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Abstract

The exploration of spin symmetry (SS) in nuclear physics has been instrumental in identifying atomic nucleus structures.
In this study, we solve the Dirac equation from the relativistic mean field (RMF) in complex momentum representation. We
investigated SS and its breaking in single-particle resonant states within deformed nuclei, with a focus on the illustrative
nucleus '93Er. This was the initial discovery of a resonant spin doublet in a deformed nucleus, with the expectation of the
SS approaching the continuum threshold. With increasing single-particle energy, the splitting of the resonant spin doublets
widened significantly. This escalating splitting implies diminishing adherence to the SS, indicating a departure from the
expected behavior as the energy levels increase. We also analyzed the width of the resonant states, showing that lower
orbital angular momentum resonances possess shorter decay times and that SS is preserved within broad resonant doublets,
as opposed to narrow resonant doublets. Comparing the radial density of the upper components for the bound-state and
resonant-state doublets, it becomes evident that while SS is well-preserved in the bound states, it deteriorates in the resonant
states. The impact of nuclear deformation (f,) on SS was examined, demonstrating that an increase in f, resulted in higher
energy and width splitting in the resonant spin doublets, which is attributed to increased component mixing. Furthermore,
the sensitivity of spin doublets to various potential parameters such as surface diffuseness (a), radius (R), and depth (X)) is
discussed, emphasizing the role of these parameters in SS. This study provides valuable insights into the behavior of spin
doublets in deformed nuclei and their interplay with the nuclear structure, thereby advancing our understanding of SS in
the resonance state.
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1 Introduction

Substantial spin symmetry (SS) breaking between spin dou-
blets (n, [, j =1+ 1/2) is one of the most important con-
cepts in nuclear structure analysis, and has been extensively
discussed in scientific literature [1-4]. SS is characterized
by a quasi-simple single-nucleon doublet defined by quan-
tum numbers (n, [, j = [+ 1/2). SS not only facilitates the
understanding of the nuclear phantom number of the atom,
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but also forms a cornerstone of the structure of the nuclear
shell, providing an important framework for interpreting the
spatial arrangement of nuclei [5, 6]. In the context of atomic
nuclei, SS and spin-orbit (SO) splitting phenomena are cru-
cial for understanding the structure of atomic nuclei. The
interaction between the intrinsic spin and orbital angular
momentum leads to distinct energy levels for nucleons in
the nucleus, contributing to the rich and complex behavior
of nuclear systems [7, 8].

The discovery of SS has inspired extensive exploration
of its origins, enhancing the understanding of nuclear struc-
tures. The extension of the shell model by Nilsson et al. [9,
10] provides a crucial framework not only for characteriz-
ing deformed nuclei, but also for understanding phenomena
related to nuclear rotation. Haxel et al. [8] established the
crucial significance of the SO potential, and Mayer et al. [6]
demonstrated notable state splitting associated with an
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elevated orbital angular momentum. When integrated with
the mean-field potential energy, such as the Woods—Saxon
potential or harmonic oscillator potential, the classical magic
number in nuclear physics can be efficiently reproduced
using the forced SO potential. This amalgamation of SS,
extended-shell models, and SO potential collectively estab-
lishes a fundamental comprehension of the nuclear structure,
augmenting our proficiency in forecasting and elucidating
various nuclear phenomena.

Smith et al. [11] and Bell et al. [12] observed that the
antinucleon spectrum approximates that of SS. Serot and
Walecka successfully predicted SO splitting using rela-
tivistic mean field (RMF) theory [13]. Ginocchio [14]
demonstrated SS and U(3) symmetry in the Dirac Ham-
iltonian under scalar and vector harmonic oscillator
potentials (V(r) — S(r) = 0) within the RMF framework.
Meng et al. [15] demonstrated the exactness of SS when
the condition d(V(r) — S(r))/dr = 0 is satisfied. In the pro-
cess of developing the RMF theory based on the Dirac
Woods—Saxon field theory proposed by Zhou et al. [16,
17], they explored SS and pseudospin in nucleon and anti-
nucleon spectra within RMF theory. Alhaidari et al. [18]
investigated the physical interpretation of the three-dimen-
sional Dirac equation under SS conditions [V(r) = S(r)].
Application of similarity renormalization group theory, as
demonstrated by Guo et al. [19], provided insight into the
SS of the Dirac Hamiltonian under axially deformed scalar
and vector potentials. In addition, references [2] and related
studies provide additional information on relativistic sym-
metry. This combination of experimental observations and
theoretical frameworks contribute comprehensively to the
evolving understanding of SS in antinucleon spectra in the
field of nuclear physics.

