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Abstract The nonlinear fractional point reactor kinetics

equation in the presence of Newtonian temperature reac-

tivity feedback with a multi-group of delayed neutrons,

which describes the spectrum behavior of neutron density

into the homogenous nuclear reactors, is developed. This

system is one of the most important stiff coupled nonlinear

fractional differentials for nuclear reactor dynamics. The

generalization of Taylor’s formula that involves Caputo

fractional derivatives is developed in an attempt to over-

come the difficulty of the stiffness of the nonlinear frac-

tional differential model. Moreover, the general fractional

derivatives are calculated analytically throughout this

work. Furthermore, the local and global estimated errors

were analyzed, which suggest that the error quantification

should take into account the possible grow in time of the

error. This observation provides a motivation for going

beyond more classical local-in-time concepts of error (local

truncation error). The neutron density response with time is

analyzed for the anomalous diffusion, sub-diffusion, and

super-diffusion processes.

Keywords Nonlinear fractional � Generalized Taylor’s

formula � Point kinetics � Multi-group delayed neutrons �
Temperature feedback reactivity

1 Introduction

Fractional differential equations have been the focus of

many studies due to their frequent appearance in various

fields such as reactor kinetics, theoretical physics, fluid

mechanics, mathematical biology and finance, chemistry,

mathematics, and engineering [1–6]. The Caputo fractional

derivative is considered recently in many mathematical

physics and engineering problems, [7–14], more than the

Riemann–Liouville fractional derivatives, because it allows

traditional initial and boundary conditions to be included in

the formulation of the problem. In this paper, we use the

generalized Taylor’s formula (GTF) to solve fractional

differential equations of nonlinear fractional point reactor

kinetics equations. This method is very useful and can be

applied to solve many important fractional differential

equations with non-constant coefficients.

The point kinetics equations model is one of the most

important reduced pattern from the neutron transport

equation of the nuclear reactor. This model has been the

subject of countless studies and applications to understand

the transient behavior of neutrons and its effects on nuclear

reactor dynamics [15–18]. The presence of temperature

reactivity feedback is beneficial to provide an estimate of

the transient behavior of reactor power and other system

variables of the reactor cores which are fairly tightly cou-

pled. As a result of this reason, some of our previous works

[19–23] have been developed to solve analytically and/or

numerically the nonlinear point kinetics equations.

The linear and nonlinear point kinetics equations were

generalized to fractional neutron point kinetics equations

by References [24–26], which were commented on and

developed by Referenes [27–31]. Furthermore, the frac-

tional point kinetics equations were discussed by [32–34].
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The modified point kinetics equations using Fick’s

approximation [35] were presented by [36, 37]. As a result

of scientific development, our aim of this work is to pro-

gress the nonlinear fractional point kinetics model. A

technique based on the generalized Taylor’s series in the

fractional form has been selected as the best or most

appropriate to solve this nonlinear fractional model. Fur-

thermore, the neutron density response with time is esti-

mated and analyzed in two cases, sub-diffusion and super-

diffusion processes of nuclear reactor dynamics.

This paper is organized as follows: the generalized

Taylor’s formula (GTF) is developed for solving the non-

linear fractional point reactor kinetics equations with multi-

group of delayed neutrons and the adiabatic feedback

model in Sect. 2. In addition, the fractional derivatives of

the neutron density, the precursor concentrations of multi-

group delayed neutrons, and the temperature reactivity

feedbackare derived. In Sect. 3, the local and global errors

were analyzed. The numerical results of the proposed

method for different types of reactivities and various

fractional orders are discussed in Sect. 4. The conclusion,

with a brief summary of the main feedback, is introduced

in Sect. 5.

2 Preliminaries

In this section, we mention the following basic defini-

tions of fractional calculus, which are used further in the

present work.

Definition 1 [2, 3, 9, 10] Cauchy’s formula for repeated

integration of order n 2 N is defined as

Jnf ðtÞ ¼ 1

ðn� 1Þ!

Z t

t0

ðt � sÞn�1
f ðsÞds

¼ 1

CðnÞ

Z t

t0

ðt � sÞn�1
f ðsÞds:

ð1Þ

Definition 2 [3] The Riemann–Liouville fractional inte-

gral operator of order a[ 0 of a function f(t) is defined as

follows:

Jaf ðtÞ ¼ 1

CðaÞ

Z t

t0

ðt � sÞa�1
f ðsÞds: ð2Þ

Definition 3 [3] The Riemann–Liouville derivative of

order a, which n� 1\a\n and n 2 N , defines as

Daf ðtÞ ¼ 1

Cðn� aÞ
dn

dtn

Z t

t0

f ðsÞ
ðt � sÞaþ1�n

ds: ð3Þ

According to the Riemann–Liouville fractional deriva-

tive (3), we have

lim
a!n

Daf ðtÞ ¼ f ðnÞðtÞ ¼ dnf ðtÞ
dtn

; 8 n 2 N

Dac ¼ c

Cð1 � aÞ t
�a 6¼ 0; c is a constant:

