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Abstract

Approaches for predicting low-lying resonances, uniformly treating bound, and resonant levels have been a long-standing
goal in nuclear theory. Accordingly, we explored the viability of the complex momentum representation (CMR) approach
coupled with new potentials. We focus on predicting the energy of the low-lying 2p; , resonance in 170, which is critical for
s-process nucleosynthesis and missing in previous theoretical research. Using a Woods-Saxon potential based on the Koning-
Delaroche optical model and constrained by the experimental one-neutron separation energy, we successfully predicted the
resonant energy of this level for the first time. Our predictions of the bound levels and 1d; , resonance agree well with the
measurement results. Additionally, we utilize this approach to study the near-threshold resonances that play a role when
forming a two-neutron halo in 2°>'F. We found that the CMR-based predictions of the bound-level energies and unbound
1, level agree well with the results obtained using the scattering phase shift method. Subsequently, we successfully found

a solution for the 2p; , resonance with energy just above the threshold, which is decisive for halo formation.
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1 Introduction

The weak s-process in massive stars [1], driven by neutron
capture on heavy isotopes, is thought to be responsible for
the synthesis of nuclides in the mass range of 60-90. How-
ever, '°0 is known to serve as a “neutron poison,” disrupting
the weak s-process by capturing neutrons that would other-
wise be consumed in neutron capture on heavier elements.
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Variations in the neutron capture rate on 'O have been
proven to affect the abundances predicted to be formed in the
weak s-process [2]. Studies have demonstrated that contri-
butions from low-lying (i.e., near-threshold) 7O resonances
make the main contribution to the total neutron capture on
160 at energies beyond 70 keV [3, 4]. The low-lying 1d, e
and 2p; , levels in '’O are especially crucial.

Developing the theoretical tools to predict the properties
of such low-lying, low angular momentum levels is critical,
especially for nucleosynthesis processes relying on neu-
tron capture cross sections of unstable nuclei that have not
been measured. The methods that can uniformly treat the
bound and resonant levels are particularly important. One
theoretical approach, the self-consistent microscopic RAB
approach, provides structural information via the analyti-
cal continuation of the coupling constant (ACCC) method
based on the relativistic mean field (RMF) theory with the
Bardeen—Cooper—Schrieffer (BCS) pairing approximation.
This method was utilized to predict the structure of '7O [3,
4] and successfully yielded solutions for bound levels as
well as for the low-lying 1d;,, resonance. Specifically, for
the 1d, 2 level, the energy (width) of the level was predicted
to be ~ 1 MeV (~ 100 keV), which agrees well with the
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experimental value [5] of 0.944 MeV (88 keV). However,
the RAB approach was unable to obtain a solution for the
critical 2p; , orbital, making it necessary to consider the
experimental values for this level in the studies of '%O(n, y
)70 reaction in Refs. [3, 4].

It is quite difficult to achieve a structure of low-lying
excited states with negative parity, which was also proposed
in the shell model [6] combined with the complex scaling
method (CSM) [7, 8]. The CSM is applicable to resonances
with a small rotation angle @, but it is difficult to detect those
with larger rotation angles, such as the 2p; , level in 3INe
[8]. Another approach, based on a complex momentum rep-
resentation (CMR) of the Schrodinger equation, sought to
overcome the limitations of the CSM approach and describe
both the bound and resonant levels in '’O but failed to
obtained a solution for the critical low-lying 2p;, level in
Ref. [9]. As described below, this study utilizes the CMR
approach but is based on a new nuclear potential improving
the result reported in Ref. [3] for 7O to predict the structure
of the important 2p; , resonance.

Near-threshold resonances with low angular momentum
are not just important for astrophysical capture reactions.
A number of studies have demonstrated that such reso-
nances can be critical in the formation of halo structures in
some exotic nuclei [10-12]. The study of halo nuclei and
related exotic nuclear structure phenomena [13—17] are the
main motivations for novel unstable beam facilities (e.g.,
FRIB [18], FAIR [19]). Moreover, understanding the exotic
nuclear structure has been identified as a top priority for
theoretical research communities (e.g., FRIB [20]). It is
important to advance our understanding of the resonances
that may drive the formation of nuclear halos.

