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Abstract With the two-flavor Nambu—Jona—Lasinio (NJL)
model, we carried out a phenomenological study on the
chiral phase structure, mesonic properties, and transport
properties of momentum-space anisotropic quark matter. To
calculate the transport coefficients we utilized the kinetic
theory in the relaxation time approximation, where the
momentum anisotropy is embedded in the estimation of both
the distribution function and relaxation time. It was shown
that an increase in the anisotropy parameter ¢ may result in a
catalysis of chiral symmetry breaking. The critical endpoint
(CEP) is shifted to lower temperatures and larger quark
chemical potentials as & increases, and the impact of
momentum anisotropy on the CEP temperature is almost the
same as that on the quark chemical potential of the CEP. The
meson masses and the associated decay widths also exhibit a
significant ¢ dependence. It was observed that the tempera-
ture behavior of the scaled shear viscosity #/7* and scaled
electrical conductivity o4]/T exhibited a similar dip
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structure, with the minima of both #/7 and 0e1/T shifting
toward higher temperatures with increasing &. Furthermore,
we demonstrated that the Seebeck coefficient S decreases
when the temperature rises and its sign is positive, indicating
that the dominant carriers for converting the temperature
gradient to the electric field are up-quarks. The Seebeck
coefficient S is significantly enhanced with a large ¢ for a
temperature below the critical temperature.
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1 Introduction

The properties of strongly interacting matter described
by the quantum chromodynamics (QCD) in extreme con-
ditions of temperature 7 and density have aroused a ple-
thora of experimental studies in the last thirty years [1, 2].
The experiment studies performed at the Relativistic Heavy
Ion Collider (RHIC) in BNL and the Large Hadron Col-
lider (LHC) in CERN have revealed that a new deconfined
state of matter, the quark—gluon plasma (QGP), can be
created at high temperature. Further, the non-central heavy-
ion collisions produce the strongest magnetic fields and
orbital angular momenta, which can induce a number of
novel phenomena [3-5]. The lattice QCD calculation,
which is a powerful gauge invariant approach to investigate
the non-perturbative properties, has also confirmed that the
phase transition is a smooth and continuous crossover for
vanishing chemical potential [6, 7]. Owing to the so-called
fermion sign problem [8], lattice QCD simulation is limited
to low finite density [9, 10], even though several
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calculation techniques, such as the Taylor expansion
[11, 12], analytic continuations from imaginary to real
chemical potential [13, 14], and multi-parameter
reweighting method [15], have been proposed to address
this problem and improve the validity at high chemical
potential. More detailed reviews of lattice calculation can
be found in Refs. [16, 17]. Alternatively, one also can rely
on effective models, the Dyson—Schwinger equation
approach [18, 19] and the functional renormalization group
approach [20, 21], to study the chiral aspect of QCD for
finite baryon chemical potential upg. Currently, there are
various QCD inspired effective models, such as the
Nambu—Jona—Lasinio (NJL) model [22, 23], Polyakov-
loop enhanced NJL (PNJL) model [24, 25], Quark—Meson
(QM) model [26, 27], and Polyakov QM (PQM) model
[28, 29], which not only can successfully describe the
spontaneous chiral symmetry breaking and restoration of
QCD but also have been applied to explore the QCD phase
structure and internal properties of the meson at arbitrary T’
and pp. These model calculations have predicted that at
high chemical potential, the phase transition is a first-order
phase transition, and with decreasing upg, the first-order
phase transition has to end at a critical end point (CEP) and
change into a crossover. At this CEP, the phase transition
is of second order. However, owing to various approxi-
mations adopted in the model calculations, there is no
agreement on the existence and location of the CEP in the
phase diagram. Furthermore, the rotation effects [30, 31],
magnetic field effects [32-35], finite-volume effects
[36-40], non-extensive effects [41, 42], external electric
fields [43-45], and chiral chemical potential effects
[46—49] have also been considered in the effective models
to provide a better insight into the phase transition of the
realistic QCD plasma.

Apart from the QCD phase structure information, the
transport coefficients, characterizing the non-equilibrium
dynamical evolution of QCD matter in heavy-ion collisions
[50-52], have also attracted significant attention. The shear
viscosity 7, which quantifies the rate of momentum transfer
in a fluid with inhomogeneous flow velocity, has been
successfully used in the viscous relativistic hydrodynamic
description of the QGP bulk dynamics. The small shear
viscosity to entropy density ratio #/s can be extracted from
the elliptic flow data [53]. In the literature, there are vari-
ous frameworks for estimating the # of strongly interacting
matter, e.g., the kinetic theory within the relaxation time
approximation (RTA), QCD effective models [54-58], the
quasiparticle model (QPM) [59, 60], and the lattice QCD
simulation [61]. The electrical conductivity a4, as the
response of a medium to an applied electric field, has also
attracted attention in high energy physics. The presence of
0e] not only can affect the duration and strength of
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magnetic fields [62], but also is directly proportional to the
emissivity and production of soft photons [63, 64]. The
thermal behavior of g has been estimated using different
approaches, such as the microscopic transport models
[65-67], lattice gauge theory simulation [68, 69], hadron
resonance gas model [70, 71], quasiparticle models
[72, 73], effective models [54, 74], string percolation
model [75], and holographic method [76]. Recently, studies
of electrical conductivity in QGP in the presence of mag-
netic fields have also been performed [77-79]. Another less
concerned but interesting coefficient is the Seebeck coef-
ficient (also called thermopower). When a spatial gradient
of temperature exists in a conducting medium, a corre-
sponding electric field can arise and vice versa, which is
the Seebeck effect. When the electric current induced by an
electric field can compensate with the current owing to the
temperature gradient, the thermal diffusion ends. Accord-
ingly, the efficiency of converting the temperature gradient
to an electric field in the open circuit condition is quantified
by the Seebeck coefficient S. In past years, the Seebeck
effect has been extensively investigated in condensed
matter physics. Very recently, the exploration has been
extended to the hot QCD matter. For example, the Seebeck
coefficient with and without magnetic fields has been
studied in both the hadronic matter [80, 81] and QGP
[82, 83]. In Ref. [84], the Seebeck coefficient has also been
estimated based on the NJL model, where the spatial gra-
dient of the quark chemical potential is considered in
addition to the presence of a temperature gradient.

In the initial stages of a HIC, the pressure gradient of the
created fireball along the beam direction (denoted as lon-
gitudinal z-direction) is significantly lower than that along
the transverse direction. After the rapid expansion of the
medium along the beam direction, the system becomes
much colder in the beam direction than the transverse
direction, which causes the QGP to possess a local
momentum anisotropy, and this anisotropy can survive
during the entire evolution of the medium [85]. In addition,
the presence of a strong magnetic field can also induce a
local anisotropy in the momentum space. Inspired by the
presence of momentum-space anisotropy in HICs, the pri-
mary objective of the present work is to study phe-
nomenologically its effect on the chiral phase structure,
mesonic properties, and transport coefficients in the SU(2)
NIJL model. To incorporate the momentum anisotropy into
numerical calculations, we follow the anisotropic distri-
bution function parametrization method proposed by

Romatschke and Strickland [86], f2NiSO(p) — fisO

(\/p? + &(p-n)?). Here, the isotropic momentum-space

distribution function of particle (f15°) is deformed by
rescaling one preferred direction in the momentum space
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with the unit vector n and introducing the directional-de-
pendent parameter &, which is used to quantify the degree of
momentum-space anisotropy. This method has been exten-
sively employed to study phenomenologically the impacts of
momentum anisotropy on various observables, such as
photon production [87, 88], parton self-energy [89, 90],
heavy-quark potential [91], and various transport coeffi-
cients [92-94]. The relativistic anisotropic hydrodynamics
(aHydro) models can provide a more accurate description of
non-equilibrium dynamics compared to other hydrodynam-
ical models [95]. As in most previous studies, the focus of the
present work is on the weakly anisotropic medium (very
close to the equilibrium) for which |¢] < 1 and the distri-
bution function can be expanded up to linear order in £. We
found that even for small values of anisotropy, the effective
quark mass and meson masses change significantly com-
pared to the equilibrium result. Unlike most momentum
anisotropy studies of transport coefficients in QGP, in which
the effect of momentum anisotropy is not considered in the
different particle interaction channels, in the present work,
we incorporated the momentum anisotropy to the estimation
of the relaxation time to better study the impact of ¢ on
transport properties of quark matter near the phase transition
temperature region.