In recent years, the exploration of single-particle reso-
nant states, particularly in exotic nuclei with unconven-
tional neutron-to-proton (N/Z) ratios, has gained significant
attention because of the discovery of novel phenomena
[20-29]. Exotic systems, which often feature weakly bound
or unbound nuclei, are open quantum many-body systems
that play key roles in the continuum [30, 31]. In these nuclei,
the Fermi surface is positioned near the continuum thresh-
old, rendering the valence nucleons prone to scattering into
the continuum, which is influenced by the pairing corre-
lations. Hence, gaining a comprehensive understanding of
the contribution of a continuum is of utmost importance
[32-47]. Therefore, investigating the SS within single-
particle resonant states becomes significant. We reviewed
key studies that employed diverse theoretical approaches.
Zhang et al. [48] confirmed the similarity between the com-
ponents of the Dirac wavefunction of resonant-spin double-
dipole state. Xu et al. [50] explored solutions to the Dirac
equation with various potentials, establishing correlations
between SO splitting and potential parameters, building on
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the work in Ref. [49]. Li et al. [51] applied the coupling
channel method to the Dirac equation with a quadrupole-
deformation Wood—Saxon potential. Shi et al. [52], provided
insights into resonances in the Yukawa potential using the
complex scaling method, revealing connections between SS
quality and potential parameters. Xu et al. [53] incorporated
SO coupling, resonance contribution, and pairing correla-
tion to describe deformed nuclei. Recent endeavors include
those of Sun et al. [54], where the Green’s function method
was used to investigate the SS in single-particle resonance
states, and Shi et al. [55] explored SS in Pb isotopes through
the RMF-CMR theory to study spin properties in nuclear
systems. These studies are aimed at identifying the correla-
tions between the SS quality and a spectrum of parameters;
the chronological progress underscores the continuous and
evolving exploration of nuclear structures.

As emphasized in Ref. [56], understanding SS in reso-
nant states within deformed systems remains an unsolved
problem. This study employs a complex momentum repre-
sentation (CMR) approach, which offers several advantages
over other methods. For example, CMR allows the equitable
treatment of both bound and resonant states, enabling the
simultaneous determination of narrow and broad resonances.
Recent developments in the CMR approach are discussed in
detail in Refs. [57-60]. This study focused on scrutinizing
the SS and its breaking into realistically deformed nuclei
using the CMR method. The analysis considered the ener-
gies and widths of the spin doublets and the similarity of the
upper components of the Dirac spin measurements. Further-
more, correlations between SO splitting in resonant-state
doublets and the parameters of the Wood—Saxon potential
have been explored [50, 61, 62]. Section 2 outlines the theo-
retical framework, and Sect. 3 provides numerical details
and results, culminating in a comprehensive summary in
Sect. 4. This study aims to enhance the understanding of
SS in the resonant states of deformed nuclei, with potential
implications for wider applications in nuclear physics.

2 Formalism

From the RMF theory [63, 64], the Dirac equation is
obtained as

Hly)=[a-p+pM+S)+V]ly)=ely), (1

where @ and f are the Dirac matrices, M and p are the
nucleon mass and momentum, respectively, and S and V are
the attractive scalar and repulsive vector potentials, respec-
tively. E = € — M represents the single particle energy, and
v is the wavefunction.

