as shown in Fig. 16a, c. For the SW or BTW structures, an 
intact field distribution can be constructed using the fields 
of each cell, which can be further used to calculate the beam 
dynamics. For TW structures, because there are non-neg-
ligible fields at the interface between adjacent cells, there 
will be non-continuity in the constructed field when the field 
amplitudes of the adjacent cells are different. Therefore, to 
the best of our knowledge, this circuit model has not been 
applied to calculate the beam dynamics in TW structures 
with a bunching section.

Appendix B: Calculating single‑cell 
parameters from field distribution

The single-cell parameters must be determined before uti-
lizing the equivalent circuit model. Among them, Zi and Qi 
were not sensitive to the cell dimensions, whereas �i , ki , and 
�i were very sensitive. Furthermore, �i , ki , and �i are affected 
by their adjacent cells and are therefore not accurate when 
obtained from the isolated single-cell model. In this study, 
we developed a method for obtaining the RF parameters of 
each cell from the field distribution of the entire structure. 
This method can determine the RF parameters of each cell 
from the optimized field distribution in the beam dynamic 
design or from the simulated distribution in the 3D model to 
guide the size adjustment of each cell. A simplified version 

of this method was previously studied [36] without consider-
ing loss and couplers. This study removes these simplifica-
tions and expands the method to the TW or BTW structure.

In this method, the Zi and Qi values of the single cell 
are calculated beforehand from the isolated model. The 
field distribution is obtained from beam dynamic cal-
culations or RF simulations, that is, Xi is known. The 
problem then becomes calculating the �i, ki, �1, �n using 
the given Xi . As the equations in Eq. (2) are complex, 
there are 2n equations, including the real and imaginary 
parts. However, if the number of unknown parameters is 
2n + 1. One of the parameters can be set to calculate the 
rest parameters. Herein, we assume that the k1 is known. 
In the following, we first show the solution process and 
explain how to choose or calculate k1.

The following analyses are based on the BTW structure. 
The derivation procedure for the TW structure is very similar 
and is not shown in this study. For a BTW structure, electrons 
are injected into the cell of the output coupler; therefore, we 
denote this cell as Cell 1. As this method does not involve 
beam loading, only In in Eq. (5) is non-zero, which is simpli-
fied as:

(8)In =
2

j�

√
�nPs�n

Qn

.

Fig. 16   (Color online) Fields 
and S-parameters of the exam-
ple TW structure simulated 
by CST and calculated using 
the equivalent circuit model: a 
longitudinal field distribution; 
b reflection spectrum; c phase 
of the longitudinal field; and d 
transmission spectrum
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The real and imaginary parts of the first equation in Eq. (2) 
can be written as:

Because k1 is known, �1 and �1 can be calculated directly as:

Similarly, the equations of middle cells in Eq. (2) can be 
written as:

For cell i, ki−1 is known because the equations are succes-
sively solved from 1 to n. Then, ki and �i can be calculated as:

The calculation of Eq.  (12) is iterative. First, we set 
�i∕� = 1 to calculate ki and then iteratively calculate �i and 
ki until convergence.

Owing to the source term In , solving cell n differs from 
solving the others. To simplify this equation, use the reflection 
coefficient in Eq. (6) and substitute 1 with n (the input coupler 
is denoted as Cell 1 in Eq. (6); however, we denote it as cell n 
in this section), then we obtain:

Then, the equation of cell n can be written as:
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(13)
In

Xn

=
2j�n�n

�Qn(Γ − 1)
.

where a and b denote the real and imaginary parts of 
1∕(Γ − 1), respectively. Therefore, �n and �n can be calcu-
lated as:

The calculation of Eq. (15) is also iterative. First, we set 
�n∕� = 1 to calculate �n and then iteratively calculate �n and 
�n until convergence. Combining Eqs. (10), (12) and (15), 
the �i, ki, �1, �n can be solved using a given field distribu-
tion and k1.

Next, we explain how to choose or calculate the k1 . This 
is illustrated in two application scenarios.

The first one is to determine the RF parameters of each 
cell from the optimized field distribution in the beam 
dynamic calculation. Γ = 0 was set in this case because 
the structure is supposed to operate without reflection 
when it reaches the steady state. Therefore, in Eq.  (15) 
a = −1, b = 0 . In designing the structure, k is an important 
factor that affects the filling time and efficiency. The rela-
tionship between the coupling coefficient and group velocity 
is:

where vg,i is the group velocity of cell i; Di is the cell’s 
length; � is the working mode; and k∗

i
 is the coupling coef-

ficient of cell i. In a buncher, the coupling holes on the two 
sides of the cell are different, and k∗

i
 can be approximated as (

ki−1 + ki
)
∕2 . The filling time of the entire structure can be 

estimated using [37]:

With a smaller coupling coefficient, the group velocity 
is smaller and the electric field is higher for a given power 
supply [37], while the filling time is longer. An appropriate 
k value can be selected by considering the filling time and 
efficiency.

