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Abstract The nonlinear fractional point reactor kinetics
equation in the presence of Newtonian temperature reac-
tivity feedback with a multi-group of delayed neutrons,
which describes the spectrum behavior of neutron density
into the homogenous nuclear reactors, is developed. This
system is one of the most important stiff coupled nonlinear
fractional differentials for nuclear reactor dynamics. The
generalization of Taylor’s formula that involves Caputo
fractional derivatives is developed in an attempt to over-
come the difficulty of the stiffness of the nonlinear frac-
tional differential model. Moreover, the general fractional
derivatives are calculated analytically throughout this
work. Furthermore, the local and global estimated errors
were analyzed, which suggest that the error quantification
should take into account the possible grow in time of the
error. This observation provides a motivation for going
beyond more classical local-in-time concepts of error (local
truncation error). The neutron density response with time is
analyzed for the anomalous diffusion, sub-diffusion, and
super-diffusion processes.
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1 Introduction

Fractional differential equations have been the focus of
many studies due to their frequent appearance in various
fields such as reactor kinetics, theoretical physics, fluid
mechanics, mathematical biology and finance, chemistry,
mathematics, and engineering [1-6]. The Caputo fractional
derivative is considered recently in many mathematical
physics and engineering problems, [7—14], more than the
Riemann—Liouville fractional derivatives, because it allows
traditional initial and boundary conditions to be included in
the formulation of the problem. In this paper, we use the
generalized Taylor’s formula (GTF) to solve fractional
differential equations of nonlinear fractional point reactor
kinetics equations. This method is very useful and can be
applied to solve many important fractional differential
equations with non-constant coefficients.

The point kinetics equations model is one of the most
important reduced pattern from the neutron transport
equation of the nuclear reactor. This model has been the
subject of countless studies and applications to understand
the transient behavior of neutrons and its effects on nuclear
reactor dynamics [15-18]. The presence of temperature
reactivity feedback is beneficial to provide an estimate of
the transient behavior of reactor power and other system
variables of the reactor cores which are fairly tightly cou-
pled. As a result of this reason, some of our previous works
[19-23] have been developed to solve analytically and/or
numerically the nonlinear point Kinetics equations.

The linear and nonlinear point kinetics equations were
generalized to fractional neutron point kinetics equations
by References [24-26], which were commented on and
developed by Referenes [27-31]. Furthermore, the frac-
tional point kinetics equations were discussed by [32-34].
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The modified point kinetics equations using Fick’s
approximation [35] were presented by [36, 37]. As a result
of scientific development, our aim of this work is to pro-
gress the nonlinear fractional point kinetics model. A
technique based on the generalized Taylor’s series in the
fractional form has been selected as the best or most
appropriate to solve this nonlinear fractional model. Fur-
thermore, the neutron density response with time is esti-
mated and analyzed in two cases, sub-diffusion and super-
diffusion processes of nuclear reactor dynamics.

This paper is organized as follows: the generalized
Taylor’s formula (GTF) is developed for solving the non-
linear fractional point reactor kinetics equations with multi-
group of delayed neutrons and the adiabatic feedback
model in Sect. 2. In addition, the fractional derivatives of
the neutron density, the precursor concentrations of multi-
group delayed neutrons, and the temperature reactivity
feedbackare derived. In Sect. 3, the local and global errors
were analyzed. The numerical results of the proposed
method for different types of reactivities and various
fractional orders are discussed in Sect. 4. The conclusion,
with a brief summary of the main feedback, is introduced
in Sect. 5.

2 Preliminaries

In this section, we mention the following basic defini-
tions of fractional calculus, which are used further in the
present work.

Definition 1 [2, 3, 9, 10] Cauchy’s formula for repeated
integration of order n € N is defined as

1 ! _

I = [ = e o

(n - 1) I

oo (1)
n—1
=— t—1)" f(r)dr.

G 6=
Definition 2 [3] The Riemann-Liouville fractional inte-
gral operator of order o > 0 of a function f(7) is defined as
follows:

1 ! 1

J?O):———:/(t—ry_fﬁyh. 2)
r(a) to

Definition 3 [3] The Riemann-Liouville derivative of

order o, which n — 1 <a<n and n € N, defines as

P B O
Df(t) - F(n _ O() dtnA (I _ r)%+l—nd : (3)

According to the Riemann—Liouville fractional deriva-
tive (3), we have
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d"f(t
lim D*f (1) = f" (1) = ({t( ), VneN
oA—n
D% = ﬁt‘“ #0, cisaconstant. (4)
D*(D'f(t)) = D'(D*f (1)) = D*7f (1)
Definition 4 [1] The Caputo fractional derivative of order
o, which m — 1 <a<m and m € N, is defined as follows:
AL
D*f (1) = / dr. 5
1. ( ) l—*(m _ O() %o (t _ T)GH*l*m ( )

Based on the Caputo definition (5), the following
properties for the Caputo operator hold

lim DYf(r) = (1),

im Dif(0) = £V () = £V (0o),
Dic=0
D}(Dif (1)) # DI(D}f (1)) # D 7f (1)

cisaconstant.
(Ingeneral)
(6)
Let us assume that the fractional order, o, tends to one,
ie. 1 —e<a<l+eande— 0,and &) _ =0. Then, it
is easy to prove that the following properties for the Caputo
operator hold [9, 10]
lim DI (1) =f'(1),
Tim DIF(1) =f'(1)

= lim Dif(t) =f'(1).

fromcaseO<a<1

fromcasel <a<?2 (7)

To suit our case, the fractional order o is chosen so that
the fractional derivative laws are approximate to the ordi-
nary derivatives laws. This means that, for a small positive
value of parameter ¢, the fractional derivatives satisfy
approximately the following properties

Di(Dif (1)) ~ D}(Dif (1)) ~ D} f (1)

D80 = Y ( ) (D 2F (1) (DF(1)):

k=0 k

(3)

3 Generalized mathematical model based
on Taylor’s formula

The nonlinear point reactor kinetics equations with
multi-group of delayed neutrons and temperature reactivity
feedback, [38, 39], can be generalized to nonlinear frac-
tional differential equations. This system of equations was
stretched out by a perturbation in the procedure of a tem-

perature feedback, where the disorder might be
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comprehended as an adjustment in the nuclear framework
design, with an outcome of a modified specific heat flow
that incites an adjustment in the temperature. Since the
source of heat production is the nuclear processes, the
variation of the thermal change is related linearly to the
neutron density in its simplest form.