This paper is organized as follows: Sect. 2 provides a brief
review of the basic formalism of the two-flavor NJL model.
In Sect. 3 and Sect. 4, we present a brief derivation of the
expressions associated with the constituent quark mass and
meson mass spectrum in both an isotropic and anisotropic
medium. Section 5 includes the detailed procedure for
obtaining the formulae of momentum anisotropy-dependent
transport coefficients. In Sect. 6, we present the estimation of
the relaxation time for (anti-)quarks. The numerical results
for various observables are phenomenologically analyzed in
Sect. 7. In Sect. 8, the present work is summarized with an
outlook. The formulae for the squared matrix elements in
different quark-(anti-)quark elastic scattering processes are
presented in the Appendix.

2 Theoretical frame

In this work, we start from the standard two-flavor NJL
model, which is a purely fermionic theory owing to the
absence of all gluonic degrees of freedom. Accordingly,
the Lagrangian is given as [22]

L = (i0 — o)y + G[() + (biysth)?], (1)

where (/) stands for the quark (antiquark) field with two-
flavors (u, d) Ny = 2 and three colors N¢ = 3. iy denotes
the diagonal matrix of the current quark mass of up and
down-quarks, and we take my = m® = m{ to ensure isospin

symmetry of the NJL Lagrangian. G is the effective

coupling strength of four-point fermion interaction in the
scalar and pseudoscalar channels. 7 is the vector of the
Pauli matrix in the isospin space.

In the NJL model, under the mean field (or Hartree)
approximation [22, 23], the quark self-energy is momen-
tum-independent and can be identified as the constituent
quark mass m,, which acts as order parameter for charac-
terizing the chiral phase transition. For an off-equilibrium
system, the evolution of the space-time dependence of the
constituent quark mass in the real time formalism can be
obtained by solving the gap equation [96]

my = mgy — 2GiTriS = (x,x), (2)

where S<(x,y) = i{(y(y)¥(x)) with x = (¢,x) is the real
time Green function in the coordinate space [97, 98], (...)
denotes the thermal average, and the trace runs over spin,
color, and flavor degrees of freedom. Transforming Eq. (2)
to the phase space with the help of Winger transformation
and introducing the quasiparticle approximation (see Ref.
[99] for details), the gap equation can be further written as
[96, 98-100]

d’p mq
(2n)* Ep

my = My + 4Nch/ (1 —fq(x, P) - 74]’()6» p))a

(3)

where Ep = | /p? +mZ(x) is the quasi-quark energy. As
the NJL model is a non-renormalizable model owing to the
point-like four fermion interaction in the Lagrangian, an
ultraviolet cutoff A is used to regularize the divergent inte-
gral. In the non-equilibrium case, the space-time evolution of
the one-particle distribution function f(x,p) in Eq. (3) is
described by the Boltzmann—Vlasov transport equation from
the NJL model in the Hartree level [100-102]. By solving the
Vlasov equation together with the gap equation concur-
rently, the constituent quark mass affecting the space-time
dependence of f(x, p) can be determined self-consistently.

To better understand the meson dynamics in HICs, it is
useful to study the structure of the meson propagation in
the medium. In the framework of the NJL model, mesons
are bound states of quarks and antiquarks (collective
modes), and the meson propagator can be constructed by
calculating the quark—antiquark effective scattering
amplitude within the random phase approximation (RPA)
[23, 96, 98]. Following Refs. [96, 98], the explicit form for
the pion (7) and the sigma meson (o) propagators in the
RPA reads as

2iG

1 —2GI,,(x, ko, k) “)

DM(xv k(]a k)

All information of a meson is contained in the irreducible
one-loop pseudoscalar or scalar polarization function II,,,
where the subscript M corresponds to pseudoscalar (7) or
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scalar (o) mesons. The space-time dependence of the
polarization function in a non-equilibrium system is given
as [96, 98]

&p 1
M, NCNf/4—7£E—p[1 —fq(x,p) — f4(x, p)]

Bk
2E,
o]
k% — (Ep — Ep 1)’
Here, v), denotes the real value of the bound meson energy,
and vy = 0 (2my) for the 7 (o) meson.

Ep + Epx
K3 — (Ep + Ep)’

(5)

3 Constituent quark and meson in an isotropic
quark matter

In an expanding system (e.g., the dynamical process of
heavy-ion collisions), the space-time dependence in the
phase-space distribution function is hidden in the space-
time dependence of temperature and chemical potential.
However, for a uniform temperature and chemical poten-
tial, i.e., for a system in global equilibrium, the distribution
function is well defined and independent of space-time.
Therefore, in the equilibrium (isotropic) state, to investi-
gate the chiral phase transition and mesonic properties
within the NJL model, one can employ the imaginary-time
formalism. Actually, the results in Ref. [96] have indicated
that the real-time calculation of the closed time-path
Green’s function reproduces exactly the finite temperature
result of the NJL model obtained from the Matsubara’s
temperature Green’s function in the thermodynamical
equilibrium limit. In the following, we will briefly present
the procedure for the derivation of the polarization function
in the imaginary time formalism. In an equilibrium system,
my, which is temperature- and quark chemical potential-
dependent, can be directly calculated from the self-con-
sistent gap equation in momentum space [22, 23]:

S (1-ne-siw).

my = ny +4GNgNc /

(6)

We can see that by taking the thermal equilibrium distri-
bution functions (Fermi—Dirac distributions), Eq. (3) has
the same form as Eq. (6). The equilibrium distribution
function of (anti-)quark f;( is given by

q)
~1
Tyt (@) = [expl(Ep — py) Bl + 1177, (7)
where § = 1/T is the inverse temperature of the system,
and a uniform quark chemical potential p = p, ; = —pz; 47

is assumed. It is noted that the ultraviolet divergence is not
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presented in the integrand containing Fermi—Dirac distri-
bution functions, so the momentum integral does not need
to be regularized for finite temperatures. In the equilibrium,
the meson propagator is given as [57]

2iG

Dulho-X) = 261, (ho ) ®

where II,, at an arbitrary temperature and quark chemical
potential is given by [103, 104]

NCN 2
— g [((mg Fmg)® — K+ 1)

X BO(kO7 k7 s T7 m(]) + ZA(:u? T7 mf/)]

I1,, (ko, k) =

©)

The minus (plus) sign refers to pseudoscalar (scalar) mesons.
The function A, which relates to the one-fermion-line inte-
gral, in the imaginary time formalism for finite temperatures
and quark chemical potentials is given as [103]

167 /d3p 1
A=— exp(iw, ) 10
F 2 | G oy 1O

where w, = (2n+ 1)n/f are the fermionic Matsubara
frequencies and the sum of n runs over all positive and
negative integer values. It is to be understood that the limit
y — 0 is to be taken after the Matsubara summation. The
function By in Eq. (9) relates to the two-fermion-line
integral. At finite y and 7, By is defined as [103]

. 1672 )
Bo(lV[,k,,Ll,T,mq) = Tzexp(lwn)’)

/ d*p 1 y 1
pl<A (270)° ((ion+1)* —E2)  ((ion—ivj+p)* —E?)
(11)

where we have abbreviated E'=E, y=+/(p— k)’ +m3

and E=FE, for convenience, and after the Matsubara
summation on # is carried out, the complex frequencies iv;
are analytically continued to their values on the real plane,
i.e., ivi— ko —ie (e > 0) with ko being the zero component
of the associated four-momentum. The full calculations of
functions A and By at arbitrary values of temperature and
chemical potential can be found in Ref. [105]. After eval-
uating the Matsubara summation by contour integration in
the usual fashion [106], Eq. (10) is given as

d’p
A = 8’ / an)'E, (7 +r2—1), (12)

where the Fermi—Dirac distribution function is introduced.
Similar to the treatment of function A, after Matsubara
summation over n and the Matsubara frequencies iv; are
analytically continued to real values, Eq. (11) can be
rewritten in the following form:
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&*p f;(p) +£7(p) — 1
27'[)3 2F

BO(kOakuuvT’ mq) = 167'[2/(

« ! + ! } .
(E+iv)* = (E)*  (E—iv) — (E")?
(13)

Inserting Eqs. (12) and (13) to Eq. (9), we finally can
obtain the expression for Il in the equilibrium state,
which is formally the same as Eq. (5), except that the
distribution functions are ideal Fermi-—Dirac distribution
functions rather than space-time-dependent distribution
functions.