The second application scenario involves obtaining the 
RF parameters of each cell from the simulated field distri-
bution in the 3D model. First, the phase of the simulated Γ 
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should be determined. According to the equivalent circuit 
model, Γ is the reflection coefficient on the detuned open 
plane. Therefore, the simulated Γ value should be divided 
by the reflection coefficient when the coupler is detuned. 
When solving the equations, different k1 values lead to differ-
ent sets of cell parameters. By substituting these parameters 
into Eq. (2), we obtained the calculated absolute value of the 
field distribution. Different k1 values correspond to different 
field values, and only one field value is equal to that in the 
simulation. Thus, we used the power information to calculate 
the k1 of the simulated model. Furthermore, by utilizing an 
additional field distribution, such as the distribution when 
power is fed from the output coupler or the distribution at 
another frequency, all parameters can be calculated without 
the power information, which can be applied to the low-
power measurement of the structure.

After obtaining the cell parameters, the cell size can 
be adjusted by comparing them with the designed param-
eters. The deviations in �i , ki , and �i can be compensated 
for by adjusting the radius, coupling hole, and coupler of 
cell i, respectively. This method is essentially a reversible 
transformation that converts the field distribution into cell 
parameters that are easier to compensate for. When the cell 
parameters of a simulated structure converge to the designed 
values, the field distribution also converges to the designed 
values.

Appendix C: Applying the equivalent circuit 
model in the time domain

By applying the beam loading term to Eq. (5), the field dis-
tribution under beam loading can be calculated by solving 
the equivalent equations. In a buncher, the loaded current is 
calculated by setting an initial value and iteratively solving 
Eq. (2) and calculating the capture ratio using the field dis-
tribution. However, as a calculation method in the frequency 
domain, the equivalent circuit equation can only be used to 
calculate the steady-state field distribution. For a structure 
operating with short pulses, the field and beam parameters in 
the unsteady state were also considered. This section intro-
duces a method for applying an equivalent circuit model to 
the time domain.

By applying Fourier transformation, Eq. (2) can be trans-
formed into a time-domain equation. Consider the following 
equation for the first cell as an example:

Multiplying both sides of the equation by �2 and 
applying Fourier transformation. Let vi = F

−1
{
Xi

}
 , then 
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2vi
/
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tion (18) is transformed into

In this way, Eq. (2) can be transformed into a second-
order differential equation. However, numerically solving 
these equations is difficult. Next, we simplify the equation 
by transforming it into an amplitude equation and removing 
the second-order differential term. First, vi can be written as

where Vi is the complex amplitude. Then

Applying them to Eq. (19), ej�t can be removed. Moreo-
ver, for Vi , the variation in one period was significantly less 
than its amplitude. This is also true for the derivation of Vi . 
Therefore,

Under this assumption, the second-order differential 
term can be eliminated. Moreover, ki is usually much less 
than 1, and the first-order differential term of V2 can also be 
removed. Then, Eq. (19) can be simplified as follows:

Thus, the time-domain equations in Eq. (2) can be sim-
plified as:

where
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Equation (25) can be solved numerically using the first-
order Euler or fourth-order Runge–Kutta methods. There-
fore, the field distribution with beam loading in the unsteady 
state can be calculated, and the beam parameters can be fur-
ther solved using the beam dynamic equations in Appendix 
D. Equation (25) is derived from the magnetic coupling 
model, and the equations for the electric coupling model 
can be derived in the same manner, which is not shown.

This method is used to calculate the pulse current from 
the measured input pulses. We are also developing this 
method to calculate beam parameters such as the energy 
spread and charge of the macro pulse in a short-pulse opera-
tion scenario.

Appendix D: Beam dynamics calculation 
in accelerating structures

On the axis of an accelerating structure, only the longitudi-
nal electric field accelerates the electron, therefore:

where � is the relativistic factor, me is the rest mass of the 
electron, c is the speed of light, Ez is the complex ampli-
tude of the longitudinal electric field at t = 0 , and � is the 
phase variation when the electron arrives at z from its origin. 
Applying the differential to �:

Here, � is the relative speed of the electron. Therefore, the 
longitudinal beam dynamic equation is:

where E∗

z
= eEz∕(mec

2
).

The transverse dynamic equation for a single electron in 
the accelerating structure is:

Applying linear approximation, the transverse field can 
be expressed using the longitudinal field [38]:
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Equation (30) can be written as

where p∗
r
= pr∕(mec) , and

When considering the space-charge effect, N(z) has an 
additional term. In this study, we use the infinite cylinder 
model [38], and the additional term is

where i is the beam current, Rs is the beam radius, and �0 is 
the vacuum permittivity.

The maximum radius of the electron bunch in a buncher is 
of great significance. By analyzing the phase-space ellipse, 
the equation of the maximum radius R is [38]:

Here, � denotes the normalized emittance of the beam. 
The transverse envelope of the beam can be obtained by 
solving the above equation. Although many codes can deal 
with beam dynamic calculation [39–41], this method was 
selected in this study because it is easier to integrate with 
the equivalent circuit model.
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