To obtain the resonant states, the Dirac equation (1) was
expressed as follows:
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For axially deformed nuclei, the third component m; of the
total angular momentum j and parity = are suitable quantum
numbers. The Dirac spinor can be expanded as
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Substituting the Dirac wave function given in Eqgs. (3)
into (2), the radial Dirac equation is transformed, resulting in
a set of coupled-channel equations. These coupled-channel
equations are then formulated in matrix form, which is sub-
sequently diagonalized to obtain the solutions. This method-
ology allows for the simultaneous determination of all bound
and resonant states. Additional details can be found in [57].

3 Numerical details and results

This study aims to understand the complex behavior of
nuclear particles by investigating spin doublets in resonant
states. It seeks to unveil insights into the structure and prop-
erties of deformed nuclei, with a focus on the energy levels,
wave functions, and spin symmetry (SS) in resonant states.
The nuclear potential is defined as follows:

U(r) = Upf(r) = BUK() Y (I, @),

where f, is the quadrupole deformation parameter. In our
study, we adopt a potential, characterized by the functions
f(r) = +;1z and k(r) = %. Here, U(r) denotes both the

l+ea
vector and scalar potentials, a denotes the diffusivity, and R

is the radius. The adoption of a potential resembling the
Woods—Saxon shape underscores the relevance of such
mathematical representations for capturing the intricacies of
nucleon interactions within the nuclear environment, making
them realistic enough for application to nuclei. The param-
eters of this potential can be determined by fitting it to the
self-consistent microscopic potential obtained from the RMF
calculations using the NL3 effective interaction, where the
mean field potential is X = V 4+ S and A = V — S. For '%%Er,
the specific parameter values are a = 0.66 fm, R = 6.74 fm,
Xy =—62.8MeV, and A, = 637.4 MeV. Our exploration of
the properties of spin doublets in deformed nuclei will ena-
ble us to discuss and analyze SS in a deformed context,
thereby providing valuable insights into its nuclear
structure.

Using these parameters, we solved the Dirac equation
using the CMR method to obtain the single-particle energy
levels of both the bound and resonant states in '®Er with
f, = 0.34.In Fig. 1, the spin doublets for the resonant states
are presented along with the bound states. The panels,
ordered from left to right, illustrate varying A values ranging
from 1 to 4. Remarkably, our analysis revealed 13 pairs of
spin doublets for single-neutron resonant states. This obser-
vation marks a significant milestone as it is the first instance
of identifying resonant spin doublets in deformed nuclei.
Figure 1 illustrates that a good SS is anticipated in the vicin-
ity of continuous thresholds, because in this region, the
condition for the exact SS, d(V(r) — S(r))/dr = 0, is more
likely to be fulfilled. Certain spin doublets, such as [871]1/2,
(8711372, [743]5/2, [743]7/2, [134]7/2, and [734]9/2, pre-
sent desirable SS near the energy threshold. However, as the
single-particle energy increases, the splitting of the doublets
increased, and the quality of the SS deteriorated when the
spin doublets moved further from the continuous threshold.
For all bound and resonant spin heavy states, it is noteworthy
that the energy state of the spin-down is consistently higher
than that of the spin-up.

The resonant states were characterized by their energies
and widths. Nuclei situated far from the stability valley
exhibit a Fermi surface closely aligned with the continuum,
rendering the valence nucleons prone to scattering. The life-
times of the resonant states are particularly significant when
assessing the potential formation of exotic phenomena. A
strong correlation exists between the width of the resonance
state and its duration. Notably, single-particle states with
quantum numbers (n, [, j=1—1/2) are generally wider
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Fig. 1 (Color online) The single neutron energies are determined
for the spin doublets Q = A + 1/2[N,n;, A] in 1681 with p, =0.34.
Here, N represents the main quantum number of the harmonic oscil-
lator, n5 denotes the number of quanta for oscillations along the sym-
metry axis (in the z-direction) and A and Q respectively represent the
components of orbital and total angular momentum projected along
the symmetry axis
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Table 1 The four resonant spin doublets in '%*Er exhibit energies and
widths measured in MeV with g, = 0.34