4 Constituent quark and meson in a weakly
anisotropic medium

As mentioned in the introduction, the consideration of
momentum anisotropy induced by rapid expansion of the hot
QCD medium for existing phenomenological applications is
mostly achieved by parameterizing the associated isotropic
distribution functions. To proceed with the numerical cal-
culation, a specific form of anisotropic (non-equilibrium)
momentum distribution function is required. In this work,
we utilized the Romatschke-Strickland (RS) form [86] in
which the system exhibits a spheroidal momentum aniso-
tropy, and the anisotropic distribution was obtained from
an arbitrary isotropic distribution function by removing the
particle with a momentum component along the direction

of anisotropy, fANISO(p) = £180(, /p2 4 £(p . n)?), where n

and ¢ are, respectively, the anisotropy direction and aniso-
tropy parameter. As in previous studies [107], we shall
restrict ourselves here to a plasma close to local thermal
equilibrium, i.e., close to isotropy in the momentum space.
Accordingly, the explicit form of anisotropic momentum
distribution function in the local rest frame can be written as

70 ) : 7
expl(\/p? + E(p - n)> +m2 — i)/ T+ 1
(14)

It is worth noting that for the anisotropic (non-equilibrium)
matter, the 7’ and y' appearing in Eq. (14) lose the usual
meaning of 7 and p in the equilibrium system and may
have dimensionful scales related to the mean particle
momentum [108]. If we assume the system to be very close
to the equilibrium (in the small anisotropy limit), then the
parameters 7’ and g still could be taken to be the usual T
and u, respectively, as performed in previous studies
[92-94, 107]. The anisotropy parameter ¢ is defined as

&=(p1)/(2pf)) — 1. where p, =|p—(p-n)-n| and

p| =Pp-n are the momentum components of particles
perpendicular and parallel to n, respectively. As the precise
time evolution of £ is still an open question, we assume that
the anisotropy parameter ¢ in a local anisotropic system is
constant and independent of time, where —1 <& <0 cor-
responds to a contraction of momentum distribution along
the direction of anisotropy and ¢ > 0 corresponds to a
stretching of momentum distribution along the direction of
anisotropy. In Eq. (14), the three-velocity of partons and
anisotropy unit vector are selected as
n =(siny, 0,cos y), (15)
(16)

where y is the angle between p and n, and p = |p|
throughout the computations. With this choice, the

p =p(sin O cos ¢, sin Osin ¢, cos ),

spheroidally anisotropic term &(n - p)? in Eq. (14) can be
written as (n - p)? = Ep2(sin y cos ¢ sin 0 + cos y cos 0)* =
&c(0, ¢, x). We further assume that n points along the beam
(z) axis, i.e.,n = (0,0, 1). It is essential to note that we shall
restrict ourselves here to a plasma close to the equilibrium
state and have small anisotropy around the equilibrium state.
Therefore, in the weak anisotropy limit (|¢| < 1), one can
expand Eq. (14) around the isotropic limit and retain only the
leading order in £. Accordingly, the anisotropic momentum
distribution function in the local rest frame can be further
written as [107]

. cr N2
ganiso(p) = 0~ B poy _ oy,

2ET (17)

where the second term is the anisotropic correction to the
equilibrium distribution, which is also related to the lead-
ing-order viscous correction to the equilibrium distribution
in viscous hydrodynamics. For a fluid expanding one-di-
mensionally along the direction n in the Navier—Stokes
limit, the explicit relation is given as [109, 110]

107

ST Trs

(18)
which indicates that the non-zero shear viscosity (finite
momentum relaxation rate) in an expanding system can
also explicitly lead to the presence of momentum-space
anisotropy. At the RHIC energy with the critical temper-
ature T¢c =~ 160 MeV, t =~ 6 fm/c and /s = 1/4n, we can
obtain ¢~ 0.3. In principle, for the non-equilibrium
dynamics of the chiral phase transition, a self-consistent
numerical study must be performed by solving the Boltz-
mann—Vlasov transport equation together with gap equa-
tion in terms of the space-time-dependent quark
distribution as mentioned in Sect. 2. However, because the
non-equilibrium distribution function in the local rest
frame of weakly anisotropic systems has a specific form
and the temperature and chemical potential appearing in

@ Springer
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Eq. (17) are still considered as free parameters, the space-
time evolution is not addressed. Therefore, in the non-
equilibrium states possessing small momentum space ani-
sotropy, just by solving the gap equation with anisotropic
momentum distribution, i.e., Eq. (17), it is possible for us
to investigate phenomenologically the impact of momen-
tum anisotropy on the temperature and quark potential
dependence of the constituent quark mass. Accordingly,
the gap equation, i.e., Eqs. (2) or (6), is modified as

2 2
o_[chNfG/ n‘jpmq( -1t 62?)]

+ my — my.
(19)
Here, we have abbreviated F, :f;)(l —f;) +f£(1 —f(?)
for convenience. The momentum anisotropy is also
embedded in the study of mesonic properties by substi-
tuting the anisotropic momentum distribution in the A
function part of Eq. (5), thus obtaining

2 2
B pdp | ¢p°Fy
A4/T{fq+f§—l——

6ET

In the ¢ — O limit, the above equation reduces to Eq. (12).
Similar to the treatment of function A, the weak momen-
tum anisotropy effects can enter the By function (as given
in Egs. (5) or (13)) by using the anisotropic momentum
distribution. Without loss of generality, we selected the
coordinate system in such a way that Kk is parallel to the z-
axis, i.e.,

k :(07 07 k)7

(20)

k| = k. (21)

We first discuss a simple case, i.e., k=0, ky # 0. The
computation of function By in a weakly anisotropic med-
ium is trivial, viz,

3 . .
Bus=sr? [ R )+ ) )

1 1
) (ké —2Eko + iesgn(ko) +k(2) +2Eky — iesgn(k0)> ’
(22)

In the integrand of the above equation, there are two poles
at E=Ey =tk /2 if m<E,. Applying the Cauchy formula

! . :Pl—l—iné(x), (23)
—ie X

1im5~>0
X

where P denotes the Cauchy principal value. The function
By can finally be rewritten as

@ Springer

2
By —SP/(,%”_‘”ZMV()( )10 - 1- )

Kfqo 20) + 13 (20) —l—ﬁ m)

3koT
/ ko2 2 k(z) 2
(24)
Here, zp = \/(’%)2 —m2, and © is the step function to

ensure that the imaginary part appears only for ky/2 > m,,.
Next, in the case of k>0, ky # 0, the expression for
function By is slightly complicated and can be written as

1 1 pd . .
Bo= [ PRGSO ) 20 p) 1)

&

?IN

1
1
d
8 /,1 (7 (k2 + 2koE — K2) [ 2pk —
1
T 02— 2ReE — )2k + iesan(Ra))

— B(E)ll’l —|—B%)SO,

iesgn (ko)
+

(25)

with the abbreviation x = cos 0. The isotropic part Bf°
reads as

: d
B})so E/ Pp<f0+fo )
0
— k2 + 2pk)* — (2koE)?
y {log’wo £ +2pk)* = (2hE)’
(k3 + k2 — 2pk)” — (2koE) (26)
+ in(®(2pk — |k3 + 2koE — k?|)

— O(2pk — |k — 2koE — k2|))} .