oiv) = ("0 + Yo ©)
i=1
p

D*Ci(t) = TiN(t) —4Ci(t), i=1,2,3,...,1I (10)
p(t) =v(t) — o[T(t) — To] (11)
D*T(t) = K.N(t) (12)

where N(7) is the neutron density, p(7) is the reactivity as a
function of time #, C;(¢) is the precursor concentrations of i-
group of delayed neutrons, D? is the Caputo fractional

derivative operator of order a, =31, f; is the total
fraction of delayed neutrons, f3; is the fraction of i-group of
delayed neutrons, 4; is the decay constant of i-group of
delayed neutrons, [/ is the prompt neutron generation time,
and [ is the total number of delayed neutron groups. 7() is
the temperature of the reactor, T is the initial temperature
of the reactor, ¢ is the temperature coefficient of reactivity,
y(t) represents the external reactivity, and K, is the recip-
rocal of the thermal capacity of reactor. The proportionality
constant, K., signifies a parameter for the influence of the
change of heat flow on the rate of temperature change.
Thus, the linear relation between temperature change rate
and neutron density is supplied with a feedback
mechanism.

Notice that, according to dimensional metrology, the
dimension of the prompt neutron generation time, I, is (s*)
while the dimension of the decay constant of i-group of
delayed neutrons, 4;, is (s™*) from Egq. (9). Using the
dimension of these parameters in Eq. (10), we find that the
fractional order, o, of the neutron density should be equal
to the fractional order of the precursor concentrations of i-
group of delayed neutrons. So, it is not correct to use dif-
ferent fractional derivatives in this system. Moreover, In
order to preserve the physical meaning of the system
parameters and variables, the values of the fractional order

de means the rate

o should be close to one. For example,

of time change of the neutron density, but D? SN(t) doesn’t

represent the same physical meaning of dﬁg’).
Differentiating Eq. (11) with respect to time, 7, and

substituting Eq. (12) yield
D?p(t) = D¥y(t) — oK N(1). (13)

Equations (9), (10), and (13) represent the system of the
nonlinear fractional differential equations. In this paper, we

describe a method that is surprisingly simple while main-
taining a desired degree of accuracy. The generalized
Taylor’s formula [40—44] is suggested to solve the above
system of stiff coupled differential equations in its frac-
tional form as follows

< WDIN (1)

N(thrl) =
I'(na+1
n=0 ( ) (]4)
R*D*N(t,)  h**D*N(t,)
= N(ty) + +,
I'(e+1) I'(2e+1)
) hszmzCi(tm)
Ciltur) = Y~
(tni1) o I'(na+1)
WDICi(tw) | W*D¥Ci(ty 15
o 4 DG | BDEC ) (19)
[(a+1) (20 +1)
i=1,2,3,.
S hMDMp(lm) hocDap(tm)
I = L = pllm -
pltms1) 2 T(na+1) Pln) + 0T 6)
hZaDIszp(tm) o
I'2e+1) ’

where £ is the length of time interval [t,,, t,,11].

The fractional derivatives of order o for the neutron
density, the precursor concentrations of the i-group of
delayed neutrons, and the reactivity are

wmw=@WT> %+Z%fm (17)

D?Ci(lm) = %N(lm) — iiC,v(tm), = 1,2, 3, .. .,I,

(18)

D p(tm) = Dfy(tn) — KN (tn)- (19)

The fractional derivatives of order 2o for the neutron
density, the precursor concentrations of the i-group of
delayed neutrons, and the reactivity are given by

D¥N(t,) ~ — —D“N (tw) ZA,D Ciltw)
(20)
1 o o
+7 (p(tm) DN (1) + N(12)D} p(tm))
D¥Ci(t,) =~ %D‘fN(tm) — LD*Ci(ty), i=1,2,3,...,1,
(21)
D¥p(t,,) = D?y(t,,) — 6K D*N(ty,). (22)

Similarly, the fractional derivatives of order no for the
neutron density, the precursor concentrations of the i-group
of delayed neutrons, and the reactivity can be written as
follows
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Jj=0 J
(23)
DCilt) = PPN 1) — 2D (1)
I ’ (24)
i=1,2,3,...,1,
D p(ty) D (ty) — oKD" "N(1,). (25)

Substituting Eqgs. (17) —(25) into Egs. (14)—(16) yields
the numerical solution of the nonlinear fractional point
nuclear reactor kinetics equations in the presence of
Newtonian temperature feedback reactivity.

4 Local and global estimate error

The exact solution of the neutron density, N(f,1), at
time #,,4; can be written as:

N(tmi1) = N(tw) 4+ h*F(ty, N(t,y), h*) + TE, (), (26)

where F(ty,N(tn),h"*) =Y 1_,
the local truncation error given by

l\ IJ(D N -
kHl)t ) and TE, (&) is

h(n+l)1D(”+l) N(é)
TE, :— < Kp"t* € [tms tmt1]
(27)
where K is a constant, which is the maximum value of
DN () b d
W etween f,, an tn+1-

The approximate solution using the generalized Taylor’s
formula of order n is N,(tn4+1), which is defined by
Eq. (14). Such formula can be rewritten as

Nu(tmi1) = Nu(ti) + B*F (t, No(8), h*). (28)
From Eqgs. (26) and (28):

N (1)
+ h*|F (t,,

- Nn(tm+1)| < |N(tm) - Nn(tm)|
N(tm), h*) = F(ty; Na(tm), h*)| + | TE, (E)].
(29)

The function F(t,,,N
ie.