Numerous studies have focused on the possible halos in
neutron-rich fluorine isotopes, especially for 2%3!F. These
studies have been driven by the importance of understand-
ing the extent of the “island of inversion” as well as shell
evolution across the fluorine isotopic chain [21]. Experimen-
tal studies have been conducted on halo structures [22-26]
and theoretical studies [21, 27]. Bagchi et al. [22] demon-
strated the presence of a two-neutron Borromean halo in the
ground state of 2°F, which was thought to be dominated by
the p-orbital. Subsequently, a scattering phase-shift method
was used in a theoretical study of the bound and resonant
orbitals in 2°F [28]. This study utilized both spherical and
deformed Woods—Saxon potentials and found solutions for
three bound levels (1d; 5, 2s; », and 1ds ) and one resonant
orbital (1f; ).

However, there are hints in our calculations based on a
deformed relativistic Hartree—Bogoliubov theory in contin-
uum (DRHBc) theory [29] that 2°F is spherical with defor-
mation f ~ (. In the spherical calculation stated in Ref. [28],
however, a solution could not be found for the single-particle
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2p;, resonant level. Because of the possible role this level
could play in forming the 2°F or 3'F halo, it is critical to
understand the properties of this resonant level.

In this study, our CMR methodology is described in
Sect. 2, whereas the results for the critical 2p;, and 1d; ,
resonances in 17O are presented in Sect. 3. The latter section
details the results of CMR predictions regarding the energies
of the low-lying 2p; , resonant orbitals in *'F, which affect
the formation mechanism of a halo. Finally, a summary is
given in Sect. 4.

2 Methods

To describe the methodology of this study, theoretical
details of the CMR framework, nuclear potential, integration
approach, and convergence and accuracy of the integration
are presented in this section. Throughout this section, we
use the example of the low-lying resonant orbitals of 7O to
demonstrate the viability of this approach.

2.1 Formalism

In this section, a unified description of the bound and
unbound states described by the CMR method is given based
on the spherical case, similar to the description presented
in Ref. [9]. A more general formalism can be found in Ref.
[30]. A Hamiltonian of the form

H=T+V, ey

is assumed, where 7" is the kinetic energy and V is the nuclear
potential with a Woods—Saxon shape. The foundation of the
CMR approach [9] describes the Schrodinger equation with
this Hamiltonian in momentum, rather than coordinate, is
represented as:

/ d3/€7<%

Here, k= p/his the wave vector, @, (75) is the wave function,
and E,, is the energy of the nth state. If we assume spherical
symmetry, the wave function can be stated as follows:

i

E>®4ﬁ)=l§¢4b. )

@, (k) = ¢,(OY"(), 3)

where ¢, (k) is the radial portion of the momentum wave-
function and Y;"(£,) is the angular portion with angular
momentum quantum numbers [ and m. The Schrodinger
equation then becomes:

212 ,
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where j,(kr) denotes the spherical Bessel function of /th
order. Equation (5) is the integral of the potential given in
Sect. (2.2) in a Woods—Saxon formulation over the coordi-
nate space. Subsequently, this expression is used in Eq. (4) in
an integral of the product of the potential and wavefunction
over the momentum space in the CMR-based Schrodinger
equation. The solution of these equations for eigenvalue
level energies E,, is discussed in Sect. (2.3).

2.2 Potential parameters

In Ref. [9], the CMR method was used to calculate the low-
lying resonances in !’O with a generic Woods—Saxon potential
described in Ref. [31]. Because this potential does not reproduce
the experimental one-neutron separation energy, the predicted
energy and width of the resonant orbital 1d; /, are significantly
overestimated. More importantly, a CMR-based solution for the
energy level of the low-lying resonant 2p; , orbital, whose con-
tributions become progressively important and comparable to
the direct capture process above 70 keV [3, 4], cannot be found
in that research.