The anisotropic part B3" reads as

1 / *pdp Ep*F, [ (kg — K* + 2koE)
kJy E 2ET Pk

N (kg — i +2k0E)210 k3 + 2koE — K +2pk'
2k §102 + 2koE — k2 — 2pk
(=K = 2kE) . (kg — K- 2k0E)2
pk 2pk
k2 — 2koE — k> + 2pk
8112 — 2koE — k2 — 2pk )
. m(kg + 2koE — K>
2pk
k2 — 2koE — K*
B 2pk

aniso _
By

O(2pk — |k§ + 2koE — K*|)

O(2pk — |k — 2koE — kﬂ))} .
(27)

When ky = 0, the imaginary part of Eq. (25) vanishes.
Therefore, the real and imaginary parts of meson
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polarization functions for different cases in a weakly ani-
sotropic medium are given by

Relly, (ko, 0) NfNCP/ dpp
p E? — v /4 28)
{1 — () —£(p) +6E—TFP] ﬁ

NeN,
ImITy (ko,0) :ﬁ. [k2—4m2 (k2 —v2,)

2
[1 —f;(z0)—£7 (z0) + 3Z130T

FZO:| ®(k(% _4m§)7

(29)

)

2
Relly (0, k) ) k=2p

_1\701\’f/°°dppz(1 K+ v
- ), E 4pk k+2p

N.N; [*Epid
(1-s20 —f;(p>)+ [ rE

p_z_'_kz—&-v[zw k—2p
6 4 4pk k+2p '

(30)

Similar to the treatment in Eq. (6), the vacuum divergence
in Eqgs. (28)-(30) also needs to be regularized. When the
effect of momentum anisotropy is turned off (&= 0),
Egs. (28)-(30) are reduced to the results of Ref. [57] in
thermal equilibrium. Once the propagators of mesons are
given, their masses can be determined by the pole in
Eq. (8) at zero three-momentum, i.e.,

1 — 2GReIly (my,, 0) = 0. (31)

The solution is a real value for m, , <2m,, and a meson is
stable. However, for m, ,; > 2m,, a meson dissociates to its
constituents and becomes a resonant state. Accordingly, the
polarization function is a complex function and II, has an
imaginary part that is related to the decay width of the
resonance as I'y = ImITy (myz,0)/my .

S Transport coefficients in an anisotropic quark
matter

In this section, we study the effects due to the local ani-
sotropy of the plasma in the momentum space on the trans-
port coefficients (shear viscosity, electrical conductivity, and
Seebeck coefficient). The calculation is performed in the
kinetic theory that is widely used to describe the evolution of
the non-equilibrium many-body system in the dilute limit.
Assuming that the system has a slight deviation from the
equilibrium, the relaxation time approximation (RTA) can
be reasonably employed. The momentum anisotropy is
encoded in the phase-space distribution function, which
evolves according to the relativistic Boltzmann equation. We

provide the following procedures for deriving the &-depen-
dent transport coefficients.

5.1 Shear viscosity

The propagation of a single quasiparticle with temper-
ature- and chemical potential-dependent mass in an ani-

sotropic medium is described by the relativistic
Boltzmann—Vlasov equation [101]
0+ 50t |f(xp) = Clie), (2

where 10"m2 acts as the force term attributed to the
residual mean field interaction. The right-hand side of
Eq. (32) is the collision term. Considering that the system
has a small departure from the equilibrium due to an
external perturbation, the collision term within the RTA
can be given as

C[f] ~ _puuﬂ[fﬂ(x’ p) _f(?(xv p)} — _puu,uéﬁz) (33)

Ta Ta

in which 7, denotes the relaxation time for particle species
a and can quantify how fast the system reaches the equi-
librium again. Near equilibrium, the distribution function
can be expanded about a local equilibrium distribution
function for the quarks as

=f(x,p) + (34)

with £2(x, p) = [exp((, ()p" — 11,(0)) () + 1],
p' = (E,,p) is the particle four-momentum, and u’ =

7,(1,u) is the fluid four-velocity with y, = (1 — u?)"/2. &f,
in Eq. (33) is the deviation of the distribution function from
the local equilibrium due to the external disturbance, which
up to first-order in the gradient expansion can be read as

where

a = p" Wy +ma - (7)1, (35)
where the four-derivative can be decomposed into
0,=0/0"=u,D+V,, and D=u"d, and V, = A",
denote the time derivative and spatial gradient operator in
the local rest frame, respectively.
diag(1,—1,—1,—1) is the metric tensor, and A" = g’ —
u'y’ is the projection operator orthogonal to u/. In the
presence of weak momentum anisotropy, the associated
covariant version of the weakly anisotropic function f" for
particle species a can be written as

g =

F3NISO (1 p) = —
xp[(/ (pu)? + (V') = )] + 1

)

(36)
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0 ') 0
~ fy —mfa(l -1, (37)

where V' = (0,n) is defined as the anisotropy vector.
Employing Eq. (37) in Eq. (35), 6f, can be decomposed
into two parts:

of, = 5faiso + 5fuaniso. (38)

The first term on the right-hand side is

5f3$0 :pz—l;fao(l _f(?) p"pvﬁ(u,‘Duv + V,uuv)
1

dm?
dr?

(39)

+ " (P"u) (u, DB + V,uB) + =5 DT |-

Employing the equation of motion in ideal hydrodynamics

and ideal thermodynamic relations, 6f15© can be rewritten
as

sAso _ Ta 00 oo\ [ PP

fa _p#uufa ( fa ) T Oy

(40)

with 0 = 3,u” and ¢} being the expansion rate of the fluid
and squared sound velocity in the medium, respectively.
The velocity stress tensor has the usual definition:
ot = %A’”‘Avﬁ(vauﬁ + Vpu, — A" 0). After tedious cal-
culations, one can obtain the second term in Eq. (38):

. \4 2 i
spaniso :% (2f) — 1)5£,%°

V)T L
- % plp ﬁ(u,uDuv + vuu\')
dm? }

—p“(p“uu)(uﬂDﬁ + v/tﬁ) ——— DT

dr?
Ta 0
w%ﬁa—n>
(P'V,)*EB

_ 0 180
= -0,

L3,V

PV {p’p
BT A e 00 = o
z(pvu\’)Z p'uu#‘fa ( fao) T Hy

dm? 1 0
_ V2 28y 2 2 Hapv |
((Phw)” = T2 +3A’”’pp} T}'

(41)

Allowing the system to be slightly out of equilibrium, the
energy—momentum tensor 7%’ can be expanded as
™ =T +T g;ss’ where Tj" is the ideal perfect fluid

form, and Tg‘i’ss is the dissipative part of the energy—

@ Springer

momentum tensor. In the hydrodynamical description of
hot QCD matter, the dissipative part of the energy—mo-
mentum tensor up to the first order in the gradient expan-
sion has the following form [111]:

Thiss =" — 1A%, (42)
where 7" and II are the shear stress tensor and bulk vis-
cous pressure, respectively. In present work, our focus is
the shear viscosity component only. In the kinetic theory,
the first-order shear stress tensor 7" can be constructed in
terms of the distribution functions

d’p 1 ,
= —— A p?pof. 43
/(27[)314'17 5P P'Of (43)
Here, the double projection operator is defined as

A =3 (ALA] + ATAY) — %A“"A"’"", which can project any
rank-2 Lorentz tensor onto its transverse (to u*) and
traceless part. Inserting Eqs. (38)—(41) to Eq. (43) and
comparing with the first-order Navier—Stokes equation
" = 2not’ [112], in the rest frame of the thermal system
with u* = (1,0) and p'u, = E,, we finally obtain the
expression of the ¢-dependent shear viscosity of particle
species a,

o éda dp Tupg 0 0 T
o= Ta0ws | BP0~ A0 =260+ ),

18072 ) 7 E? a

d, [dptp®
oo [ B -1

30T ) n* E2

(44)

which is consistent with the result from Ref. [92]. For a
system consisting of multiple particle species, the total
shear viscosity is given as n =) #,. For SU(2) light
quark matter, a = u,d, ,d and the spin-color degeneracy
factor reads explicitly as d, = 2Nc.