DaðDcf ðtÞÞ ¼ DcðDaf ðtÞÞ ¼ Daþcf ðtÞ:

ð4Þ

Definition 4 [1] The Caputo fractional derivative of order

a, which m� 1\a\m and m 2 N , is defined as follows:

Da
t f ðtÞ ¼

1

Cðm� aÞ

Z t

t0

f ðmÞðsÞ
ðt � sÞaþ1�m

ds: ð5Þ

Based on the Caputo definition (5), the following

properties for the Caputo operator hold

lim
a!m

Da
t f ðtÞ ¼ f ðmÞðtÞ;

lim
a!m�1

Da
t f ðtÞ ¼ f ðm�1ÞðtÞ � f ðm�1Þðt0Þ;

Da
t c ¼ 0 c is a constant:

Da
t ðDc

t f ðtÞÞ 6¼ Dc
t ðDa

t f ðtÞÞ 6¼ Daþc
t f ðtÞ ðIn generalÞ

ð6Þ

Let us assume that the fractional order, a, tends to one,

i.e. 1 � �\a\1 þ � and � ! 0, and
df ðtÞ

dt
jt¼t0

¼ 0. Then, it

is easy to prove that the following properties for the Caputo

operator hold [9, 10]

lim
a!1�

Da
t f ðtÞ ¼f 0ðtÞ; from case 0\a\1

lim
a!1þ

Da
t f ðtÞ ¼f 0ðtÞ; from case 1\a\2

) lim
a!1

Da
t f ðtÞ ¼f 0ðtÞ:

ð7Þ

To suit our case, the fractional order a is chosen so that

the fractional derivative laws are approximate to the ordi-

nary derivatives laws. This means that, for a small positive

value of parameter �, the fractional derivatives satisfy

approximately the following properties

Da
t ðDc

t f ðtÞÞ ’ Dc
t ðDa

t f ðtÞÞ ’ Daþc
t f ðtÞ

Dna
t ðf ðtÞgðtÞÞ ’

Xn
k¼0

n

k

� �
ðDðn�kÞa

t f ðtÞÞðDka
t gðtÞÞ:

ð8Þ

3 Generalized mathematical model based
on Taylor’s formula

The nonlinear point reactor kinetics equations with

multi-group of delayed neutrons and temperature reactivity

feedback, [38, 39], can be generalized to nonlinear frac-

tional differential equations. This system of equations was

stretched out by a perturbation in the procedure of a tem-

perature feedback, where the disorder might be
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comprehended as an adjustment in the nuclear framework

design, with an outcome of a modified specific heat flow

that incites an adjustment in the temperature. Since the

source of heat production is the nuclear processes, the

variation of the thermal change is related linearly to the

neutron density in its simplest form.

Da
t NðtÞ ¼

qðtÞ � b
l

� �
NðtÞ þ

XI

i¼1

kiCiðtÞ ð9Þ

Da
t CiðtÞ ¼

bi
l
NðtÞ � kiCiðtÞ; i ¼ 1; 2; 3; . . .; I ð10Þ

qðtÞ ¼ cðtÞ � r½TðtÞ � T0� ð11Þ

Da
t TðtÞ ¼KcNðtÞ ð12Þ

where N(t) is the neutron density, qðtÞ is the reactivity as a

function of time t, CiðtÞ is the precursor concentrations of i-

group of delayed neutrons, Da
t is the Caputo fractional

derivative operator of order a, b ¼
PI

i¼1 bi is the total

fraction of delayed neutrons, bi is the fraction of i-group of

delayed neutrons, ki is the decay constant of i-group of

delayed neutrons, l is the prompt neutron generation time,

and I is the total number of delayed neutron groups. T(t) is

the temperature of the reactor, T0 is the initial temperature

of the reactor, r is the temperature coefficient of reactivity,

cðtÞ represents the external reactivity, and Kc is the recip-

rocal of the thermal capacity of reactor. The proportionality

constant, Kc, signifies a parameter for the influence of the

change of heat flow on the rate of temperature change.

Thus, the linear relation between temperature change rate

and neutron density is supplied with a feedback

mechanism.