(tm),h*) is Lipschitz continuous,

|F (tm,

N(tm)a ha) - F(tm»NnOm)vh“)l SL|N(tm> - Nn(tm)|7

(30)
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where L is a positive constant value.
Under this condition, the global error, ¢, (t,,+1), takes the
following form [45]:

=[N(tmi1) = Na(tur1)|
< (14 FL)|N(tm) = Nu(tw)| + KR
= (1 4 h*L)e(t,) + Kh" )2,

En (tm+1 )

(31)
and consequently, we get

en(tw) < (14 B*L)ey(ty_1) + KR"TD*, (32)
Now, setting # = (1 +h*L) and y = Kh"*')* from

Eq. (32) we get,

&n(tm) <Nen(tm—1) + 2 <n(nen(tm—2) + 1) + 1
= nzgn(tm—Z) +yx(14+n)< Hz(ﬂﬁn(tm—a) + )+ x(1+1n)
=0 entm3) + 2(L+n+17) < - <ne(t0)
(4,

(33)
The initial global error is equal to zero, ¢,(f)) = 0, and
then, from Eq. (33), we obtain
2 m—1 1 - ’7m
an(tm) Sqx(L+n+n+-+0") =y =y
(4" -1
e
(34)

Or, in an alternative form,

Kh(nJrl)oz L

K™
g e —— ("t 1)

U )
~ O(h" 1),

&n(tm) <

Comparing this with the local truncation error (LTE)
Eq. (27), we see that the global error (GE) has the same
order as the local error with a different coefficient in the
estimates. In the present calculations, the LTE and GE
tabulated according to the following formula: Percent
truncation error is

Nn+l (tm) - Nn(tm)
Nn+1(tm)

Global truncation error is

PTR = x 100%. (36)

GTE = iuv,,ﬂ(tk) — N, (1) (37)
k=0
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5 Numerical results and discussions

The validity of the generalized Taylor’s formula for
solving the nonlinear fractional point reactor kinetics
equations in the presence of Newtonian temperature reac-
tivity feedback and six-groups of delayed neutrons is ver-
ified for different types of reactivity. Two cases are
considered for the external reactivity, such as step and
ramp reactivities. The neutron density is calculated for an
U?% nuclear reactor with various external reactivity. The
parameters of this reactor [19] are A;: 0.0124, 0.0305,
0.111, 0.301, 1.13, 3.0 (s™*), f: 0.00021, 0.00141, 0.00127,
0.00255, 0.00074, 0.00027, p = 0.00645,
[ =5.0 x 107>(s*), the temperature coefficient of reactiv-
ity is 6 = 5 x 1073(K '), and the reciprocal of the thermal

capacity of the reactor is K. = 0.05 (K/MW s%). The initial

conditions are N(0) = 1 (neutron) and C;(0) = 2N /{9).

The neutron density is mainly affected by two parame-
ters, the reactivity of the Newtonian temperature feedback
and the fractional order, o, as shown in Fig. 1. The first
parameter causes a decrease in the neutron density in the
absence of an external neutron source, which also agrees
with the quicker decreasing of the fractional order (i.e.
o< 1). The pattern of this figure also shows a slow decrease
for the neutron density with increasing of the fractional
order « > 1. Moreover, the rate of change of the neutron
density is affected also by the fractional order.

5.1 Step external reactivity

The validity and accuracy of the nonlinear fractional
model and its proposed solution technique is demonstrated
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0.9 — — — Fractional(0.99)
Classical
08r Fractional(1.01)

Fractional(1.02)

o
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(=)
T

Neutron Density
o o
S w

o
w
T

(=
N
T

0 100 200 300 400 500 600 700 800 900 1000

Fig. 1 (Color online) Neutron density without external reactivity
(»=0)

through several different computational examples of the
U?3 nuclear reactor for step external reactivity. The neu-
tron density with various times is shown in Figs. 2, 3, 4, 5
and 6 using various values of the step external reactivity as
y =0.258, 0.5p, 0.758, 1.0 and 1.25p, respectively. The
figures show the effect of the positive external reactivity,
which have an influence on the neutron density at different
fractional orders of oo = 0.98,0.99,1.0,1.01, and 1.02. The
neutron density increases with time to the maximum value,
followed by a slow decrease until it is vanished due to the
effect of the Newtonian reactivity temperature feedback.
Moreover, the effects of sub-diffusion and super-diffusion
processes can be classified as follows [46]: the sub-diffu-
sion processes, o<1, generate a greater number of fission
processes, which means the neutron density increases
quicker. While the super-diffusion processes, o« > 1, gen-
erate a small number of fission processes, which means
slower increases of the neutron density.

5.2 Ramp external reactivity

The presented example is based on the same previous
parameters of the U?*® nuclear reactor except for the
external reactivity and the nonlinear coefficient, ¢. In this
case, the external reactivity is a function of time such as
p(¢) = 0.1#%, 0.01¢*, or 0.001z*. Also, the nonlinear coef-
ficient takes the value of ¢ =2 x 107!9 and 2 x 1072,

The neutron density at various times using the gener-
alized Taylor’s formula is calculated at distinct values of
the ramp external reactivity function, y(z) = 0.01¢*, and
p(t) = 0.1¢*. Figures 7, 8, 9, 10, 11 and 12 show the
behavior of the increasing neutron density with time up to

9r
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ol /// \\\ — — — Fractional(0.99)
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/// \\\ Fractional(1.01)
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26r Iy N
2 I N
8 Iy \\\
= 5F ) A\
g J N
..05) I \\\\
Z 4l / N
y \\\
\
y AN
AN
3r NN
<N\
AN \\
N
2+ SO
DN
1 . . . . BN
0 50 100 150 200 250

Time (s)

Fig. 2 (Color online) Neutron density for step external reactivity
(y=0258)
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Fig. 3 (Color online) Neutron density for step external reactivity

(r=0.5p)
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Fig. 4 (Color online) Neutron density for step external reactivity
(y =0.75p)

the maximum value of the neutron density due to the
increase of external reactivity in different fractional order,
o =0.98, 1.0, and 1.02. Thereafter, the neutron density
decreases due to the effect of the Newtonian temperature
reactivity feedback . After that, the external reactivity
increasing is equivalent to the feedback effect of Newto-
nian temperature. Therefore, the neutron density is almost
stable. Furthermore, note that the sub-diffusion processes,
o<1, generate a greater number of fission processes, which
means that the neutron density increases quicker. On the
other hand, the super-diffusion processes, o > 1, generate a
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Fig. 5 (Color online) Neutron density for step external reactivity
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Fig. 6 (Color online) Neutron density for step external reactivity
(y=1.25p8)

smaller number of fission processes, which means that the
neutron density increases slower.