5.2 Electrical conductivity and Seebeck coefficient

We also investigate the effect of momentum anisotropy
on the electrical conductivity and thermoelectric coeffi-
cient. Under the RTA, the relativistic Boltzmann—Vlasov
equation for the distribution function of single-quasiparti-
cle of charge e, in the presence of an external electro-
magnetic field is given by

n

a

(45)

where F* is the electromagnetic field strength tensor. We
only consider the presence of an external electric field,
FY = —F% = £ = (£,0,0). It is convenient to work in the
local rest frame of plasma, and under the steady-state
assumption (f, does not depend on time explicitly, %:0),
Eq. (45) can be given by [84]
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Ua a
a* Vfa W& —VE,) —=——"— 46
Vo Vot (e ) (46)
where we have used of the chain rule 2 ) 6;)0 + < ap op Ca is

the electric charge of particle species a, and v, = GEa /0p
is its velocity. To solve Eq. (46), we assume that the
deviation of the distribution function in an anisotropic
medium satisfies the following linear form:

OE, ofaniso afaniso
= — =4 . a . Ja 47
5fa Ta (eag aX ) ap Tava 6x ( )

The spatial gradient of the equilibrium isotropic distribu-
tion Oxf? in the presence of a medium-dependent quasi-
particle mass can be expressed in the following linear form:

o = 1201 -0 (050~ o). (48)
where u, = t,u denotes the chemical potential of particle
species a and f, = +1(—1) for the quark (antiquark).
Considering p to be homogeneous in space and a temper-
ature gradient only existing along the x-axis, and inserting
Eq. (47) into Eq. (46), the perturbative term Jf, in an
anisotropic medium can then be written as

Of, =H,t4(e,Evy) — Garaax(ﬂ—;)vx
49)
ép- n)2 0 0 (
EaT fa(l fa)raawa

The expressions of H, and F, in the above equation are as
follows, respectively:

Hy =201 =101 + Ec(0,,7)

50)
épzc(g’ 4)7}() 0 0 0 r (
B 2FE,T2 fa(l 7f;¢) 1 =21, JrEa>7
_ I o 0 épzc(a ¢aX)
Go = fa(1 = 1) _W(E“ — Ha)

(51)

xﬁ(l—ff)(l—sz—E iu)

In the linear response theory, the general formula for the
electric current density J, due to particle species a in
response to an external electric field (£) and temperature
gradient (V,T) is given by [113]

J. = Uel,a(g - SavxT)v (52)

where 0., and S, are the electrical conductivity and See-
beck coefficient of the a-th particle, respectively. In terms
of the distribution function, J, within the kinetic theory can
be written as

d3
Ja = eada/(27rr))3va5ﬁr (53)

Finally, the expressions for o, and S, in the weakly
anisotropic medium are, respectively, obtained as follows:

Eid Ta dpp 0 6
Oela :T/anzf (] _fa)(l +§>

Segdata [dpp
~ 3612 /nZE* (=1 *2f0+
(54)
and
1 eadara dpp 0 0
Sa = Ge1a|: 672 /anz( )f (] _f)
eqd.t, [ dp p®
e [ EEE w0 69)

()| =

where o, is the thermoelectric conductivity due to particle
species a. In the isotropic limit & — 0, Egs. (54)—(55)
reduce to the formulae in the equilibrium. In condensed
physics, a semiconductor can exhibit either electron con-
duction (negative thermopower) or hole conduction (posi-
tive thermopower). The total thermopower in a material
with different carrier types is given by the sum of these two
contributions weighted by their respective electrical con-
ductivity values [114, 115]. Inspired by this, the total
Seebeck coefficient in a medium composed of light quarks
and antiquarks can be given as

5= 2aSalia _ Duta _ 2 (56)
Za Oe¢la

2 a0ela el
where the fractional electric charges of up and down (anti-
)quarks are given explicitly by e, = —e; =2¢/3 and
—e/3, where the electric charge reads e =
1/137.

eq=—e;=
(4mas)'/? with the fine structure constant og ~

6 Computation of the relaxation time

To quantify the transport coefficients, one needs to
specify the relaxation time. In present work, the scattering
processes of (anti)quarks through the exchange of mesons
are encoded into the estimation of the relaxation time.

The relaxation times of (anti)quarks are microscopically
determined by the thermal-averaged elastic scattering cross
section and particle density. For light quarks, the relaxation
time in the RTA can be written as [57]
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! (Tv :u) :nq’[gmzﬂlmf + 6uli~>d¢i+ 614J—>MJ]

57
+ ng [6ud—>ud + 6uu—>uu]7 ( )

where the number density of (anti-)quarks in a weakly
anisotropic medium is given as ngyg = d i (;1:53 fq“(;), with
d; =dy=2N¢ denoting the degeneracy factor. The
momenta of the colliding particles for the elastic scattering
process a(p;) + b(p,) — c(p;) + d(py) obey the relation
P, + P>, =p;+ps =0, and we use the notation |p,| =
|po] =p for convenience. In the center-of-mass (cm)
frame, the Mandelstam variables s, ¢, u are given by

s :4m§ +4p* t = —2p*(1 — cos 0,),
e (58)
u=—2p"(1+cos0,),

where 0, is the scattering angle in the c.m. frame. The Man-
delstam variables hold the relation u + s + t = 4m3. Cabp—cd

denotes the thermal-averaged elastic scattering cross section
in the weakly anisotropic system, which can be written as

tm(l)( b d
.
aabwd—/ ds/ Gab—c in® 0, / dxs
tmin

X (1 _fcamso(Pcm7/17x3))/ d)C4

-1
X (1 _fdanlso(pCHh,u7x4))£(s7:u7-x17x2)7

A1) denoting the Pauli-blocking factor for the

(59)

with (1 —
fermions due to the fact that some of the final states are
dé _

already occupied by other identical (anti-)quarks. 7 =

WW | is the differential scattering cross section,

with |M | denoting the squared matrix element of a specific
scattering process. The formulae of the squared matrix
elements for various scattering processes are presented in
the Appendix. The integration limits of ¢ are tmax = 0 and

2 .
—(s— 4mq), with

_ 2 _
'min = —4Pcm =

(/s —4m2)/2 denoting the momentum in the c.m. frame.

The kinematic boundary of s reads sy =

pcm =

= 4m2. The scatter-
—4t(s+t—4m? o) .
(s74mq)
exclude the scattering processes with a small initial angle
because the large angle scattering dominates in the momen-
tum transport process [116]. In the c.m. frame, the leading-
order anisotropic distribution function can be rewritten as

ing weighting factor sin’ 0, = is introduced to

faniso(l?cm#a x) = f*(pem, 1)
Pcmfx 0 0
2Ec Tf (Pcmnu)(l —f (Pcm,,u)%

(60)
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s—m2+m?
where Ecy = 2"%; <

= +/s/2. In Eq. (59), L denotes the

probability of finding a quark-(anti)quark pair with the
center of mass energy +/s in the anisotropic medium, and it
is given by

E =C S(S - 4m,2])f;1an]so (pcmv M, X1 )f};anlso(pcma ,u,)Q)

X Vie] (),
(61)

where vo(s) = \ :m" is the relative velocity between
two incoming particles in the c.m. frame; C is the nor-
malization constant, which is determined from the
requirement that f;c ds fil dx; fil dx, L =1, where x| =
cos 0; and x, = cos 0, with 0; being the angle between p;
and n and x; = —x3, x, = —x4. Applying the above for-
mula of relaxation time to Eqgs. (44), (54), and (55), we can
calculate the transport coefficients in the QCD medium and
study their sensitivity to the momentum anisotropy.