A [N, ny, AlQ E, (MeV) T (MeV)

1 (8711172 2.111 24.633
[871]13/2 1.971 23.359

2 [862]3/2 2318 24.700
[86215/2 2.052 23.700

3 [613]5/2 4.604 2.183
[613]7/2 3.301 0.776

4 [622]7/2 3.090 3512
(6221972 0.790 0.165

than their spin-doublet counterparts (n, [, j=1+1/2).
These findings imply that resonant states with a lower orbital
angular momentum have shorter decay times. The lower
centrifugal barrier associated with the lower orbital angular
momentum contributed to the larger resonant widths. The
neutron spin doublets near the continuum threshold are pre-
sented in Table 1. The energy and width of the wide reso-
nance spin doublets are very similar, for example, [871]1/2,
[871]3/2, [862]3/2, and [862]5/2. For the narrow resonant
states, differences emerged in the energies of [613]5/2,
[613]7/2,[622]3/2, and [622]5/2, with relatively significant
discrepancies noted in the widths of these two pairs. These
observations indicate the preservation of SS in broad reso-
nant doublets.

To underscore the significance of SS assessment, as
emphasized in Ref. [67], it is crucial to evaluate SS by com-
paring the upper components of Dirac spinors. In a previ-
ous study [55] that focused on spherical nuclei, the reso-
nant states were observed to share similarities with their
upper components. However, challenges arise in deformed
nuclei where spin doublet states exhibit wave functions
with distinct spherical components, making direct com-
parisons between different doublets difficult. The radial
density distribution comprising diverse spherical compo-
nents is significantly correlated with the wave function.
The Dirac spinor comprises an upper Dirac spinor f{r) and
a lower Dirac spinor g(7). By calculating the radial den-
sity of the upper component for the spin doublets, we can
utilize pm, " (r) = h [f(r)f'i(r)], which provides a means
of assessing similarities. In Fig. 2, subfigure (a) clearly
demonstrates the similarity between the radial densities of
the upper components of the bound doublets [512]3/2 and
[512]5/2. Moreover, subfigure (b) presents the real part of
the radial density for the resonant doublets [613]5/2 and
[613]7/2. A comparison with the bound doublets reveals
similarities and highlights unique features in the radial den-
sity of the resonant spin doublets. The bound states exhibit
well-maintained SS, whereas the quality of SS in the reso-
nant doublets is somewhat diminished. The radial density
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Fig.2 The radial density distributions of the spin doublets in '**Er
with g, = 0.34. The upper components of the radial density distri-
butions for the bound spin doublet ([512]3/2, [512]5/2) and the real
part of upper components for the resonant spin doublet ([613]5/2,
[615]7/2) are shown in the subfigures (a) and (b)

variations of the upper components in relation to their ampli-
tudes within the spin doublets appear to be due to the effect
of deformation and multiple spherical components in the
deformed nuclei wavefunction.

To gain a deeper understanding of the SS quality of the
deformed nuclear resonance states, we investigated the
impact of the deformation parameter f, on the SS. The
results are presented in Fig. 3 show case plots illustrating
the energy splitting and width splitting between the spin
doublets. Several resonant and bound spin doublets exhib-
ited variations in f,. Figure 3 clearly distinguishes the
bound (solid lines) and resonant (dashed lines) spin dou-
blets. The spherical labels at the §, = 0 position provide a
reference for comparison. In the range g, = 0 to §, = 0.60,
the energy splitting of the bound spin doublets exhibited
fluctuations but remained predominantly unaffected by the
quadrupole deformation parameter f,, which is consistent
with the findings in Refs. [19, 68]. For resonant spin dou-
blets, the deformation parameter f, significantly influences
the energy splitting. As f, increases, energy splitting within
the most resonant spin doublet also increases. The width
splitting of the resonant spin doublets ([622]3/2, [622]5/2)
and ([613]5/2, [613]7/2) increased with the deformation
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Fig.3 (Color online) The calculated single-neutron energy and width
splittings as a function of the quadrupole deformation f,, where the
bound and resonant doublets are marked respectively by the solid and
dashed lines

parameter f3,, whereas the width splitting of the other two
pairs of doublets initially decreased and then increased as
p, increased. Thus, from AE and AT, it can be seen that the
energy and width splitting between the spin-partner states
of the resonance state increases, and thus, the quality of the
spin symmetry deteriorates as the deformation parameter
increases.