Notice that, according to dimensional metrology, the

dimension of the prompt neutron generation time, l, is (sa)

while the dimension of the decay constant of i-group of

delayed neutrons, ki, is (s�a) from Eq. (9). Using the

dimension of these parameters in Eq. (10), we find that the

fractional order, a, of the neutron density should be equal

to the fractional order of the precursor concentrations of i-

group of delayed neutrons. So, it is not correct to use dif-

ferent fractional derivatives in this system. Moreover, In

order to preserve the physical meaning of the system

parameters and variables, the values of the fractional order

a should be close to one. For example,
dNðtÞ

dt
means the rate

of time change of the neutron density, but D0:5
t NðtÞ doesn’t

represent the same physical meaning of
dNðtÞ

dt
.

Differentiating Eq. (11) with respect to time, t, and

substituting Eq. (12) yield

Da
t qðtÞ ¼ Da

t cðtÞ � rKcNðtÞ: ð13Þ

Equations (9), (10), and (13) represent the system of the

nonlinear fractional differential equations. In this paper, we

describe a method that is surprisingly simple while main-

taining a desired degree of accuracy. The generalized

Taylor’s formula [40–44] is suggested to solve the above

system of stiff coupled differential equations in its frac-

tional form as follows

Nðtmþ1Þ ¼
X1
n¼0

hnaDna
t NðtmÞ

Cðnaþ 1Þ

¼ NðtmÞ þ
haDa

t NðtmÞ
Cðaþ 1Þ þ h2aD2a

t NðtmÞ
Cð2aþ 1Þ þ � � � ;

ð14Þ

Ciðtmþ1Þ ¼
X1
n¼0

hnaDna
t CiðtmÞ

Cðnaþ 1Þ

¼ CiðtmÞ þ
haDa

t CiðtmÞ
Cðaþ 1Þ þ h2aD2a

t CiðtmÞ
Cð2aþ 1Þ þ � � �

i ¼ 1; 2; 3; . . .; I;

ð15Þ

qðtmþ1Þ ¼
X1
n¼0

hnaDna
t qðtmÞ

Cðnaþ 1Þ ¼ qðtmÞ þ
haDa

t qðtmÞ
Cðaþ 1Þ

þ h2aD2a
t qðtmÞ

Cð2aþ 1Þ þ � � � ;
ð16Þ

where h is the length of time interval ½tm; tmþ1�.
The fractional derivatives of order a for the neutron

density, the precursor concentrations of the i-group of

delayed neutrons, and the reactivity are

Da
t NðtmÞ ¼

qðtmÞ � b
l

� �
NðtmÞ þ

XI

i¼1

kiCiðtmÞ; ð17Þ

Da
t CiðtmÞ ¼

bi
l
NðtmÞ � kiCiðtmÞ; i ¼ 1; 2; 3; . . .; I;

ð18Þ

Da
t qðtmÞ ¼Da

t cðtmÞ � rKcNðtmÞ: ð19Þ

The fractional derivatives of order 2a for the neutron

density, the precursor concentrations of the i-group of

delayed neutrons, and the reactivity are given by

D2a
t NðtmÞ ’ � b

l
Da

t NðtmÞ þ
XI

i¼1

kiD
a
t CiðtmÞ

þ 1

l
qðtmÞDa

t NðtmÞ þ NðtmÞDa
t qðtmÞ

� �
;

ð20Þ

D2a
t CiðtmÞ ’

bi
l
Da

t NðtmÞ � kiD
a
t CiðtmÞ; i ¼ 1; 2; 3; . . .; I;

ð21Þ

D2a
t qðtmÞ ’D2a

t cðtmÞ � rKcD
a
t NðtmÞ: ð22Þ

Similarly, the fractional derivatives of order na for the

neutron density, the precursor concentrations of the i-group

of delayed neutrons, and the reactivity can be written as

follows
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Dna
t NðtmÞ ’ � b

l
D

ðn�1Þa
t NðtmÞ þ

XI

i¼1

kiD
ðn�1Þa
t CiðtmÞ

þ 1

l

Xn�1

j¼0

n� 1

j

� �
Dja

t qðtmÞ
� �

D
ðn�j�1Þa
t NðtmÞ

� �
;

ð23Þ

Dna
t CiðtmÞ ’

bi
l
D

ðn�1Þa
t NðtmÞ � kDðn�1Þa

t CiðtmÞ;

i ¼ 1; 2; 3; . . .; I;
ð24Þ

Dna
t qðtmÞ ’Dna

t cðtmÞ � rKcD
ðn�1Þa
t NðtmÞ: ð25Þ

Substituting Eqs. (17) –(25) into Eqs. (14)–(16) yields

the numerical solution of the nonlinear fractional point

nuclear reactor kinetics equations in the presence of

Newtonian temperature feedback reactivity.