7 Results and discussion

Throughout this work, the following parameter set is
used: mg = mg, =mpg = 5.6 MeV, GA®> =244 and
A = 587.9 MeV. These values are taken from Ref. [117],
where these parameters are determined by fitting quantities
in the vacuum (T = p =0 MeV). At T =0, the chiral
symmetry is spontaneously broken and one obtains the
current pion mass mg, = 135 MeV, pion decay constant
fr=92.4 MeV, and quark condensate

—(py)'? =241 MeV.

In the NJL model, the constituent quark mass is a good
indicator and an order parameter for analyzing the
dynamical feature of chiral phase transition. In the
asymptotic expansion-driven momentum anisotropic sys-
tem, the anisotropy parameter ¢ is always positive owing to
the rapid expansion along the beam direction. However, in
the presence of a strong magnetic £, it becomes negative
because of the reduction in transverse momentum due to
Landau quantization. As we restrict the analysis to only a
weakly anisotropic medium, the anisotropy parameter we
address here is artificially taken as ¢ = —0.3, 0.0, 0.3 to
investigate phenomenologically the effect of £ on various
quantities. In Fig. 1a, we show the thermal behavior of the
light constituent quark mass m, for vanishing quark
chemical potential at different £. For low temperature, m,
remains approximately constant at (m, ~ 400 MeV), and
then, with increasing temperature m,, it continuously drops
to near zero. The transition to small mass occurs at higher
temperature for a higher value of £. These phenomena
imply that at zero chemical potential, the restoration of the



Phenomenological study of the anisotropic quark matter...

Page 11 of 21 150

(@)

400+
— 300}
~ 200}

100

(b) T
10 -
=-0.3
8 -_ g 'lll
L 1
|===== 6 — 0 1
L 1
s 9 ' A
= £€=03 I/
4t 1/
| 1 \
L ’ 1
L ’
2+ /l “
L v, 1
L "% A}
I N
0 L 1 I — | 1 1.1
50 100 150 200 250 300
T (MeV)

Fig. 1 (Color online) (a) Temperature dependence of the constituent
quark mass m, at u =0 MeV for different fixed anisotropy param-
eters. (b) Chiral susceptibility y.p, at p =0 MeV for different fixed
anisotropy parameters. The broad dashed lines, dashed lines, and solid
lines correspond to the results for ¢ =-0.3, £=0, and 0.3,
respectively

chiral symmetry (the chiral symmetry is not strictly
restored because the current quark mass is nonzero) in an
(an-)isotropic quark matter takes place as crossover phase
transition, and an increase in ¢ can lead to a catalysis of
chiral symmetry breaking.

In this work, the chiral critical temperature, T¢, was
determined by the peak location of the associated chiral
susceptibility y.p, which is defined as y.,, = |%|. We
stress that the criterion of obtaining the chiral critical tem-
perature is different in different studies. Because of some
shortcomings of the NJL model, such as parameter ambi-
guity, nonrenormalization, and the absence of gluonic
dynamics, the value of T¢ in the present work is not expected

100 150 200 250

Lyr (MeV)

L]

Lo PRt
¥50 160 170 180 190 200 210 220
T (MeV)

Fig. 2 (Color online) a Double mass of the constituent quarks 2m,
(gray lines), m meson mass (blue lines), and ¢ meson mass (red lines)
as a function of temperature at ;1 = 0 GeV for different anisotropy
parameters £. b Temperature dependences of 7 (blue lines) and o (red
lines) meson decay widths for different . The long dashed lines,
dashed lines, and solid lines represent the results for ¢ = —0.3, ¢ =0,
and 0.3, respectively, with the corresponding Mott temperatures
approximately given by 187 MeV, 196 MeV, and 206 MeV

to describe the lattice QCD result quantitatively. However,
these shortcomings cannot affect our present qualitative
results. The temperature dependence of chiral susceptibility
Ych for different ¢ at 4 = 0 MeV is plotted in Fig. 1b. We
observe that T¢ exhibits a significant ¢ dependence. As ¢
increases, T¢ shifts toward higher temperatures and the
height of the peak decreases. The locations of T¢ for ¢ =
—0.3, 0, 0.3 are ~ 180 MeV, 188 MeV, and 197 MeV,
respectively, which means a change of approximately 10% in
temperature. Actually, the in-medium meson masses also
can be regarded as a signature of chiral phase transition. In
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Fig. 3 (Color online) Three-dimensional plot of the constituent quark mass m, with respect to temperature and quark chemical potential for

different anisotropy parameters (£ = —0.3, 0, 0.3)

Fig. 2a, we display the variation of 7= and ¢ meson masses
with temperature for different ¢ at ¢ = 0 MeV. As can be
observed, the © mass remains approximately constant up to a
particular temperature, whereas the ¢ mass first decreases
and then increases. As temperature increases further, the
difference between the m mass and ¢ mass decreases and
finally vanishes, where ¢ and m mesons are degenerate and
become nonphysical degrees of freedom, which indicates the
restoration of chiral symmetry. Further, before © and o
meson masses emerge, the 7 mass decreases as ¢ increases
beyond T¢, whereas the ¢ mass first increases and then
decreases with the increase in &. Our result slightly differs
from that in Ref [40], in which the NJL model is used for a
quark matter of finite size. The study shows that below the
critical temperature, the 7 mass enhances as the system size
decreases, whereas the ¢ mass first remains unchanged and
then increases. We also see that at a certain temperature, the
double constituent quark mass (2m,) is equal to the  mass,
so the pion meson is no longer a bound state but only a gg
resonance and obtains a finite decay width. Accordingly, the
Mott transition temperature by the definition m,(Tyjott) =
2my(T\fott) can be obtained. The Mott temperatures for
¢ =-0.3, 0,and 0.3 turn outto be ~ 187 MeV, 196 MeV,
and 206 MeV, respectively, which are slightly higher than
the corresponding 7¢. In the vicinity of the Mott temperature,
the ¢ meson features its minimal mass. In Fig. 2b, we illus-
trate the variation in the decay widths of both ¢ and = mesons
with temperature for different £. As can be observed, the
decay width of the ¢ meson, Iy, is finite in the entire tem-
perature range, whereas the decay width of the = meson, I',,
starts after the Mott temperature. At high temperature, the
merging behaviors of the decay widths for different mesons
are also observed. With the increase in &, the decay widths of
mesons are reduced.

@ Springer

We continue the analysis in the finite quark chemical
potential case to investigate the effect of momentum ani-
sotropy on the phase boundary and CEP position. First, we
display the temperature- and quark chemical potential-de-
pendence of constituent quark mass m, for different ani-
sotropy parameters, as shown in Fig. 3. We can observe
that at a small p1, m, continuously decreases with increasing
T, whereas m, has a significant discontinuity or a sharp
drop along the T-axis at sufficiently high p, which is usu-
ally considered as the appearance of a first-order phase
transition. To visualize the phase diagram, we use the
significant divergent of y.p, at sufficiently high chemical
potential as the criterion for a first-order phase transition,
as shown in Fig. 4. With the decrease in y, the first-order
phase transition terminates at a CEP, where the phase
transition is expected to be of second order. As u decreases
further, the maximum of the chiral susceptibility (y.},) as
the crossover criterion. The full chiral boundary lines in the
(p-T) plane for three different values of ¢ are displayed in
Fig. 5. We observe that as & increases, the phase boundary
shifts toward higher quark chemical potentials and higher
temperatures. We observe that the CEP appears in the low
temperature and high chemical potential regions. Once the
effect of momentum anisotropy (£ > 0) is taken into
account, the rapid expansion and fast cooling of the created
fireball along the beam direction make the temperature of
the anisotropic system lower than that of the isotropic
system under the same conditions. By modifying the dis-
tribution function in the gap equation, we can study the
influence of momentum anisotropy on the position of the
CEP. It is noted that the criteria for determining the CEP
position remain the same for both isotopic and anisotropic
systems. Therefore, as ¢ increases, the momentum com-
ponent (temperature) in the anisotropic distribution
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Fig. 4 (Color online) Three-dimensional plot of chiral susceptibility
%ch for £ = —0.3 in the entire y and T ranges of interest. The gray
area means that y.p, is divergent. The values remain finite due to
numerical problems (differential quotient). The peak height at high u
is two orders of magnitude higher than that in cases with low u and
can be considered “divergent”
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5 100 - ARS : ]
= 1st order
&~ [
50 CEP ]
0 L " L L L L L L " L 1 L L L L 1 " " " A
0 100 200 300 400
u (MeV)

Fig. 5 (Color online) Chiral phase diagram for different anisotropy
parameters in the Nambu—Jona-Lasinio (NJL) model. The inside
curve is for & = —0.3, the next curve is for & = 0, and the outermost
curve is for ¢ =0.3. The solid lines denote the first-order phase
transition curves, the dashed lines denote the crossover transition
curves, and the solid dots represent the critical endpoints (CEPs). We
observe that the CEP is shifted toward larger values of the quark
chemical potential but smaller values of the temperature for higher
anisotropy parameters

function f150(,/p? + &(p-m)?) increases (decreases).