To examine the deformation parameter f, and its impact
on the increased spin splitting of the resonant spin doublets
in '98Er, we investigated the occupation probabilities of the
major components within the doublet states [613]5/2 and
[613]7/2, as presented in Fig. 4. Substantial changes in the
occupation probabilities of the various components were
observed across a range of deformations. At the [613]5/2
level, the components ds, &7/2, 892, and gy, display
notable occupation probabilities. At the [613]7/2 level, the
components gq/5, §7/2» i11/2. and i3, become prominent.
The contributions of the other components were negligible.
At f, = 0, where the spherical configuration prevails, the
[613]5/2 level corresponds to the degenerate spherical con-
figuration of g, /25 whereas the [613]7/2 level is character-
ized by the degenerate spherical configurations of g, and
87/2- These spherical configurations, specifically g;, and

1.0 T T T T T
[613]5/2
08 | 9772 -

0.6 -

04 B

probability

9or2 [613]7/2
0.8 |- -

0.6 —

0.2

M2 9712

Fig.4 (Color online) Occupation probabilities of major configura-
tions as a function of g, for the resonant spin doublets [613]5/2 and
[613]7/2 in '%Er

892, represent exemplary spin doublets characterized by a
minimal energy splitting of only 1.45 MeV and width split-
ting of just 0.66 MeV. However, as the deformation param-
eter f, increases, we observe a decrease in the occupation
probabilities of g;/, and gg/, accompanied by an increase
in the probabilities of the other components. At §, = 0.60,
the occupation probabilities of g;,, and gy, were reduced
to 57% and 71%, respectively, resulting in an increase in the
spin energy splitting to 1.67 MeV and width splitting to 2.36
MeV. Therefore, it can be inferred that as the deformation
increases, the mixing of components leads to deterioration
of the SS.

To elucidate the dynamics of the evolution of SS within
the resonance state, we studied the correlation between spin
splitting and the intrinsic parameters of the Woods—Saxon
potential. Figure 5 provides a visual representation of the
relationship, highlighting the interplay between the between
spin splitting and various parameters associated with the
Woods—Saxon potential. The graphical representation dis-
tinguishes between resonant and bound doublets using open
symbols for resonant doublets and filled symbols for bound
doublets. We investigated the effects of surface diffuseness
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Fig.5 (Color online) Spin energy and width splittings as a function
of every potential parameter for the resonant states shown in Fig. 1.
Here, the quadrupole deformation f, = 0.34. The data corresponding

on energy and width splitting parameter while maintaining
%, and R constant. The visualization in Fig. 5 subfigure (a)
illustrates the effect of the surface diffusivity parameter a.
As a increases from 0.47 fm, the energy splitting of most
spin doublets decreases, indicating an improved quality of
SS. In addition, there is a consistent decrease in the width
splitting of all the spin doublets with increasing a. Notably,
the sign of the spin splitting for the spin doublets does not
reverse with this parameter change. Analyzing single-parti-
cle states with quantum numbers (n, [, j = [ — 1/2), it was
observed that their widths were consistently larger than their
spin doublets (n, [, j = [+ 1/2), suggesting longer decay
times for the resonant states with higher orbital angular
momentum. This phenomenon is attributed to the centrifugal
barrier effect, in which a lower orbital angular momentum
results in a lower centrifugal barrier, leading to larger reso-
nance widths. In Fig. 5 subfigure (b), we present information
on the effect of the radius (R) on energy and width splitting.
Variations in these splittings are plotted as a function of R
while holding the other parameters constant. Observations
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to the variables a, R, and X are respectively displayed in a—c with the
other parameters fixed to R = 6.74 fm, £, = —62.8 MeV in (a), a =
0.67 fm, X, = —62.8 MeV (b), and a = 0.67 fm, R = 6.74 fm in (c)

