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A multiphase direct aperture optimization for inverse planning in radiotherapy∗
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Optimization of the inverse planning becomes critical because it follows the invention of intensity modu-
lated radiotherapy (IMRT) to shorten the previous ”trial-and-error” treatment process and increase efficiency.
In this paper, the inverse planning is used to direct aperture optimization in the ARTS (Accurate/Advanced
Radiotherapy System). The objective function was quadratic, both tolerance and dose-volume constraint
types are supported. The memory efficient conjugate gradient algorithm is used to cope with its large data.
Furthermore, to fully exploit the solution space, a shortest path sub-procedure is coupled into the whole algo-
rithm, thus giving further possibility decreasing the objective function. Two clinical cases are tested, indicating
that the applicability of this algorithm is promising to clinical usage.
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I. INTRODUCTION

Radiotherapy as an effective tool to cure cancer has been
practiced for decades. Its guiding principle is to give
sufficient uniform dose to a tumor target while sparing the
normal organs. In the old days, this was not an easy task, and
the treatment was basically based on the physician’s experi-
ence. The turning point occurred at the 1980’s when Brahme
solved a simplified inverse problem analytically [1], and an
ideal goal could be achieved with an inverse treatment to the
radiotherapy problem. After that, different models and meth-
ods were used to investigate this issue. Another milestone is
the introduction of “direct aperture optimization” [2], which
simplified the traditional optimization process yet still guar-
antee a promising result. This work falls into the catego-
ry of direct aperture optimization. The choices of objective
functions are not limited. Quadratic deviation is a natural
choice and was adopted by many researchers. Other pop-
ular objectives include linear [3], biological-based [4], and
mix integer. A natural choice to optimize would be heuristic
methods. Simulated annealing was adopted first in the op-
timization of radiotherapy by Webb [5], and other methods
like genetic algorithm, evolutionary algorithm etc. are abun-
dant. The natural advantages of heuristic methods are their
ability to handle complex, non-regular objective functions, as
they do not need gradient information to perform optimiza-
tion. The shortcoming is that the optimization takes much
time. While deterministic methods surpass in this aspect, by
using gradient information of objective functions and careful
implementation, they usually have a much shorter optimiza-
tion time. Theories on deterministic optimization are enor-
mous from which effective methods can be adopted on the
problem of radiotherapy optimization. Due to the fact that
many optimization algorithms only work on small-scale or

middle-scale problems, they do not perform well on large-
scale problems, and the computer would not even store all
the data needed in the algorithms. The most effective method
is conjugate gradient (CG) method to this kind of problem.
Only part of the data needs to be stored in optimization, and
it converges in a determined number of iterations. But still,
special modifications shall be made to customize the stan-
dard conjugate gradient algorithm applicable to this problem.
A sub-procedure based on shortest path problem is embedded
into the optimization to improve the outcome. It searches the
new apertures which have the potential to decrease the objec-
tive function value further more.

II. MATERIAL AND METHODS

A. Problem formulation, notation

In the Fusion Driven sub-critical System team [6–9], a ra-
diotherapy system called ARTS [10–22](Advanced/Accurate
Radiotherapy System) is developed. The dose engine,
MCFSPB (Monte Carlo finite size pencil beam) [19], gener-
ates the dose kernel matrix for inverse planning optimization.
We consider two types of organs, tumor target (T) and nor-
mal organ (NO). Sample dose are picked to fully represent
the whole organ. Beam intensity, which is denoted by X, is
a vector with thousands of components, and dose kernel is
denoted by D. Beam direction is {B}. Each beam direction
is decomposed into several small beam fields, which are call
apertures, and denoted by {A}. Each aperture corresponds to
an aperture weight, ω, and is described by the multi-leaf col-
limator’s leaf position, Y vector. A quadratic based penalty
function was adopted, as follows:
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f (d) = δTρT(dT − PT)(dT − PT)2 + δNOρNO(dNO − PNO)(dNO − PNO)2, (1)

d = Dx, (2)

x =

B∑
i=1

wi

Ai∑
j=1

φ j(y), (3)

δ(x) =

{
1 x ≥ 0
0 x < 0 , (4)

ω, x ≥ 0. (5)

δ(x), which is a Heaviside function as an indicator, shows
wether the sample point should be given to penalty. Meeting
the dose prescription at the sample point is not penalized, and
δ(x) = 0, or else, penalized, and δ(x) = 1. ρ is the radio-
sensitivity factor of different organs. P represents physician’s
prescription dose to the organ, and means upper tolerance,
low tolerance, or mean dose in different context.

In Eq. (3), all the apertures gives the beam intensity vector
involved in Eq. (1). The dimension of dose kernel is typically
around 5 000×10 000, and poses limit to even the computa-
tional power of a modern PC.