4 Local and global estimate error

The exact solution of the neutron density, Nðtmþ1Þ, at

time tmþ1 can be written as:

Nðtmþ1Þ ¼ NðtmÞ þ haFðtm;NðtmÞ; haÞ þ TEnðnÞ; ð26Þ

where Fðtm;NðtmÞ; haÞ ¼
Pn

k¼1
hðk�1ÞaDka

t NðtmÞ
Cðkaþ1Þ , and TEnðnÞ is

the local truncation error given by

TEnðnÞ ¼
hðnþ1ÞaD

ðnþ1Þa
t NðnÞ

Cððnþ 1Þaþ 1Þ �Khðnþ1Þa; n 2 ½tm; tmþ1�;

ð27Þ

where K is a constant, which is the maximum value of

D
ðnþ1Þa
t NðnÞ

Cððnþ1Þaþ1Þ between tm and tmþ1.

The approximate solution using the generalized Taylor’s

formula of order n is Nnðtmþ1Þ, which is defined by

Eq. (14). Such formula can be rewritten as

Nnðtmþ1Þ ¼ NnðtmÞ þ haFðtm;NnðtmÞ; haÞ: ð28Þ

From Eqs. (26) and (28):

jNðtmþ1Þ � Nnðtmþ1Þj � jNðtmÞ � NnðtmÞj
þ hajFðtm;NðtmÞ; haÞ � Fðtm;NnðtmÞ; haÞj þ jTEnðnÞj:

ð29Þ

The function Fðtm;NðtmÞ; haÞ is Lipschitz continuous,

i.e.

jFðtm;NðtmÞ; haÞ � Fðtm;NnðtmÞ; haÞj� LjNðtmÞ � NnðtmÞj;
ð30Þ

where L is a positive constant value.

Under this condition, the global error, enðtmþ1Þ, takes the

following form [45]:

enðtmþ1Þ ¼ jNðtmþ1Þ � Nnðtmþ1Þj
� ð1 þ haLÞjNðtmÞ � NnðtmÞj þ Khðnþ1Þa

¼ð1 þ haLÞenðtmÞ þ Khðnþ1Þa;

ð31Þ

and consequently, we get

enðtmÞ� ð1 þ haLÞenðtm�1Þ þ Khðnþ1Þa: ð32Þ

Now, setting g ¼ ð1 þ haLÞ and v ¼ Khðnþ1Þa, from

Eq. (32) we get,

enðtmÞ�genðtm�1Þ þ v�gðgenðtm�2Þ þ vÞ þ v

¼ g2enðtm�2Þ þ vð1þ gÞ�g2ðlenðtm�3Þ þ vÞ þ vð1þ gÞ
¼ g3enðtm�3Þ þ vð1þ gþ g2Þ� � � � �gmenðt0Þ
þ vð1þ gþ g2 þ � � � þ gm�1Þ:

ð33Þ

The initial global error is equal to zero, enðt0Þ ¼ 0, and

then, from Eq. (33), we obtain

enðtmÞ� vð1 þ gþ g2 þ � � � þ gm�1Þ ¼ v
1 � gm

1 � g

¼ v
ð1 þ haLÞm � 1

haL
:

ð34Þ

Or, in an alternative form,

enðtmÞ�
Khðnþ1Þa

haL
ðemhaL � 1Þ ¼ Khna

L
ðemhaL � 1Þ

� Oðhðnþ1ÞaÞ:
ð35Þ

Comparing this with the local truncation error (LTE)

Eq. (27), we see that the global error (GE) has the same

order as the local error with a different coefficient in the

estimates. In the present calculations, the LTE and GE

tabulated according to the following formula: Percent

truncation error is

PTR ¼ Nnþ1ðtmÞ � NnðtmÞ
Nnþ1ðtmÞ

����
����� 100%: ð36Þ

Global truncation error is

GTE ¼
Xm
k¼0

Nnþ1ðtkÞ � NnðtkÞj j: ð37Þ
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5 Numerical results and discussions

The validity of the generalized Taylor’s formula for

solving the nonlinear fractional point reactor kinetics

equations in the presence of Newtonian temperature reac-

tivity feedback and six-groups of delayed neutrons is ver-

ified for different types of reactivity. Two cases are

considered for the external reactivity, such as step and

ramp reactivities. The neutron density is calculated for an

U235 nuclear reactor with various external reactivity. The

parameters of this reactor [19] are ki: 0.0124, 0.0305,

0.111, 0.301, 1.13, 3.0 ðs�aÞ, b: 0.00021, 0.00141, 0.00127,

0.00255, 0.00074, 0.00027, b ¼ 0:00645,

l ¼ 5:0 � 10�5ðsaÞ, the temperature coefficient of reactiv-

ity is r ¼ 5 � 10�5ðK�1Þ, and the reciprocal of the thermal

capacity of the reactor is Kc ¼ 0:05 (K/MW saÞ. The initial

conditions are Nð0Þ ¼ 1 (neutron) and Cið0Þ ¼ biNð0Þ
Kki

.