Therefore, we adopted the potential based on that pre-
sented in Ref. [3] to revisit the bound and resonant struc-
tures in !70. The interaction potential V includes the central
part V- and spin-orbit part Vg, which takes the form of the
Woods—Saxon-type potential,

Vc(r) = V()fc(r)’ (6)

2
n ) —>‘§)l dfso(r) @

Vso(r)z_vg()(mc ¢ rodr

T

1
1 +exp((r —R))/a,)’

fitn) = (i refers to C or SO). (8)
Here, the pion Compton wavelength 7/m, c = 1.414 fm
and potential depth V|, for the central part and Vgo for the
spin-orbit part were adjusted to reproduce the one-neutron
separation energy S, = 4.143 MeV for '7O. The diffuseness
and radius parameters are obtained from the Koning-Dela-
roche optical model potential [32]. The six parameters of the
Woods—Saxon potential are listed in Table 1.

In the case of exotic neutron-rich fluorine isotopes
a standard spherical potential [31] was adopted, which was
also utilized in a recent study focusing on this nucleus using
a scattering phase shift method [28]. By choosing this poten-
tial, a direct comparison can be made between the CMR
method and scattering phase-shift approach.

29,311:;
b
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Table 1 Adopted pargmeter]s7in Parameter Adopted value
Woods—Saxon potential for ''O

V, (MeV) -58.75

Vo, MeV) —12.45

ay (fm) 0.675

agg (fm) 0.590

7o (fm) 2.947

rgo (fm) 2.401

2.3 Integration method

The integral stated in Eq. (4) requires discretization to read-
ily obtain the eigenvalue level energies E,. The integral over
the momentum space can be approximated as a sum over a
finite N, set of points k; with spacing dk and weights w;. The
result is the following N, X N, matrix equation:

N‘I
' Hb,k) = E,d, (k). (= 1.2,-.N,), ©)
=1
h2k?
_ i 270

HiJ = g(siJ+ijj Vl N (10)

ij 2 2 . .
vi=2 [arvoidnidn. (an
Using the following transformations:

, , w; k;
¢, (k) = \wikid,(k), H], = v, EHW (12)

the system for the n™ state is symmetrized as follows:

N‘I
H ¢, (k) = E, ¢, (k). (i=12-,N,), (13)
=1
n24> -
Hij = ==+ \/wiwikik; V', 4)
o2 o
W=;/mﬁmwwmw> (15)

where k; ; denote the integral points along a contour in the
momentum space with corresponding weights w; ;; the poten-
tial is integrated over the coordinate space. It is known (see,
e.g., Refs. [33-35]) that bound states populate the imaginary
axis in the momentum plane, whereas resonances are located
within the fourth quadrant. By choosing the grid points k; ;
along an appropriate path in the complex momentum plane

that contains these levels, the eigenvalues—single particle
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energies—of this system for the bound, resonant, and con-
tinuum states can be determined.

Because the integration stated in Eq. (4) ranges from
zero to infinity, the sum stated in Eq. (13) must be carried
out up to large momentum values. Therefore, we adopt a
Gauss-Legendre quadrature approach to obtain solutions for
the eigenenergies E,. Similarly, we apply the Gauss—Leg-
endre quadrature to the coordinate-space integral stated in
Eq. (15). In Ref. [9], a Gauss—Legendre quadrature method
was used for the momentum integral, while a Gauss—Hermite
quadrature method was used for the coordinate (potential)
integral; the resulting accuracy for single-particle energies
was 107 MeV. The selection of the number of grid points
and truncation in the momentum and coordinate space will
influence the convergence of the summation (integration)
for both the momentum and coordinate integrals, as well as
the value and precision of the single-particle energy level
solutions. The convergence and accuracy characteristics are
provided in the next subsection.