B. Constraints

Optimization problems and radiotherapy inverse planning
involves constraints. A group of normal organs called OAR
(Organ at Risk) are supposed to be spared as much as possi-
ble, and various constraints are imposed, and an upper toler-
ance dose is limited by

DOARx ≤ POAR. (6)

If the geometrical configuration is too complex, the con-
straints would degrade the treatment outcome in tumor tar-
get, the physicians would like to weaken the constraints on
OAR’s. This option is called as dose-volume constraint, in-
cluding the dose d, and the volume percentage ρ%. For a typ-
ical dose-volume constraint, the percent volume of the organ
receiving a dose over d should be under ρ%. In the objec-
tive function, the target volume received a dose d should be at
least ρ%. Thus, the dose-volume constraint is more flexible
than the tolerance limit. Small fraction of the OAR to be over-
dosed may lead to a uniformly high dose distribution.

The nonlinear dose-volume constraint incorporating into
optimization will complicate the optimization process. Here,
a straightforward sorting-based treatment of dose-volume
was used, the underdose or overdose part will be penalized
after sorting the dose.

C. Algorithms

To alleviate the computational burden, a multiphase strat-
egy is applied. Each beam direction is initialized with one
aperture, the aperture weights are optimized by the Fletch-
Reeves conjugate gradient method. When the first phase
stops, the second phase of new aperture generating starts.
New apertures are generated by solving a shortest path prob-
lem, which will be explained in Section II E, added into the
aperture pool, and the whole optimization process continues.
After generating 5 new apertures or so, the satisfactory opti-
mization process is obtained. Fig. 1 shows flow chart of the
optimization process.

Fig. 1. Flow chart of optimization.

D. Aperture weight optimization

Simultaneous optimization of aperture shape and aper-
ture weight is possible, Webb [5] used simulated annealing.
Genetic algorithm and evolutionary algorithm are adoptable,
the optimization takes longer time.

Coupling the aperture weight and aperture shape is the
main reason why this problem is hard.

min f (x);

x =
B∑ A∑

ωφ(y).
(7)

Handling them separately shall be a wise option. Fixing y
makes the problem a standard quadratic programming prob-
lem, which is well solved. After aperture weight optimiza-
tion, a shortest path problem is formulated as a means to fur-
ther explore the solution space, which is confined by the pre-
vious limitation on aperture weight.
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Conjugate gradient method is suitable for solving large s-
parse problem, and saves both memory and time. Normally,
conjugate gradient method performs very well for a standard
positive definite matrix based quadratic programming.

min xTHx + Px. (8)

This problem is not quite standard. The objective function
f (d) = δT(dT −PT)(dT −PT)2 + δNO(dNO −PNO)(dNO −PNO)2

is a weighted quadratic form. Although the square term is
positive semi-definite, the value of Heaviside function ahead
each term is not alike each time. So, the problem is evolving
with time. Nevertheless, the direction provided by a conju-
gate gradient algorithm is still useful for the evolving. The
non-negativity constraint on x is incorporated in the optimiza-
tion by setting the negative components to zero. The follow-
ing conjugate gradient algorithm is used in this work:

(1) Set initial x0, y0 and tolerance ε;
(2) Calculate ∇ f (x0), if |∇ f (x0)| ≤ ε , stop; otherwise, go

to Step 3;
(3) Let p0 = −∇ f (x0), let k = 0;
(4) Line search for tk, xk+1 = xk + tk pk, if x j < 0, set x j = 0;
(5) Calculate ∇ f (xk+1), if |∇ f (xk+1)| ≤ ε, stop; otherwise,

go to Step 6;

(6) pk+1 = −∇ f (xk+1) + λk pk, λk =
|∇ f (xk+1)|2

|∇ f (xk)|2 , k = k + 1, go
to Step 4;

(7) Stop.
Both tolerance constraint and dose-volume constraint are

supported and handled by incorporating them into the objec-
tive function using Heaviside function. Dose-volume con-
straint is realized by penalizing the region overdosed or un-
derdosed after sorting.

g(d) = f (d) + δtol(dtol − Ptol)(dtol − Ptol)2 + δdv(ddv − Pdv)(ddv − Pdv)2;
d = Dx. (9)

E. Shortest path problem

A necessary condition of the minimization of the objective
function is

∂ f /∂x = 0. (10)

The results obtained from Section II D do not meet the con-
dition because compromises are made. To further explore the
solution space, finding the solution potential missed can be
achieved by adding the appropriate aperture grids into the
solution. The incorporation of a sub-procedure is based on
an intuition that the negative partial gradient of the objective
function to the beamlet grid may lead to a decrease of the
objective function. Gradient of the objective function to the
beamlet, ∂ f /∂xi, is calculated, and the shortest path problem
is used for each row of each beam field.

min sum(∂ f /∂x), −x ∈ B. (11)

The connectivity requirement of aperture is directly con-
structed to the optimization process. Various strategies can
be used to define what does shortest path mean. Here, a naı̈ve
strategy chosen is the smallest connected beamlet array has
the most potential to decrease the objective function.The so-
lution of this problem consists of the new aperture which will
be added to the aperture pool for optimization. This sub-
procedure is an effective means to further explore the solution
space.