Tables 1 and 2 show the approximate percent truncation
error and global error of the neutron density for step
external reactivity insertion at y = 0.25$ and y = 1.0$.
Similar behavior for local truncation and global errors is
presented in Tables 3 and 4 for ramp external reactivity
insertion y(¢) = 0.001*, ¢ = 2.0E — 10, and y(r) = 0.01¢*,
and ¢ = 2.0F — 12. In addition, further studies are carried
out in Tables 1 and 2 for step external reactivity insertion
y = 0.25% and y = 1.0$ and, while Tables 3 and 4 for ramp
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Fig. 7 (Color online) Neutron 10121
density for ramp external
reactivity y(¢) = 0.1¢* and !"I“
c=2x1071° |
1010 F Il /f/
i\ 7
Il Z
Il
ot |
>
Z |
c 1]
o)
a I
c 10% ]
o
g li
D Iy
104
I
I
Iy — — — Fractional(0.98)
102F Ill — — — Fractional(0.99)
J Classical
Fractional(1.01)
Fractional(1.02)
100 1 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (s)
Fig. 8 (Color online) Neutron 10Mr
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series expansion for all representative cases under consid-
eration. In all cases, the generalized Taylor’s formula

external reactivity insertion determine if improvements in
(GTF) that involves the Caputo fractional derivative

accuracy could be obtained by taking more terms in the
series. Excellent results are obtained at the six terms in the
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Fig. 9 (Color online) Neutron 1012
density for ramp external
reactivity y(¢) = 0.01¢#* and
c=2x1071°
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Fig. 10 (Color online) Neutron 10Mr
density for ramp external
reactivity y(¢) = 0.01#* and
6c=2x10"12
1012 -
1010 -
>
= ol
o 10
a
c
o
-— 6 L
2 10
P4
104
— — — Fractional(0.98)
— — — Fractional(0.99)
102 Classical
Fractional(1.01)
Fractional(1.02)
100 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3

Time (s)

technique appears to be accurate and generates results that ~ only by considering a first few order expansion, Table 5 for
are consistent with other recently published methods such  step reactivity insertion and Table 6 for ramp reactivity
as PCA [47], EPCA [48], CATS [49], and ITS2 [50], even insertion.
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Fig. 11 (Color online) Neutron 1010
density for ramp external
reactivity y(¢) = 0.003¢* and
c=2x10"10
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Fig. 12 (Color online) Neutron
density for ramp external
reactivity y(¢) = 0.003¢* and
c=2x10"12
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Table 1 Approximate percent

truncation error and global error ' n=2 n=3 n=4 n=>s n=6 GTE
of the neutron density for step 098 500 155 x10® 336 x 108 7.03 x 100 437 x 1010 275 x 10710 3.18 x 104
external react1v1ty 1nsertion
» = 0.25% 100.0 374 x 1077 152 x107% 297 x 107 9.07 x 107" 1.73 x 107" 3.19 x 10~*
1500 134 x10°® 265 x107% 528 x 1079 235 x 10710 2,64 x 1070 3.19 x 107*
2000 145 x1076 295 x10°®  6.03 x 107 349 x 1070 273 x 10710 3.19 x 10~*
2500 132 x107° 3.05 x107% 635 x10™° 423 x107'0 2.62 x 10710 3,19 x 10~*
10 500 1.09 x107° 278 x10=% 504 x10™° 322 x107'0 1.25 x 10710 1.40 x 10~*
100.0 340 x 107 756 x 10~ 138 x 107 8.80 x 10~'" 341 x10~"" 1.40 x 10~*
1500 938 x1077 172 x107%  3.12 x107™° 199 x 1071 7.69 x 107" 1.40 x 107
200.0 1.12 x107% 1.93 x 1078 349 x 107 224 x107'% 8.60 x 107! 1.40 x 10~*
250.0 1.08 x 1076 1.99 x 107 359 x 107 230 x 107" 8.85 x10~''  1.40 x 10~*
1.2 500 7.19 x1077 215 x107% 336 x10™° 209 x 10710 470 x10°""  6.15 x 1075
1000 299 x 1077 246 x 1070 414 x 10719 412 x 1071 469 x 1072 6.15 x 107>
1500 6.07 x 1077 1.08 x 1078  1.75 x 107 148 x 1071 129 x10~"" 6.15 x 1073
200.0 846 x1077 1.26 x107® 2,01 x10™° 1.62 x1071% 1.65 x 107! 6.15 x 107>
250.0 8.60 x 1077 1.30 x 107 2,03 x10™° 1.53 x107'0 1.90 x 10" 6.15 x 1075
Table 2 Approximate percent t(s) n=2 n=3 n—4 n=>5 n=6 GTE
truncation error and global error
of the neutron density for step 098 10 121 x102 152 x10* 219 x 107 480 x 108 1.05 x 100 1.41 x 106
external reactivity insertion
y=1.08 20 762 x1073 893 x1075 563 x1077 232 x107*  1.00 x10™° 1.63 x 107°
30 547 x1077 678 x1075 511 x1077 369 x107% 372 x107° 260 x 107°
40 444 x1073 562 x107° 492 x 1077 495 x 10~ 693 x10™° 4.36 x 107°
50 384 x107° 493 x1075 483 x1077 599 x10°®  1.02 x10°® 6.66 x 1070
10 1.0 544 x1073 564 x1077 247 x107°  3.65 x 1078 8.03 x 107" 6.52 x 1077
20 653 x107° 657 x1075 274 x 1077 521 x107° 927 x 107" 7.55 x 1077
30 463 x1077 503 x105 198 x1077 3.89 x107% 6.82x107"" 792 x 1077
40 373 %1077 416 x1075 160 x1077 320 x10™° 555 x10°""  8.15 x 1077
50 321 x1077 363 x1075 139 x1077 278 x10™° 4.80 x 107" 830 x 1077
102 1.0 120x1073 1.66 x10* 458 x 1077 477 x 1078 6.68 x 10710 255 x 1077
20 561 x1077 477 x1075 152 x1077 140 x107° 1.17 x 1071 372 x 1077
30 393 x107% 371 x1075 845 x107% 1.70 x 107 341 x 1070 479 x 1077
40 315 x107%  3.06 x107° 517 x 1078 419 x10™° 638 x 10710 6.67 x 1077
50 2.69 x107° 266 x1075 322 x107% 618 x 107 955 x 10710 921 x 1077