Accordingly, the chemical potential in the anisotropic
function for determining the CEP position is greater than
that in the isotropic distribution function. The CEP loca-
tions (I'cgp, #cpp) in this work are presented at
(298.70 MeV, 88.2 MeV), (321.8 MeV, 82.4 MeV),
(348.4 MeV, and 742 MeV) for &= -0.3, 0, 0.3,

respectively. The position of the CEP for ¢ =0 in this
work is almost consistent with the existing result [118] for
the same parameter set. The value of ucgp (Tcgp) from
&=-0.3 to £=0.3 increases (decreases) by approxi-
mately 16% (17%), indicating that the influence degree of
momentum anisotropy on the temperature of the CEP is
almost the same as that on the quark chemical potential of
the CEP. This is different from the effect due to the finite
volume in Ref. [38], which has indicated that in the PNJL
model, the finite volume affects the CEP shift along the
temperature stronger than along the quark chemical
potential shift. When the system size is reduced to 2 fm, the
CEP in the PNJL model vanishes and the whole chiral
phase boundary becomes a crossover curve. Based on this
result, there also exists a possibility that if & further
increases, the CEP may disappear from the phase diagram.

To better understand the qualitative behavior of the
transport coefficients in the quark matter, we first discuss
the results of the scattering cross sections and the relax-
ation time. In Fig. 6, we display the total cross section of
quark—quark scattering processes Ggq = Guy—uu + Oud—ud
(plot a) and the total cross section of quark—antiquark
processes 04 = Oui—ui t+ Oud—ud t+ Ouidd (pIOt b) as
functions of temperature at different anisotropy parameters
for vanishing quark chemical potential. As can be
observed, ¢,, and G,; have similar peak structures in their
temperature dependence, i.e., the scattering cross sections
first increase, reach a peak, and decrease with increasing
temperature afterward. In addition, the magnitude of G,; is
higher than that of 6,4, and this is mainly due to the
additional s-channel contribution to a resonance of the
exchanged meson with the incoming quark and antiquark,
which leads to a large peak in the cross section [74]. We
further observe that the scattering cross sections in the
weakly anisotropic medium have the same behaviors as
those in the isotropic medium. As ¢ increases, G, increases
in the entire considered temperature domain, whereas G4
first decreases as ¢ increases and then increases as ¢&
increases. With an increase in &, the maximum of the
scattering cross section shifts toward higher temperatures.
The location of the maximum for G, at different ¢ is nearly
in agreement with the respective T¢, as the peak positions
of &, respectively, locate at ~1.07 T 03 1.07 Tg,

1.10 T8'3 for ¢ = —0.3, 0, 0.3, with Tf; denoting the chiral
critical temperature for a fixed &.

The dependence of total quark relaxation time 7, on
temperature for vanishing quark chemical potential at dif-
ferent ¢ is displayed in Fig. 7. As can be observed, 7, first
decreases sharply with increasing temperature, and after an
inflection point (viz, the peak position of G,44), T, changes
modestly with temperature. Further, the increase in 7, with
& is significant at low temperature, whereas at high

@ Springer



150 Page 14 of 21

H.-X. Zhang et al.

@s——

04q (mb)

0.0 b

100 150 250 300

(b)7, .

0qg (mb)

0' PN S SN SN NN TR SN AT SO AU TN SN SN N [N SO SN SN SN [N SN ST TR S N T | 1
100 150 200 250 300 350

T (GeV)

Fig. 6 (Color online) (a) Total cross section of the quark—quark
scattering processes a4, as a function of temperature at u = 0 MeV
for different anisotropy parameters. (b) The total cross section of
quark—antiquark scattering processes G,; as a function of temperature
at 1 =0 MeV for different anisotropy parameters, i.e., £ = —0.3
(orange long dashed line), ¢ = 0 (blue dashed line), and ¢ = 0.3 (red
solid line). The gray vertical lines (from left to right) represent the
critical temperatures 7¢ = 180 MeV, 188 MeV, and 197 MeV for
¢=-0.3, 0, 0.3, respectively

temperature, the reduction in 7, with ¢ is imperceptible.
This is the result of the competition between the quark
number density and the total scattering cross section in
Eq. (57). At low temperature, the ¢ dependence of 7, is
mainly determined by the inverse quark number density,
whereas at high temperature, it is primarily governed by
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Fig. 7 (Color online) Relaxation time of quarks at u = 0 MeV as a
function of temperature for different anisotropy parameters, i.e., £ =

—0.3 (orange long dashed line), ¢ = 0 (blue dashed line), and ¢ =
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Fig. 8 (Color online) Temperature dependence of scaled shear
viscosity #/T? in quark matter at vanishing chemical potential for
different anisotropy parameters, i.e., £ = —0.3 (orange long dashed
line), ¢ = 0 (blue dashed line), and & = 0.3 (red solid line). The thick
cyan dotted line represents the result in the Ny =3 quasiparticle
model (QPM) [59], which is an effective model for the description of
non-perturbative QCD. The purple dash-dotted line shows the result
obtained in the Ny = 2 NJL model by Zhuang et al. [57]. The brown
dots show the result from hadron resonance gas (HRG) model [70].
The green dots correspond to the result of Rehberg et al. in the Ny =

3 NJL model [58] using the averaged transition rate method for the
estimation of relaxation time
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the inverse total cross section, even though this effect is
largely canceled out by the inverse quark density effect.
Next, we discuss the results regarding various transport
coefficients. In Fig. 8, the temperature dependence of
scaled shear viscosity 1/T? in quark matter for different
momentum anisotropy parameters at a vanishing chemical
potential is displayed. We observe that with increasing
temperature, 1/ T3 first decreases, reaches a minimum
around the critical temperature, and increases afterward.
The temperature position for the minimum /7> is con-
sistent with the temperature for the peak &, This dip
structure of #7/T° mainly depends on the competition
between the quark distribution function f(? and the quark
relaxation time 7, in the integrand of Eq. (44). The
decreasing feature of 1/T> in the low temperature domain
is governed by t,, whereas in the high temperature domain,
the increasing behavior of fq0 overwhelms the decreasing