2.4 Convergence and accuracy

In coordinate space, we study the convergence and accu-
racy of the potential integral V;; presented in Eq. (15) with
variations in the number of grid points N, and truncation
(maximum value) of the radius r,, in the integral. Integral
accuracy is defined as the maximum accuracy for the real
and imaginary parts of the integral. For a particular choice
of momentum values k; = (0.3, —0.075) and k; = (0.4, 0),
where the units of the real and imaginary components
of the momentum grid points are given in fm™', Fig. 1
demonstrates the smooth convergence of the coordinate-
space potential integral. Moreover, an accuracy of 107'°
MeV, which is well-beyond the required precision of the

Accuracy
1.0E-03

1.0E-04
- 1.0E-05
- 1.0E-06
- 1.0E-07

- 1.0E-08
1.0E-09
1.0E-10

Fig.1 (Color online) Accuracy variation in the coordinate-space
potential integrals V;; (in MeV) with the number of grid points N, and
cut-off radius ., atk; = (0.3, —=0.075), k; = (0.4, 0)

a
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calculation, can be reached when N, > 90 and r,,,, > 30 fm.
To guarantee convergence with this accuracy, we utilize
N, =100 and r, = 40 fm in our subsequent coordinate-
space potential integral calculations.

Similarly, in the momentum space, we study the conver-
gence of the solutions to the system of equations presented
in Egs. (13) and (14) with variations in the number of grid
points N, and truncation (maximum value) of the momen-
tum k_, in the integral. The path for momentum integra-
tion is selected as a contour bounded by points (0, 0),
(0.5, —0.1), (1, 0) and (10, 0) in the complex momentum
plane. For each segment of the contour, the number of grid
points for the Gauss-Legendre quadrature is N, such that
the total number of grid points for the entire path is 3N,.
The positions of the complex momentum for the resonant
states do not change with the different paths of the contour.

Figure 2 demonstrates an example of the convergence of
the momentum-space integral for the 1d; , resonant orbital
in '70. An accuracy of 1078 MeV can be achieved when
N, 240 and k., >7.5 fm™'. To guarantee convergence
with such accuracy, we utilize N, = 100 and &, = 10 fm™!
in our solution of the momentum-space integral. For this
level, the converged values are 1.038 MeV and 0.149 MeV
for the energy and width, respectively, which are consist-
ent with the measured values of 0.944 + 0.001 MeV and
0.088 + 0.003 MeV [5].

Accuracy

1.0E-03

- 1.0E-04

- 1.0E-05

kg, (fm™)

- 1.0E-06
1.0E-07
I 1.0E-08

Fig.2 (Color online) Accuracy variation in the energy and decay
width (in MeV) for the 1d;, single particle state in '"O with the
momentum-space number of grid points N, and cut-off of wave vec-
tor ke
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3 Results and discussions

3.1 Energy levels for bound and resonant states
in170

The CMR approach described above was used to solve for
the bound and resonant states in '7O. The contour for the
momentum integration, as shown in Fig. 3, is bounded by
points (0, 0), (0.25, —0.5), (0.5, 0), and (10, 0) in the com-
plex momentum plane. This contour was chosen to include
the 170 bound states (indicated with the blue open squares
in Fig. 3) on the positive imaginary k axis, resonant states
(indicated with the red open triangles) confined and scat-
tered inside the contour, and continuum states (indicated
with the black open circles) distributed along the contour.
The positions of the bound and resonant states remained
unchanged with different contour shapes.

The CMR-based solutions for the five bound states and
two resonant states of 'O are listed in Table 2. Experi-
mental data from Refs. [5, 36-38] are presented for com-
parison. Additionally, the Numerov numerical method
(see, e.g., Ref. [39]) can be used to solve the Schrédinger
equation for negative-energy (bound) levels to an arbi-
trary level of precision, including a Woods—Saxon poten-
tial formulation (see, e.g., Ref. [40]). The results of the
Numerov approach for the five bound 7O levels using the
potential described in Sect. 2.2 are reported in Table 2,
underlining that the CMR results agree with the Numerov
approach within 0.001 MeV. The CMR results agree with
the experimental value of the 2s, , excited state energy
within 0.1 MeV.