The neutron density is mainly affected by two parame-

ters, the reactivity of the Newtonian temperature feedback

and the fractional order, a, as shown in Fig. 1. The first

parameter causes a decrease in the neutron density in the

absence of an external neutron source, which also agrees

with the quicker decreasing of the fractional order (i.e.

a\1). The pattern of this figure also shows a slow decrease

for the neutron density with increasing of the fractional

order a[ 1. Moreover, the rate of change of the neutron

density is affected also by the fractional order.

5.1 Step external reactivity

The validity and accuracy of the nonlinear fractional

model and its proposed solution technique is demonstrated

through several different computational examples of the

U235 nuclear reactor for step external reactivity. The neu-

tron density with various times is shown in Figs. 2, 3, 4, 5

and 6 using various values of the step external reactivity as

c ¼ 0:25b, 0:5b, 0:75b, 1:0b and 1:25b, respectively. The

figures show the effect of the positive external reactivity,

which have an influence on the neutron density at different

fractional orders of a ¼ 0:98; 0:99; 1:0; 1:01, and 1.02. The

neutron density increases with time to the maximum value,

followed by a slow decrease until it is vanished due to the

effect of the Newtonian reactivity temperature feedback.

Moreover, the effects of sub-diffusion and super-diffusion

processes can be classified as follows [46]: the sub-diffu-

sion processes, a\1, generate a greater number of fission

processes, which means the neutron density increases

quicker. While the super-diffusion processes, a[ 1, gen-

erate a small number of fission processes, which means

slower increases of the neutron density.

5.2 Ramp external reactivity

The presented example is based on the same previous

parameters of the U235 nuclear reactor except for the

external reactivity and the nonlinear coefficient, r. In this

case, the external reactivity is a function of time such as

cðtÞ ¼ 0:1ta, 0:01ta, or 0:001ta. Also, the nonlinear coef-

ficient takes the value of r ¼ 2 � 10�10 and 2 � 10�12.

The neutron density at various times using the gener-

alized Taylor’s formula is calculated at distinct values of

the ramp external reactivity function, cðtÞ ¼ 0:01ta, and

cðtÞ ¼ 0:1ta. Figures 7, 8, 9, 10, 11 and 12 show the

behavior of the increasing neutron density with time up to
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Fig. 1 (Color online) Neutron density without external reactivity

ðc ¼ 0Þ
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Fig. 2 (Color online) Neutron density for step external reactivity

ðc ¼ 0:25bÞ
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the maximum value of the neutron density due to the

increase of external reactivity in different fractional order,

a ¼ 0:98, 1.0, and 1.02. Thereafter, the neutron density

decreases due to the effect of the Newtonian temperature

reactivity feedback . After that, the external reactivity

increasing is equivalent to the feedback effect of Newto-

nian temperature. Therefore, the neutron density is almost

stable. Furthermore, note that the sub-diffusion processes,

a\1, generate a greater number of fission processes, which

means that the neutron density increases quicker. On the

other hand, the super-diffusion processes, a[ 1, generate a

smaller number of fission processes, which means that the

neutron density increases slower.

Tables 1 and 2 show the approximate percent truncation

error and global error of the neutron density for step

external reactivity insertion at c ¼ 0:25$ and c ¼ 1:0$.

Similar behavior for local truncation and global errors is

presented in Tables 3 and 4 for ramp external reactivity

insertion cðtÞ ¼ 0:001ta, r ¼ 2:0E � 10, and cðtÞ ¼ 0:01ta,

and r ¼ 2:0E � 12. In addition, further studies are carried

out in Tables 1 and 2 for step external reactivity insertion

c ¼ 0:25$ and c ¼ 1:0$ and, while Tables 3 and 4 for ramp
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Fig. 3 (Color online) Neutron density for step external reactivity

ðc ¼ 0:5bÞ
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ðc ¼ 0:75bÞ

Time (s)
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

N
eu

tro
n 

D
en

si
ty

0

100

200

300

400

500

600

700

800

900

Fractional(0.98)
Fractional(0.99)
Classical
Fractional(1.01)
Fractional(1.02)

Fig. 5 (Color online) Neutron density for step external reactivity

ðc ¼ 1:0bÞ
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Fig. 6 (Color online) Neutron density for step external reactivity