6 Conclusion

The objective of this study was to estimate the GTF
technique as applied to point reactor kinetics problems with
temperature feedback of reactivity for the multi-group of
the precursor delayed neutrons. The method is based on a
generalized Taylor’s formula expansions in the fractional
form of the neutron density and reactivity functions to
obtain explicit analytical solutions to the reactor point
kinetics equations in the integral formulation. Variable
time steps are used by the method to alleviate stiffness
arising from the orders of magnitude with six delayed
neutron groups. Furthermore, the transient neutron density

@ Springer

of the nonlinear fractional model using the proposed
technique was computed for different cases of external
reactivities and various fractional orders. The obtained
results were found in excellent agreement at the fractional
order one with some of the conventional methods, in all
cases under consideration. It can be seen the GTF is in
excellent agreement with EPCA and, particularly, with
CATS and ITS2, therefore also confirming the extreme
accuracy of the method for these test cases. Results by GTF
are believed accurate to all digits. The attached fig-
ures show the pattern of the neutron density, which
increase with time to the maximum value due to the
external reactivity followed by decreasing with time due to
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Table 3 Approximate percent

truncation error and global error 1) n=4 n=>s n=6 n=71 n—=8 GIE
2;32;61}:;225:3;“11;5622 TP 098 10 963 %1072 300 x 1070 529 %107 176 <10 00 373 x10°M
2(t) = 0.0017* and 20 901 x1072 247 x10°8 370 x10°* 0.0 0.0 373 x 1071
d=20x10"1 3.0 8.81 x10712 254 x1071 282 %1074 141 x 107 0.0 1.13 x 1073
4.0 643 x 107" 279 x 10713 643 x107'* 429 x10°* 0.0 1.35 x 1073
5.0 508 x 10710 299 x 107 399 x107'* 0.0 0.0 1.41 x 1073
6.0 2.16 x 1077 6.66 x 10719 1.17 x 10712 0.0 0.0 1.44 x 1073
1.0 1.0 340 x 10712 1.46 x 10713 549 x107'% 0.0 0.0 3.26 x 10714
2.0 2.82 x 10712 1.10 x 1078 275 x 107 0.0 0.0 3.26 x 10714
30 254 %1072 1.09 x1071%  3.63 x 107 0.0 0.0 2.66 x 1074
4.0 2.37 x 10712 1.15 %1078 383 x107* 0.0 0.0 407 x 107+
5.0 1.18 x 1071 1.13 x10718 502 x107* 0.0 0.0 459 x 107+
6.0 8.60 x 10710 4,08 x 1013 1.63 x 107 0.0 0.0 5.11 x 1074
1.02 1.0 1.17 x 1072 7.54 x 10~ 1.89 x 1074 0.0 0.0 0.0
2.0 7.63 x 1073 599 x10°'* 449 x107'* 0.0 0.0 0.0
3.0 6.10 x 1073 871 x 107 435 x107'* 0.0 0.0 0.0
4.0 471 x1073 554 x107% 277 x107"* 0.0 0.0 0.0
5.0 979 x 107 839 x 107 559 x107'* 0.0 0.0 0.0
6.0 1.47 x 10~ 8.67 x 1074 520 x10°# 0.0 0.0 0.0
incetion tpor and glovel ot (© n=6 n=1 n=8 n=9 n=10 G
of the neutroq (.iens.ity fqr ramp 098 05 343 x10-3 367 x10-“ 0.0 0.0 0.0 0.0
external reactivity insertion
2(1) = 0.01 and 10 341 x10% 799 x107° 658 x 1072 112 x 107" 228 x 107 5.95 x 102
6=20x10"12 1.5 500x10° 328 x10°" 1.65x107"3 124 x107 0.0 1.69 x 107!
2.0 127 x107° 222 x107'2 148 x10°'* 0.0 0.0 1.76 x 107!
25 341 x107'" 1.19 x107'2 289 x 107 145 x10""“* 0.0 1.79 x 107!
30 313 x107'" 628 x1071 146 x107'* 146 x107* 292 x 107 1.84 x 107!
1.0 05 333x107"% 624 x107* 0.0 0.0 0.0 0.0
1.0 1.97 x 1078 1.97 x 1071 1.61 x10°'2 0.0 0.0 0.0
1.5 1.31 x107° 121 x 107" 752 x107* 752 x 107 0.0 4.86 x 1072
2.0 124 x107° 467 x107'2 658 x 107 1.64 x10°'* 0.0 5.45 x 1072
25  1.67 x10710 288 x 107 144 x107'% 144 x107 0.0 5.64 x 1072
30 934 x10713 359 1073 144 x107'* 0.0 144 x 107 572 x 1072
1.02 05 875 x107* 0.0 0.0 0.0 0.0 0.0
1.0 481 x107'° 292 x107'2 0.0 0.0 0.0 0.0
15 212 %1071 355 x107"2 155 x 107" 5.64 x 107'% 0.0 0.0
20 571 x10719 285 x 1072 121 x1073 4.04 x10°* 0.0 0.0
25 248 x1071° 391 x 107 301 x107* 151 x107* 0.0 0.0
30 313 x107'" 853 x107™ 284 x10°™ 142 x10°"“ 0.0 0.0
the effect of the Newtonian temperature feedback reactiv- o<1 and the neutron density decreases slower for

ity. In addition, for a positive reactivity, we note that: the
sub-diffusion processes, o < 1, generate a greater number of
fission processes and the super-diffusion processes, o« > 1,
generate a smaller number of fission processes. On the
other hand, for a negative reactivity, the neutron density
decreases quicker with decreasing the fractional order,

with emphasis

increasing the fractional order, o > 1. In the future work,
the GTF will be applied to the two energy groups for point
kinetics equations

on clarifying the

assumption used in applying the method, like the values of
o close to one are considered, and the same power is
considered for the neutron and precursor equations.