O e o o e o o e o I B s e e e
125 _ 1512 o Continuum _g
1.00 F 1ps, o Bound states -
075 _ 1p,, 4 Resonant states _E
@ 050 F 1 1dg, -
Soas | [P 3
= 0.00 :
025 F e E
- 3 2psp E

E : 17 E

os0 | §
o7 b 11 ]

0.00 0.25 0.50 0.75 1.00
Re(k) (fm™)

Fig.3 Single neutron spectra for 70 in complex momentum plane.
The blue open squares, red open triangles, and black open circles rep-
resent the bound states, resonant states, and continuum states, respec-
tively. The momentum integration contour is defined by the points
(0, 0),(0.25, =0.5), (0.5, 0), and (10, 0)

Table 2 Predictions for the five bound states, and two resonant states
(labeled in bold), of '"O via the CMR method and Numerov method.
The experimental data are also shown for comparison and taken from
Refs. [5, 36-38]. Energies E and decay widths I' are in the unit of
MeV

This work Numerov Experiment
E r E E r
Ls ) —33.985 —33.985
1p3/» —18.992 —18.992
Ipi —13.872 —13.872
1ds ), —4.143 —4.143 —4.143 ¢
23 —3.381 —3.381 -3.272°
2p3), 0.498 4.417 0411°¢ 0.040 ¢
1d;, 1.038 0.149 0.944 4 0.088 ¢

“Reference [36]
bReference [37]
‘Reference [38]
dReference [5]

For the 1d;, resonant orbital, the CMR approach pro-
vides a solution at position (0.217, —0.008) in the com-
plex momentum plane, corresponding to a resonance
energy Ep =1.038 MeV and decay width I'=0.149
MeV. The energy is within 10% of the measured value of
E]EXP = 0.944 + 0.001 MeV [5]; the width is within 0.06
MeV of the measured value of I'E*P = 0.088 + 0.003 MeV
[5].

For the critical 2p; , low-lying resonant orbital, the solu-
tions for which have not been obtained with previous theo-
retical approaches, the CMR approach using the potential
stated in Sect. 2.2 yields a predicted energy of 0.498 MeV,
which is within 22% of the measured value of EEXP =0.411
MeV [38]. This result demonstrates the potential of the
CMR method for predicting low-lying odd-parity levels.
However, the CMR-based prediction of the width of this
critical level is 4.417 MeV, which is much larger than the
experimental value of 0.040 MeV. This overestimation of the
low-lying resonance width has appeared in other CMR-based
studies (see, e.g., Refs. [9, 41]). The measured 3 /2~ orbital
may originate from 60 core excitation [6, 42], which should
be treated beyond the mean-field framework. In Ref. [42],
the Shell Model Embedded in the Continuum (SMEC) was
used to study the spectroscopy of mirror nuclei: '’O and !"F,
where realistic SM solutions for (quasi-) bound states were
coupled to the one-particle scattering continuum for both
Wigner and Bartlett (WB) and density-dependent (DDSM1)
residual interactions. All these SMEC predictions of the
level energies with residual interactions for 3/2~ state in
170 are approximately 0.5 MeV larger than the experimental
data with widths of 40 keV. As mentioned in Ref. [6], the
potential model does not include particle-hole excitation in

@ Springer



5 Page6of8

S.-Z. Xuetal.