ðc ¼ 1:25bÞ
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external reactivity insertion determine if improvements in

accuracy could be obtained by taking more terms in the

series. Excellent results are obtained at the six terms in the

series expansion for all representative cases under consid-

eration. In all cases, the generalized Taylor’s formula

(GTF) that involves the Caputo fractional derivative
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Fig. 7 (Color online) Neutron

density for ramp external

reactivity cðtÞ ¼ 0:1ta and

r ¼ 2 � 10�10
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Fig. 8 (Color online) Neutron

density for ramp external

reactivity cðtÞ ¼ 0:1ta and

r ¼ 2 � 10�12
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technique appears to be accurate and generates results that

are consistent with other recently published methods such

as PCA [47], EPCA [48], CATS [49], and ITS2 [50], even

only by considering a first few order expansion, Table 5 for

step reactivity insertion and Table 6 for ramp reactivity

insertion.
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Fig. 9 (Color online) Neutron

density for ramp external

reactivity cðtÞ ¼ 0:01ta and

r ¼ 2 � 10�10
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Fig. 10 (Color online) Neutron

density for ramp external

reactivity cðtÞ ¼ 0:01ta and

r ¼ 2 � 10�12
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Fig. 11 (Color online) Neutron

density for ramp external

reactivity cðtÞ ¼ 0:003ta and

r ¼ 2 � 10�10
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Fig. 12 (Color online) Neutron

density for ramp external

reactivity cðtÞ ¼ 0:003ta and

r ¼ 2 � 10�12
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6 Conclusion

The objective of this study was to estimate the GTF

technique as applied to point reactor kinetics problems with

temperature feedback of reactivity for the multi-group of

the precursor delayed neutrons. The method is based on a

generalized Taylor’s formula expansions in the fractional

form of the neutron density and reactivity functions to

obtain explicit analytical solutions to the reactor point

kinetics equations in the integral formulation. Variable

time steps are used by the method to alleviate stiffness

arising from the orders of magnitude with six delayed

neutron groups. Furthermore, the transient neutron density

of the nonlinear fractional model using the proposed

technique was computed for different cases of external

reactivities and various fractional orders. The obtained

results were found in excellent agreement at the fractional

order one with some of the conventional methods, in all

cases under consideration. It can be seen the GTF is in

excellent agreement with EPCA and, particularly, with

CATS and ITS2, therefore also confirming the extreme

accuracy of the method for these test cases. Results by GTF

are believed accurate to all digits. The attached fig-

ures show the pattern of the neutron density, which

increase with time to the maximum value due to the

external reactivity followed by decreasing with time due to

Table 1 Approximate percent

truncation error and global error

of the neutron density for step

external reactivity insertion

c ¼ 0:25$

a t (s) n ¼ 2 n ¼ 3 n ¼ 4 n ¼ 5 n ¼ 6 GTE

0.98 50.0 1.55 � 10�6 3.36 � 10�8 7.03 � 10�9 4.37 � 10�10 2.75 � 10�10 3.18 � 10�4

100.0 3.74 � 10�7 1.52 � 10�8 2.97 � 10�9 9.07 � 10�11 1.73 � 10�10 3.19 � 10�4

150.0 1.34 � 10�6 2.65 � 10�8 5.28 � 10�9 2.35 � 10�10 2.64 � 10�10 3.19 � 10�4

200.0 1.45 � 10�6 2.95 � 10�8 6.03 � 10�9 3.49 � 10�10 2.73 � 10�10 3.19 � 10�4

250.0 1.32 � 10�6 3.05 � 10�8 6.35 � 10�9 4.23 � 10�10 2.62 � 10�10 3.19 � 10�4

1.0 50.0 1.09 � 10�6 2.78 � 10�8 5.04 � 10�9 3.22 � 10�10 1.25 � 10�10 1.40 � 10�4

100.0 3.40 � 10�8 7.56 � 10�9 1.38 � 10�9 8.80 � 10�11 3.41 � 10�11 1.40 � 10�4

150.0 9.38 � 10�7 1.72 � 10�8 3.12 � 10�9 1.99 � 10�10 7.69 � 10�11 1.40 � 10�4

200.0 1.12 � 10�6 1.93 � 10�8 3.49 � 10�9 2.24 � 10�10 8.60 � 10�11 1.40 � 10�4

250.0 1.08 � 10�6 1.99 � 10�8 3.59 � 10�9 2.30 � 10�10 8.85 � 10�11 1.40 � 10�4

1.02 50.0 7.19 � 10�7 2.15 � 10�8 3.36 � 10�9 2.09 � 10�10 4.70 � 10�11 6.15 � 10�5