@ Springer
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Table 5 Neutron density for
step external reactivity insertion
y = 1.0$ and fractional order
a=1.0

t(s) GTE(n=6,h=001) PCA EPCA CATS ITS2

0.0 1.0 1.0 1.0 1.0 1.0

100 132.03859643 132.038654 132.038597 132.038596 132.03859643
20.0 51.699860947 51.6998767 51.6998611 51.6998609 51.699860947
30.0 28.174685361 28.1746922 28.1746854 28.1746854 28.174685361
40.0 18.146329995 18.1463339 18.1463300 18.1463300 18.146329995
50.0 12.779577032 12.7795795 12.7795770 12.7795770 12.779577032
60.0 9.4749325010 9.47493414 9.47493251 9.47493250 9.4749325010
70.0 7.2444774938 7.24447861 7.24447750 7.24447749 7.2444774937
80.0 5.6462897002 5.64629045 5.64628971 5.64628970 5.6462897002
90.0 4.4568342546 4.45683475 4.45683426 4.45683425 4.4568342546
100.0 3.5501027660 3.55010308 3.55010277 3.55010277 3.5501027660

Table 6 Neutron density for ramp external reactivity insertion ¢ = 2.0 x 10™'2 and fractional order « = 1.0

(1) 1(s)

GTF(n = 10, = 0.001)

EPCA

CATS ITS2

0.1¢

0.01¢

0.003¢

0.1
0.5
5.0
7.5
10.0
0.1
0.5
5.0
7.5
10.0
0.1
0.5
5.0
7.5
10.0

24733658251 x 10!
1.5433617863 x 10+12
1.0029740921 x 10+12
1.0017984372 x 10*!2
1.0011886207 x 10*!2
1.1672108379

4.2699528644

1.0338896655 x 10*!!
1.0194999125 x 10+!
1.0124348832 x 101!
1.0453716665

1.3246619862

3.2156761131 x 10+10
3.2102051821 x 10+10
3.1456146867 x 10+10

2473365830 x 10!
1.543361754 x 10712
1.002974092 x 10712
1.001798437 x 10+12
1.001188621 x 1072
1.167210838

4269952865

1.033889665 x 101!
1.019499913 x 10+!!
1.012434883 x 101!
1.045371667

1.324661986

3215676113 x 10710
3.210205182 x 10710
3.145614687 x 10710

2473365825 x 107!
1.543361786 x 10712
1.002974092 x 10+12
1.001798437 x 10*12
1.001188621 x 10+!2
1.167210838

4.269952864

1.033889665 x 10*!!
1.019499913 x 10*!!
1.012434883 x 107!
1.045371666

1.324661986

3215676113 x 10710
3210205182 x 10710
3.145614687 x 10710

24733658251 x 10!
1.5433617863 x 10+12
1.0029740921 x 10+12
1.0017984372 x 10*!2
1.0011886207 x 10*!2
1.1672108379

4.2699528644

1.0338896655 x 10*!!
1.0194999125 x 10+!1
1.0124348832 x 101!
1.0453716665

1.3246619862

3.2156761131 x 10+10
3.2102051821 x 10+10
3.1456146867 x 10+10

References

. M. Caputo, Elasticita Dissipazione (Zanichelli, Bologna, 1969)

. K.B. Oldham, J. Spanier, The Fractional Calculus (Academic
Press, New York, 1974)

. L. Podlubny, Fractional Differential Equations (Academic Press,
San Diego, 1999)

. K. Diethelm, J. Ford, Analysis of fractional differential equations.
J. Math. Anal. Appl. 265, 229-248 (2002). https://doi.org/10.
1006/jmaa.2000.7194

. W.R. Schneider, Completely monotone generalized Mittag Lef-
fler functions. Expos. Math. 14(1), 3—16 (1996)

. Y. Luchko, H.M. Srivastava, The exact solution of certain dif-
ferential equations of fractional order by using operational cal-
culus. Comput. Math. Appl. 29, 73-85 (1995). https://doi.org/10.
1016/0898-1221(95)00031-S

. R. Gorenflo, F. Mainardi, Fractional Calculus: Integral and
Differential Equations of Fractional Order, Fractals and Frac-
tional Calculus (Carpinteri & Mainardi, New York, 1997)

. F. Mainardi, Fractional calculus: some basic problems in con-
tinuum and statistical mechanics, in Fractals and Fractional

@ Springer

Calculus in Continuum Mechanics, ed. by A. Carpinteri, F.
Mainardi (Springer, Wien, 1997), pp. 291-348

9. M.K. Ishteva, Properties and applications of the Caputo frac-

10.

11.

12.

13.

tional operator. Master Thesis, Universitat Karlsruhe, Bulgaria
(2005)

S.S. Ray, A novel method for travelling wave solutions of frac-
tional Whitham—-Broer—Kaup, fractional modified Boussinesq and
fractional approximate long wave equations in shallow water.
Math. Methods Appl. Sci. 38, 1352-1368 (2015). https://doi.org/
10.1002/mma.3151

V. Daftardar-Gejji, H. Jafari, Adomian decomposition: a tool for
solving a system of fractional differential equations. J. Math.
Anal. Appl. 301, 508-518 (2005). https://doi.org/10.1016/j.jmaa.
2004.07.039

ZM. Odibat, S. Momani, Application of variational iteration
method to nonlinear differential equations of fractional order. Int.
J. Nonlinear Sci. Numer. Simulat. 7(1), 27-34 (2006). https://doi.
org/10.1515/IJNSNS.2006.7.1.27

K. Diethelm, The Analysis of Fractional Differential Equations:
An Application-Oriented Exposition Using Differential Operators
of Caputo Type (Springer, Berlin, 2010)


https://doi.org/10.1006/jmaa.2000.7194
https://doi.org/10.1006/jmaa.2000.7194
https://doi.org/10.1016/0898-1221(95)00031-S
https://doi.org/10.1016/0898-1221(95)00031-S
https://doi.org/10.1002/mma.3151
https://doi.org/10.1002/mma.3151
https://doi.org/10.1016/j.jmaa.2004.07.039
https://doi.org/10.1016/j.jmaa.2004.07.039
https://doi.org/10.1515/IJNSNS.2006.7.1.27
https://doi.org/10.1515/IJNSNS.2006.7.1.27

Spectrum behavior for the nonlinear fractional point reactor kinetics model

Page 13 of 14 14

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

V.A. Vyawahare, P.S.V. Nataraj, Analysis of fractional-order
point reactor kinetics model with adiabatic temperature feedback
for nuclear reactor with subdiffusive neutron transport, in Simu-
lation and modeling methodologies, technologies and applica-
tions. Advances in intelligent systems and computing, vol. 402,
ed. by M. Obaidat, T. Oren, J. Kacprzyk, J. Filipe (Springer,
Cham, 2015), pp. 153-172. https://doi.org/10.1007/978-3-319-
26470-7_8