with increasing R (starting at R=6.54 fm) show that the
energy splitting of bound spin doublets decreases, whereas
that of the resonance states increases. In terms of the width-
splitting trends, most spin doublets experienced a decrease
as R increased, with the exception of [732]3/2 and [732]5/2.
Particularly, there is a consistent width discrepancy in the
single-particle states, where the widths of all quantum num-
ber states (n, [, j = [ — 1/2) are consistently larger than their
spin doublets (n, [, j = [+ 1/2). This implies that even if
the energies of the spin doublets are perfectly simple and
fused, their decay times are different. The importance of
these results are underlined by the isotope comparison, as
the dependence on R is particularly striking when contrast-
ing different isotopes, owing to noticeable changes in the
radius of the mean-field potential. Finally, we investigated
the effect of varying X, while keeping the values of a and
R constant, as shown in subfigure (c). Observations with
varying | Z, | show that as || decreases, the energy splitting
of the bound spin doublets remains almost unchanged. The
energy splitting of the resonant spin doublet states decreased
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with decreasing |20|. The splitting width generally decreased
with increasing |Z,|. The width of the single-particle reso-
nance states, which is an indication of the decay time, shows
that a higher potential depth increases the stability of the
resonance states. These results highlight the sensitivity of SS
to parameter variations within the Woods—Saxon potential,
particularly in terms of the energy and width splittings for
the bound and resonant spin doublets.

4 Summary

This investigation focuses on the spin doublets within
the single-particle resonant states of an axially deformed
nucleus by employing the Dirac equation within the RMF
framework. The nuclear potential is defined by the depth
(Uy), deformation parameter (f,), and spherical harmonic
functions. Using '%8Er as an illustrative example, we cal-
culated the self-consistent microscopic potentials and sin-
gle-neutron energy levels for both the bound and resonant
states. Thirteen pairs of spin doublets were identified in 9
Er, exhibiting varying SS. These resonant spin doublets dis-
played varying degrees of SS, with some approaching a good
SS near continuous thresholds, whereas the quality of the
SS deteriorated as they moved away from the threshold. A
comparison of the energies and widths of these resonant spin
dual states indicated that the spin-up state possessed higher
energy than that of the spin-down state.

The radial density distributions of the upper components
of the resonant states were examined, which indicated simi-
larities and distinctive features between the different dou-
blets. SS is well preserved in bound states but deteriorates in
resonant states owing to spin breaking. We also conducted a
specific investigation of the impact of the quadrupole defor-
mation parameter (f,) on the SS. As f, increased, there was
a notable increase in the energy and width splitting of the
most resonant spin doublets. In addition, the SS of the bound
spin doublets remained relatively unaffected. Furthermore,
an in-depth analysis of the occupation probabilities within
the resonant doublets was conducted. Observable changes in
these probabilities were observed as the deformation param-
eter f, increased, contributing significantly to the deteriora-
tion of SS in the resonant states.

Probing spin splitting and its relationship by varying
the Woods—Saxon potential-related parameters, the spin
energy and width splitting were found to vary with param-
eters such as the surface diffuseness (a), radius (R), and
depth of the potential (X,). These variations indicate the
sensitivity of SS to changes in the potential parameters.
The key findings of this investigation provide valuable
insights into the SS of single-particle resonant states
within deformed nuclei. Notably, this study highlights the

influential role of diverse potential parameters in shap-
ing the spin doublets and affecting the overall symmetry
quality. In summary, this study significantly contributes
to a more nuanced understanding of the intricate relation-
ship between the breaking of SS and SS in single-particle
resonant states within deformed nuclei.
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