100.0 2.99 � 10�7 2.46 � 10�9 4.14 � 10�10 4.12 � 10�11 4.69 � 10�12 6.15 � 10�5

150.0 6.07 � 10�7 1.08 � 10�8 1.75 � 10�9 1.48 � 10�10 1.29 � 10�11 6.15 � 10�5

200.0 8.46 � 10�7 1.26 � 10�8 2.01 � 10�9 1.62 � 10�10 1.65 � 10�11 6.15 � 10�5

250.0 8.60 � 10�7 1.30 � 10�8 2.03 � 10�9 1.53 � 10�10 1.90 � 10�11 6.15 � 10�5

Table 2 Approximate percent

truncation error and global error

of the neutron density for step

external reactivity insertion

c ¼ 1:0$

a t (s) n ¼ 2 n ¼ 3 n ¼ 4 n ¼ 5 n ¼ 6 GTE

0.98 1.0 1.21 � 10�2 1.52 � 10�4 2.19 � 10�7 4.80 � 10�8 1.05 � 10�9 1.41 � 10�6

2.0 7.62 � 10�3 8.93 � 10�5 5.63 � 10�7 2.32 � 10�8 1.00 � 10�9 1.63 � 10�6

3.0 5.47 � 10�3 6.78 � 10�5 5.11 � 10�7 3.69 � 10�8 3.72 � 10�9 2.60 � 10�6

4.0 4.44 � 10�3 5.62 � 10�5 4.92 � 10�7 4.95 � 10�8 6.93 � 10�9 4.36 � 10�6

5.0 3.84 � 10�3 4.93 � 10�5 4.83 � 10�7 5.99 � 10�8 1.02 � 10�8 6.66 � 10�6

1.0 1.0 5.44 � 10�3 5.64 � 10�7 2.47 � 10�6 3.65 � 10�8 8.03 � 10�10 6.52 � 10�7

2.0 6.53 � 10�3 6.57 � 10�5 2.74 � 10�7 5.21 � 10�9 9.27 � 10�11 7.55 � 10�7

3.0 4.63 � 10�3 5.03 � 10�5 1.98 � 10�7 3.89 � 10�9 6.82 � 10�11 7.92 � 10�7

4.0 3.73 � 10�3 4.16 � 10�5 1.60 � 10�7 3.20 � 10�9 5.55 � 10�11 8.15 � 10�7

5.0 3.21 � 10�3 3.63 � 10�5 1.39 � 10�7 2.78 � 10�9 4.80 � 10�11 8.30 � 10�7

1.02 1.0 1.20 � 10�3 1.66 � 10�4 4.58 � 10�7 4.77 � 10�8 6.68 � 10�10 2.55 � 10�7

2.0 5.61 � 10�3 4.77 � 10�5 1.52 � 10�7 1.40 � 10�9 1.17 � 10�10 3.72 � 10�7

3.0 3.93 � 10�3 3.71 � 10�5 8.45 � 10�8 1.70 � 10�9 3.41 � 10�10 4.79 � 10�7

4.0 3.15 � 10�3 3.06 � 10�5 5.17 � 10�8 4.19 � 10�9 6.38 � 10�10 6.67 � 10�7

5.0 2.69 � 10�3 2.66 � 10�5 3.22 � 10�8 6.18 � 10�9 9.55 � 10�10 9.21 � 10�7
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the effect of the Newtonian temperature feedback reactiv-

ity. In addition, for a positive reactivity, we note that: the

sub-diffusion processes, a\1, generate a greater number of

fission processes and the super-diffusion processes, a[ 1,

generate a smaller number of fission processes. On the

other hand, for a negative reactivity, the neutron density

decreases quicker with decreasing the fractional order,

a\1 and the neutron density decreases slower for

increasing the fractional order, a[ 1. In the future work,

the GTF will be applied to the two energy groups for point

kinetics equations with emphasis on clarifying the

assumption used in applying the method, like the values of

a close to one are considered, and the same power is

considered for the neutron and precursor equations.