A.E. Aboanber, A.A. Nahla, Generalization of the analytical
inversion method for the solution of the point kinetics equations.
J. Phys. A Math. Gen. 35, 3245-3263 (2002). https://doi.org/10.
1088/0305-4470/35/14/307

A.E. Aboanber, An efficient analytical form for the period-reac-
tivity relation of beryllium and heavy-water moderated reactors.
Nucl. Eng. Des. 224, 279-292 (2003). https://doi.org/10.1016/
S0029-5493(03)00131-6

A.E. Aboanber, A.M. El Mhlawy, Solution of two-point kinetics
equations for reflected reactors using Analytical Inversion
Method (AIM). Prog. Nucl. Energy 51, 155-162 (2009). https://
doi.org/10.1016/j.pnucene.2008.03.001

A.E. Aboanber, A.A. Nahla, Z.I. Al-Muhiameed, A novel
mathematical model for two-energy groups of the point kinetics
reactor dynamics. Prog. Nucl. Energy 77, 160-166 (2014).
https://doi.org/10.1016/j.pnucene.2014.06.016

A.E. Aboanber, A.A. Nahla, Solution of the point kinetics
equations in the presence of Newtonian temperature feedback by
Padé approximations via the analytical inversion method. J. Phys.
A Math. Gen. 35, 9609-9627 (2002). https://doi.org/10.1088/
0305-4470/35/45/309

A.E. Aboanber, Y.M. Hamada, Computation accuracy and effi-
ciency of a power series analytic method for two- and three-
space-dependent transient problems. Prog. Nucl. Energy 51,
451-464 (2009). https://doi.org/10.1016/j.pnucene.2008.10.003
A.E. Aboanber, Exact solution for the non-linear two point
kinetic model of reflected reactors. Prog. Nucl. Energy 51,
719-726 (2009). https://doi.org/10.1016/j.pnucene.2009.03.003
A.A. Nahla, E.M. Zayed, Solution of the nonlinear point nuclear
reactor kinetics equations. Prog. Nucl. Energy 52(8), 743-746
(2010). https://doi.org/10.1016/j.pnucene.2010.06.001

A.A. Nahla, An efficient technique for the point reactor kinetics
equations with Newtonian temperature feedback effects. Ann.
Nucl. Energy 38, 2810-2817 (2011). https://doi.org/10.1016/j.
anucene.2011.08.021

G. Espinosa-Paredes, M.-A. Polo-Labarrios, E.-G. Espinosa-
Martinez et al., Fractional neutron point kinetics equations for
nuclear reactor dynamics. Ann. Nucl. Energy 38, 307-330
(2011). https://doi.org/10.1016/j.anucene.2010.012

G. Espinosa-Paredes, E. Gallegos, A. Nuifez-Carrera et al.,
Fractional neutron point kinetics equation with Newtonian tem-
perature feedback effects. Prog. Nucl. Energy 73, 96-101 (2014).
https://doi.org/10.1016/j.pnucene.2014.01.009

G. Espinosa-Paredes, Fractional-space neutron point kinetics (F-
SNPK) equations for nuclear reactor dynamics. Ann. Nucl.
Energy 107, 136-143 (2017). https://doi.org/10.1016/j.anucene.
2016.08.007

A.E. Aboanber, A.A. Nahla, Comment on the paper: Espinosa-
Parrdes, et al., 2011. Fractional neutron point kinetics equations
for nuclear reactor dynamics. Ann. Nucl. Energ. 38, 307330. Ann.
Nucl. Energy 88, 301-302 (2016). https://doi.org/10.1016/j.anu
cene.2015.08.023

G. Espinosa-Paredes, A note on Comment on the paper: Espi-
nosa-Paredes, et al., 2011. Fractional neutron point kinetics
equations for nuclear reactor dynamics. Ann. Nucl. Energ. 38,
307330. by A.E. Aboanber, A.A. Nahla. Ann. Nucl. Energy 88,
204-303 (2016). https://doi.org/10.1016/j.anucene.2015.11.028

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

A.E. Aboanber, A.A. Nahla, A novel fractional technique for the
modified point kinetics equations. J. Egypt. Math. Soc. 24,
666-671 (2016). https://doi.org/10.1016/j.joems.2016.02.001

G. Espinosa-Paredes, M.A. Polo-Labarrios, Analysis of the
fractional neutron point kinetics (FNPK) equation. Ann. Nucl.
Energy 92, 363-368 (2016). https://doi.org/10.1016/j.anucene.
2016.02.009

G. Espinosa-Paredes, R.I. Cazares-Ramirez, Source term in the
linear analysis of FNPK equations. Ann. Nucl. Energy 96,
432440 (2016). https://doi.org/10.1016/j.anucene.2016.06.038
S.S. Ray, A. Patra, Numerical simulation for solving fractional
neutron point kinetic equations using the multi-step differential
transform method. Phys. Scripta 89, 015204 (2014). https://doi.
org/10.1088/0031-8949/89/01/015204

A.A. Nahla, A.A. Hemeda, Picard iteration and Padé approxi-
mations for stiff fractional point kinetics equations. Appl. Math.
Comput. 293, 72-80 (2017). https://doi.org/10.1016/j.amc.2016.
08.008

A.A. Nahla, Analytical solution of the fractional point kinetics
equations with multigroup of delayed neutrons during start-up of
a nuclear reactor. Ann. Nucl. Energy 99, 247-252 (2017). https://
doi.org/10.1016/j.anucene.2016.08.030

J.J. Duderstadt, L.J. Hamilton, Nuclear Reactor Analysis (Wiley,
New York, 1976)

G. Espinosa-Paredes, J. Morales-Sandoval, R. Vazquez-Rodri-
guez et al., Constitutive laws for the neutron density current. Ann.
Nucl. Energy 35, 1963-1967 (2008). https://doi.org/10.1016/j.
anucene.2008.05.002

R.A. Muhammad, M.S. Nagy, H.H. Abou-Gabal et al., Formu-
lation of a point reactor kinetics model based on the neutron
telegraph equation. Ann. Nucl. Energy 91, 176-188 (2016).
https://doi.org/10.1016/j.anucene.2016.01.011

D.L. Hetrick, Dynamics of Nuclear Reactors (American Nuclear
Society, La Grange Park, 1993)