III. RESULTS AND DISCUSSION

The test cases consist of a prostate cancer case and
a lung cancer case. Both of them have voxel sizes of

(5 mm × 5 mm × 5 mm). The dose kernel was computed
based on an Elekta linac 6 MeV electron beam profile in
ARTS. The configuration of the computer used is: Intel Core2
Quad CPU Q9550 @2.83 GHz, 3.50 GB memory.

A. Prostate cancer

The first clinical case is a prostate cancer. It consists of 35
CT scans. Organs delineated are tumor target, rectum, blad-
der, and femoral head. Fig. 2 shows the distribution. Tumor
target is in the middle of four normal organs. Bladder and
rectum are especially close to the tumor target.

Fig. 2. (Color online) Organ distribution of the prostate cancer.

Constraints of the organs are given in Table 1.
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TABLE 1. Constraints of prostate cancer
Organ Prescription (cGy)
Tumor 5100 ≤ p ≤ 5500, mean dose 5200
Rectum At most 30%, larger than 2000
Bladder At most 30%, larger than 2000
Femoral head left At most 10%, larger than 3500
Femoral head right At most 10%, larger than 3500

The 7 beam fields are used in the case with an equi-spaced
angle of 50◦, the total maximum apertures are 50. The op-
timization took 67 s. The iso-dose contour and DVH (dose-
volume histogram) graph are given in Fig. 3.

Fig. 3. (Color online) ISO-dose graph (a) and DVH graph (b) of the
prostate cancer.

Although the tumor target is very irregular, the 100% curve
encompasses the region very well. The 90% and 80% curves
expanded the central region a little, but they avoided the rec-
tum as much as possible: almost all the rectum region was
avoided by the high dose field, only a tiny bit was exposed
to it. Other organs also receive appropriate dose levels. In

TABLE 2. Constraints of lung cancer
Organ Prescription (cGy)
Tumor target 7000 ≤ p ≤ 7500, mean dose 7200
Lung left At most 30%, larger than 3000
Lung right At most 30%, larger than 3000
Heart p ≤ 4500
Spinal cord p ≤ 4700

the DVH graph, the curve of tumor target is steep, indicating
good dose conformity to the tumor target. The left and right
femoral head meet the prescription. And rectum and blad-
der were constrained very well. The optimization outcome is
satisfactory.

B. Lung cancer

The clinical case of lung cancer contains 53 CT scans.
The organs delineated are tumor target, lung, heart and spinal
cord. The distribution is shown in Fig. 4. The tumor target is
in the left lung.

Fig. 4. Organ distribution of the lung cancer.

Objective and constraints of the organs are given in Table 2.
There are 9 beam fields in this case with an equi-spaced

angle of 40◦, the total maximum apertures are 50. The opti-
mization took 376 s due to its larger size. The iso-dose con-
tour and DVH graph are shown in Fig. 5.

The 100% iso-dose curve followed the same track as the tu-
mor target contour, though its shape is not quite regular. The
90% and 80% curves expanded a little, but avoid the neighbor
spinal cord completely, which is exactly what intensity mod-
ulated radiotherapy should achieve. An interesting fact is that
the 80% iso-dose curve is elongated at the bottom direction
because the tumor target sits in the bottom region of the left
lung, and higher beam energy was given in the reverse direc-
tion resulting in a higher tail dose deposition. Other organs
also received appropriate dose level. From the DVH graph, a
steep curve of tumor target is presented, indicating good con-
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Fig. 5. (Color online) ISO-dose graph (a) and DVH graph(b) of the lung cancer.

formity, spinal cord, heart and lung left were confined very
well under the dose constraints. Dose of lung right is not as
low as the other three, but it still meets the dose criteria.

IV. CONCLUSION

Ever since inverse planning concept was introduced into
the radiotherapy field, optimization seemed to be a neces-
sary issue which needs to be addressed. Finding an accept-
able treatment plan in an acceptable time became the main
purpose of the radiotherapy treatment planning optimization.
Unfortunately, the same as other computation issues in com-

puter science, the two aspects are essentially in conflict to
each other, thus need tradeoffs. Generally, optimization prob-
lems involved in radiotherapy are broad in type, large-scale
and often hard to solve. This work addressed the issue as
a direct aperture optimization using a deterministic method.
Conjugate gradient algorithm adopted in this work enables us
to solve large-scale problem efficiently. The result is promis-
ing, and can be obtained in a relatively short time. The heuris-
tic part of the main algorithm may be the hidden reason why
this algorithm performs better than some results of the previ-
ous literature. Some other forms of objectives and constraints
can be explored in future, which could potentially have a bet-
ter performance.
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