Table 3 Approximate percent

truncation error and global error

of the neutron density for ramp

external reactivity insertion

cðtÞ ¼ 0:001ta and

r ¼ 2:0 � 10�10

a t (s) n ¼ 4 n ¼ 5 n ¼ 6 n ¼ 7 n ¼ 8 GTE

0.98 1.0 9.63 � 10�12 3.00 � 10�13 5.29 � 10�14 1.76 � 10�14 0.0 3.73 � 10�14

2.0 9.01 � 10�12 2.47 � 10�13 3.70 � 10�14 0.0 0.0 3.73 � 10�14

3.0 8.81 � 10�12 2.54 � 10�13 2.82 � 10�14 1.41 � 10�14 0.0 1.13 � 10�3

4.0 6.43 � 10�14 2.79 � 10�13 6.43 � 10�14 4.29 � 10�14 0.0 1.35 � 10�3

5.0 5.08 � 10�10 2.99 � 10�13 3.99 � 10�14 0.0 0.0 1.41 � 10�3

6.0 2.16 � 10�7 6.66 � 10�10 1.17 � 10�12 0.0 0.0 1.44 � 10�3

1.0 1.0 3.40 � 10�12 1.46 � 10�13 5.49 � 10�14 0.0 0.0 3.26 � 10�14

2.0 2.82 � 10�12 1.10 � 10�13 2.75 � 10�14 0.0 0.0 3.26 � 10�14

3.0 2.54 � 10�12 1.09 � 10�13 3.63 � 10�14 0.0 0.0 2.66 � 10�4

4.0 2.37 � 10�12 1.15 � 10�13 3.83 � 10�14 0.0 0.0 4.07 � 10�4

5.0 1.18 � 10�11 1.13 � 10�13 5.02 � 10�14 0.0 0.0 4.59 � 10�4

6.0 8.60 � 10�10 4.08 � 10�13 1.63 � 10�14 0.0 0.0 5.11 � 10�4

1.02 1.0 1.17 � 10�12 7.54 � 10�14 1.89 � 10�14 0.0 0.0 0.0

2.0 7.63 � 10�13 5.99 � 10�14 4.49 � 10�14 0.0 0.0 0.0

3.0 6.10 � 10�13 8.71 � 10�14 4.35 � 10�14 0.0 0.0 0.0

4.0 4.71 � 10�13 5.54 � 10�14 2.77 � 10�14 0.0 0.0 0.0

5.0 9.79 � 10�14 8.39 � 10�14 5.59 � 10�14 0.0 0.0 0.0

6.0 1.47 � 10�11 8.67 � 10�14 5.20 � 10�14 0.0 0.0 0.0

Table 4 Approximate percent

truncation error and global error

of the neutron density for ramp

external reactivity insertion

cðtÞ ¼ 0:01ta and

r ¼ 2:0 � 10�12

a t (s) n ¼ 6 n ¼ 7 n ¼ 8 n ¼ 9 n ¼ 10 GTE

0.98 0.5 3.43 � 10�13 3.67 � 10�14 0.0 0.0 0.0 0.0

1.0 3.41 � 10�8 7.99 � 10�9 6.58 � 10�12 1.12 � 10�11 2.28 � 10�13 5.95 � 10�2

1.5 5.00 � 10�9 3.28 � 10�11 1.65 � 10�13 1.24 � 10�13 0.0 1.69 � 10�1

2.0 1.27 � 10�9 2.22 � 10�12 1.48 � 10�14 0.0 0.0 1.76 � 10�1

2.5 3.41 � 10�11 1.19 � 10�12 2.89 � 10�14 1.45 � 10�14 0.0 1.79 � 10�1

3.0 3.13 � 10�11 6.28 � 10�13 1.46 � 10�14 1.46 � 10�14 2.92 � 10�14 1.84 � 10�1

1.0 0.5 3.33 � 10�13 6.24 � 10�14 0.0 0.0 0.0 0.0

1.0 1.97 � 10�8 1.97 � 10�10 1.61 � 10�12 0.0 0.0 0.0

1.5 1.31 � 10�9 1.21 � 10�11 7.52 � 10�14 7.52 � 10�14 0.0 4.86 � 10�2

2.0 1.24 � 10�9 4.67 � 10�12 6.58 � 10�14 1.64 � 10�14 0.0 5.45 � 10�2

2.5 1.67 � 10�10 2.88 � 10�14 1.44 � 10�14 1.44 � 10�14 0.0 5.64 � 10�2

3.0 9.34 � 10�13 3.59 � 10�13 1.44 � 10�14 0.0 1.44 � 10�14 5.72 � 10�2

1.02 0.5 8.75 � 10�14 0.0 0.0 0.0 0.0 0.0

1.0 4.81 � 10�10 2.92 � 10�12 0.0 0.0 0.0 0.0

1.5 2.12 � 10�10 3.55 � 10�12 1.55 � 10�13 5.64 � 10�14 0.0 0.0

2.0 5.71 � 10�10 2.85 � 10�12 1.21 � 10�13 4.04 � 10�14 0.0 0.0

2.5 2.48 � 10�10 3.91 � 10�13 3.01 � 10�14 1.51 � 10�14 0.0 0.0

3.0 3.13 � 10�11 8.53 � 10�14 2.84 � 10�14 1.42 � 10�14 0.0 0.0
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