14
B E— — 1, — 1fy,
2
o |
% — 2pyp 2p3,
2 O p------------ccccc---
— L -
> 1d;, 1d;,
o -2 |-
=
o]
o L
m 4 |- 251/2 251 5
6 _— — 1d,, 1dsp)
~ Hamamoto (2021)  This work This work
29F 29F 31 F

Fig.4 Levels in »F and 3'F around the threshold with spherical
assumption. Levels on the left for *°F are taken from Ref. [28]. Our
predictions are shown on the right, in which orbitals 2p; , are plotted
in red

the '°0 core in their calculations; thus, low-lying negative-
parity states, such as 3/27, cannot be reproduced. Therefore,
our evaluation of the width might be narrower when the core
excitation is considered.

3.2 Energy levels for bound and resonant states
in 2°F and 3'F

The exotic nuclei 2°F and 3'F, which are candidates for a two-
neutron Borromean halo structure [22], were studied using
the same CMR approach as that used for !70. As the separa-
tion energy has not been measured in this nucleus, a standard
set [31] of potential parameters is used for 22'F, which is
the same as that used in Ref. [28]. The integration contour in
the complex momentum space is bounded by points (0, 0),
(0.25, —0.5), (0.5, 0) and (10, 0).

The results for the bound and resonant states in >°F and
3IF, respectively, are shown in Fig. 4. Owing to the lack of
experimental measurements regarding the excited states of
this nucleus, a comparison is made in Fig. 4 between our
CMR-based predictions and those obtained using the scatter-
ing phase-shift method described in Ref. [28]. The energies
for the bound orbitals and unbound 1f; , orbital in *°F agree
well with those stated in Ref. [28] with a maximum differ-
ence of 0.15 MeV. Most importantly, our prediction of the
critical low-lying negative-parity 2ps , resonant orbital in
2F is only 0.582 MeV above the neutron threshold; a solu-
tion for this level is not presented in Ref. [28]. In the spheri-
cal case of °F, the predicted 2p; , lies above 1d; ,, which is
consistent with conditions B and C described in Ref. [21].

@ Springer

From the calculated spectrum in 3IE we can determine that
the last two neutrons occupy 2ps ,, which might cause the
halo formation in 3'F. As was the case for predicting the
width of the 2p; , resonance orbital in 170. The prediction
of the decay width of the 2p; , orbital in *F (**F)—2.384
MeV (2.337 MeV)—is likely significantly overestimated by
the CMR approach and warrants further study. If deforma-
tion is considered, the 2p; , orbital might be lower than the
1d, 2 orbital, which will be studied in our future research.

4 Summary

Solving the Schrodinger equation in a complex momentum
space, rather than coordinate space, enables the bound and
resonant levels to be treated simultaneously in a uniform
manner. The viability of this approach for predicting the
energies of low-lying resonances above the particle thresh-
old has been explored focusing on the critical levels in 7O
and 22'F. Using a novel nuclear potential based on Kon-
ing-Delaroche optical model potential constrained by the
experimental one-neutron separation energy. Subsequently,
the energy of the low-lying resonant 2p; , orbital in 7O is
determined as 0.498 MeV in agreement with the experi-
mental results. The predicted energy and width of the 1d;
level agree well with the measured data as well. These two
levels are known to dominate neutron capture on '°0 which
acts as a neutron poison in weak s-process nucleosynthesis.
In addition, the CMR approach was utilized to examine the
levels in >°F and 3'F exotic nuclei with two possible neutron
halo structures. The CMR approach predicts the energies of
the bound levels and unbound 1f; , level in 2F, which agree
well with the results of the phase-shift method. Most impor-
tantly, the CMR approach predicts that the 2p; , orbital lies
just above the threshold, which is critical for halo formation
in 3'F. These results demonstrate that when coupled with the
proper nuclear potential, the CMR approach is a promising
tool for determining resonance energies, especially for low-
lying orbitals with negative parity that are crucial in capture
reactions and halo formation. In the future, we will improve
the overestimated decay widths with a dedicated formalism
[43], wherein occupation probabilities can be estimated by
BCS approximation with particle-hole residual interactions
for core excitation.
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