W.M. Stacey, Nuclear Reactor Physics (Wiley, New York, 2007)
J.J. Trujillo, M. Rivero, B. Bonilla, On a Riemann Liouville
generalized Taylor’s formula. J. Math. Anal. Appl. 231, 255-265
(1999). https://doi.org/10.1006/jmaa.1998.6224

ZM. Odibat, N.T. Shawagfeh, Generalized Taylor’s formula.
Appl. Math. Comput. 186, 286-293 (2007). https://doi.org/10.
1016/j.amc.2006.07.102

S. Momania, Z. Odibatb, A novel method for nonlinear fractional
partial differential equations: combination of DTM and general-
ized Taylor’s formula. J. Comput. Appl. Math. 220, 85-95
(2008). https://doi.org/10.1016/j.cam.2007.07.033

X.J. Yang, Generalized local fractional Taylor’s formula with
local fractional derivative, J. Expert Syst. 1(1), 26-30 (2012).
https://arxiv.org/ftp/arxiv/papers/1106/1106.2459.pdf

A. El-Ajou, O. Abu-Arqub, M. Al-Smadi, A general form of the
generalized Taylor’s formula with some applications. Appl.
Math. Comput. 256, 851-859 (2015). https://doi.org/10.1016/j.
amc.2015.01.034

S.S. Ray, Numerical Analysis with Algorithms and Programming
(CRC Press, Taylor and Francis group, Boca Raton, New York,
2016)

R.I. Cazares-Ramirez, V.A. Vyawahare, G. Espinosa-Paredes
et al., On the feedback stability of linear FNPK equations. Prog.
Nucl. Energy 98, 45-58 (2017). https://doi.org/10.1016/j.pnu
cene.2017.02.007

M. Kinard, E.J. Allen, Efficient numerical solution of the point
kinetics equations in nuclear reactor dynamics. Ann. Nucl.
Energy 31, 1039 (2004). https://doi.org/10.1016/j.anucene.2003.
12.008

P. Picca, R. Furfaro, B.D. Ganapol, A highly accurate technique
for the solution of the non-linear point kinetics equations. Ann.

@ Springer


https://doi.org/10.1007/978-3-319-26470-7_8
https://doi.org/10.1007/978-3-319-26470-7_8
https://doi.org/10.1088/0305-4470/35/14/307
https://doi.org/10.1088/0305-4470/35/14/307
https://doi.org/10.1016/S0029-5493(03)00131-6
https://doi.org/10.1016/S0029-5493(03)00131-6
https://doi.org/10.1016/j.pnucene.2008.03.001
https://doi.org/10.1016/j.pnucene.2008.03.001
https://doi.org/10.1016/j.pnucene.2014.06.016
https://doi.org/10.1088/0305-4470/35/45/309
https://doi.org/10.1088/0305-4470/35/45/309
https://doi.org/10.1016/j.pnucene.2008.10.003
https://doi.org/10.1016/j.pnucene.2009.03.003
https://doi.org/10.1016/j.pnucene.2010.06.001
https://doi.org/10.1016/j.anucene.2011.08.021
https://doi.org/10.1016/j.anucene.2011.08.021
https://doi.org/10.1016/j.anucene.2010.012
https://doi.org/10.1016/j.pnucene.2014.01.009
https://doi.org/10.1016/j.anucene.2016.08.007
https://doi.org/10.1016/j.anucene.2016.08.007
https://doi.org/10.1016/j.anucene.2015.08.023
https://doi.org/10.1016/j.anucene.2015.08.023
https://doi.org/10.1016/j.anucene.2015.11.028
https://doi.org/10.1016/j.joems.2016.02.001
https://doi.org/10.1016/j.anucene.2016.02.009
https://doi.org/10.1016/j.anucene.2016.02.009
https://doi.org/10.1016/j.anucene.2016.06.038
https://doi.org/10.1088/0031-8949/89/01/015204
https://doi.org/10.1088/0031-8949/89/01/015204
https://doi.org/10.1016/j.amc.2016.08.008
https://doi.org/10.1016/j.amc.2016.08.008
https://doi.org/10.1016/j.anucene.2016.08.030
https://doi.org/10.1016/j.anucene.2016.08.030
https://doi.org/10.1016/j.anucene.2008.05.002
https://doi.org/10.1016/j.anucene.2008.05.002
https://doi.org/10.1016/j.anucene.2016.01.011
https://doi.org/10.1006/jmaa.1998.6224
https://doi.org/10.1016/j.amc.2006.07.102
https://doi.org/10.1016/j.amc.2006.07.102
https://doi.org/10.1016/j.cam.2007.07.033
https://arxiv.org/ftp/arxiv/papers/1106/1106.2459.pdf
https://doi.org/10.1016/j.amc.2015.01.034
https://doi.org/10.1016/j.amc.2015.01.034
https://doi.org/10.1016/j.pnucene.2017.02.007
https://doi.org/10.1016/j.pnucene.2017.02.007
https://doi.org/10.1016/j.anucene.2003.12.008
https://doi.org/10.1016/j.anucene.2003.12.008

14 Page 14 of 14 A. E. Aboanber et al.

Nucl. Energy 58, 43 (2013). https://doi.org/10.1016/j.anucene. 50. S.Q.B. Leite, M.T. Vilhena, B.E. Bodmann, Solution of the point

2013.03.004 reactor kinetics equations with temperature feedback by the ITS2
49. B. Ganapol, P. Picca, A. Previti et al., The solution of the point method. Prog. Nucl. Energy 91, 240-249 (2016). https://doi.org/
kinetics equations via converged accelerated Taylor series 10.1016/j.pnucene.2016.05.001

(CATS). in Advances in reactor physics—linking research,
industry and education (PHYSOR 2012), Knoxville, 15-20 April
2012

@ Springer


https://doi.org/10.1016/j.anucene.2013.03.004
https://doi.org/10.1016/j.anucene.2013.03.004
https://doi.org/10.1016/j.pnucene.2016.05.001
https://doi.org/10.1016/j.pnucene.2016.05.001

	Spectrum behavior for the nonlinear fractional point reactor kinetics model
	Abstract
	Introduction
	Preliminaries
	Generalized mathematical model based on Taylor’s formula
	Local and global estimate error
	Numerical results and discussions
	Step external reactivity
	Ramp external reactivity

	Conclusion
	References