behavior of 7, resulting in 1/ T3 as an increasing function
of temperature. In addition, we observe that with an
increase in &, 1/ T3 has an overall enhancement and the
minimum of /T3 shifts to higher temperatures. This
behavior of #7/T* can be understood from the related
expression in Eq. (44), where apart from the ¢-dependent
relaxation time, the first term in the integrand of Eq. (44)
has an additional & factor, which leads to an overall
enhancement of the absolute first term at low 7. The
variation of the first term at low 7 is larger than the
counterpart of the second term, which results in a sup-
pression of #/T3 for the inclusion of positive ¢. Mean-
while, at high 7, the qualitative and quantitative behavior
of n/T? with ¢ is dominated by the second term. The
location of the minimum for 1/7 at different ¢ is con-
sistent with the peak position of 6,5 We further observe
that 5/ T? decreases as ¢ increases in the entire temperature
region. In addition, we also compare our result for £ =0
with the results reported in the literature. The calculation of
n/T? in the hadron resonance gas (HRG) model [70]
(brown dots) using the RTA is a decreasing function with
temperature, which is qualitatively similar to ours below
the critical temperature. The quantitative difference
between the HRG model result and ours can be attributed
to the use of different degrees of freedom and scattering
cross sections. The result of Zhuang et al [57] in the Ny =
2 NJL model (purple dash-dotted line) is of the same order
of magnitude as ours, whereas at high temperature, their
result still has a decreasing feature because an ultraviolet
cutoff is used in all momentum integrals whether the
temperature is finite or zero. The result estimated in the
quasiparticle (QPM) [59] is a logarithmically increasing
function of temperature beyond the critical temperature,
and it is quantitatively larger than ours beyond the critical
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Fig. 9 (Color online) Temperature dependence of scaled electrical
conductivity g,1/7 in quark matter at vanishing chemical potential
for different anisotropy parameters, i.e., ¢ = —0.3 (orange long
dashed line), £ = 0 (blue dashed line), and ¢ = 0.3 (red solid line).
The green dotted line shows the result of Marty et al. in the Ny =3
NJL model [54]. The thick gray dash-dotted line represents the result
from the pQCD-based microscopic Boltzmann approach to multi-
parton scatterings (BAMPS) transport model [67] with running
coupling constant. The brown stars present the result in the parton-
hadron-string dynamics (PHSD) transport approach [66]. The cyan
dot dashed line shows the result within the excluded volume hadron
resonance gas (EVHRG) model with the RTA [71]. The darkyellow
dots are the lattice date obtained from Ref. [69]. The red open circles
are the calculation for hadronic gas in the transport approach
simulating many accelerated strongly interacting hadrons (SMASH)
[65] based on the Green—Kubo formalism

temperature owing to the differences in both the effective
quark mass and relaxation time. The result of Rehberg et al
[58] for the Ny = 3 NJL model in the temperature regime
close to the critical temperature is smaller than ours, and
the obvious dip structure is not observed because the
momentum cutoff is also used at finite temperature.

In Fig. 9, we plot the thermal behavior of scaled elec-
trical conductivity ¢,1/7 at u =0 MeV for different .
Similar to the temperature dependence of 1/T>, o1/ T also
exhibits a dip structure in the entire temperature region of
interest. We also present the comparison with other pre-
vious results. The result obtained from the PHSD approach
[66] (brown stars), where the plasma evolution is solved by
a Kadanoff-Baym type equation, also has a valley struc-
ture, even though the location of the minimum is different
from ours. We also observe that in the temperature region
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dominated by the hadronic phase, the thermal behavior of
001/ T using the microscopic simulation code SMASH [65]
(pink open circles) is similar to ours. Furthermore, our
result is much larger than the lattice QCD data (dark yellow
dots) taken from Ref. [69] owing to the uncertainty in the
parameter set and absence of gluonic dynamics. The result
within the excluded volume hadron resonance gas
(EVHRG) model [71] (cyan dash-dotted line) and the result
obtained from the partonic cascade BAMPS [67] (gray
thick dash-dotted line) are qualitatively and quantitatively
similar to our calculations below the critical temperature
and beyond the critical temperature, respectively. Our
result is similar to that of Marty et al. obtained within the
Ny =3 NJL model [54] (green dotted line), with the
numerical discrepancy mainly coming from the differences
in the values of the model parameter set and scattering
cross sections. At low T, the absolute values of both the
first and second terms in Eq. (54) increase as & increases.
However, the variation of the first term is larger than that of
the second term, which results in an enhancement of Oel /T.
At high T, the decreasing feature of relaxation time with &
can weaken the increasing behavior of a,)/T with &, and
the values of g, /7 for different ¢ gradually approach and
eventually overlap. Our qualitative result of g1 /7 is dif-
ferent from the result in Ref. [73], where the g4; /T of the
QGP is a monotonic decreasing function of ¢. This occurs
because the effect of momentum anisotropy is not incor-
porated in the calculation of the relaxation time and the
effective mass of quasiparticles, as the & dependence of
0o1/T is only determined by the anisotropic distribution
function. We also observe that with the increase in &, the
minimum of o, /7 shifts to higher temperatures, which is
similar to #/ T3. However, the height of the minimum
increases, which is opposite to /T°.

Finally, we study the Seebeck coefficient S in quark—
antiquark matter. Owing to the sensitivity of S to the charge
of particle species, at a vanishing chemical potential, quark
number density 7, is equal to antiquark number density ng,
and the contribution of quarks to S is exactly canceled by
that of antiquarks. Thus, a finite quark chemical potential is
required to obtain a non-zero thermoelectric current in the
medium. In Fig. 10, we plot the variation of S with respect
to temperature for different & at u = 100 MeV. The com-
parison with other previous calculations, which were all
performed in the kinetic theory under the RTA, is also
presented. We remind the reader that at finite i, n, is larger
than ng4, and the contribution of quarks to total S in mag-
nitude is always prominent. As shown in Fig. 10, the sign
of S in our investigation is positive, which indicates that the
dominant carriers converting the heat gradient to the
electric field are positively charged quarks, i.e., up quarks.
Actually, the positive or negative sign of S is mainly
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Fig. 10 (Color online) Temperature dependence of the Seebeck
coefficient in quark matter at u = 100 MeV for different anisotropy
parameters, i.e., £ = —0.3 (orange broad dashed line), £ =0 (blue
dashed line), and & = 0.3 (red solid line). The brown dotted line
corresponds to the result for the QGP in the quasiparticle model [83]
at i, = 50 MeV. The cyan thick-dotted line represents the result in
the hadron resonance gas model for ug = 0.1 GeV [81]. The mauve
dash-dotted line and green dots, respectively, represent the results in
the HRG model for ug = 50 MeV [80] and the Ny = 2 NJL model
for u =100 MeV [84], where the gradient of the quark chemical
potential apart from a spatial gradient in temperature is also included

determined by the factor (E, — u,) in the integrand of
Eq. (55). In Ref. [83], the Seebeck coefficient studied in
the QPM (brown dotted line) at 4 = 50 MeV also exhibits
a decreasing feature with increasing temperature. The
result of Abhishek et al [84] at u = 100 MeV in the Nf =
2 NJL model (the green dots) is very different from ours. In
Ref. [84], S is negative and its absolute value is an
increasing function with temperature. The reasons behind
this quantitative and qualitative discrepancy are twofold:
(1) the relaxation time in Ref. [84] was estimated using the
averaged transition rate w;, whereas our relaxation time
was obtained from the thermally averaged cross section of
elastic scattering (a detailed comparison of the two meth-
ods can be found in Ref. [74]); (2) in Ref. [84], the spatial
gradient of chemical potential was also included apart from
the temperature gradient and accordingly, the sign of S was
primarily determined by the factor (E, — w/n,) with @
denoting the enthalpy density in the associated formalism.
Given that the single-particle energy E, remains smaller
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than (w/ng,), S in Ref. [84] is negative. We also observed
that with increasing temperature, S sharply decreased
below T¢, whereas the decreasing feature of S was incon-
spicuous above T¢. Further, the value of S at low T was
much larger than that at high 7. This is also different from
the result in Ref. [84], where the absolute value of § in
quark matter increased with increasing temperature
because of the increasing behaviors of both the factor | —
w/ng| and the equilibrium distribution function. In addi-
tion, the Seebeck coefficient in the HRG model [80, 81] is
also positive (negative) without (with) the spatial gradient
of chemical potential (cyan thick dotted line and mauve
dash-dotted line). Nevertheless, the absolute value of S in
hadronic matter is still an increasing function of tempera-
ture regardless of the spatial gradient of u. We also
observed that as ¢ increases, S has a quantitative
enhancement, which is primarily due to a significant rise in
the thermoelectric conductivity o, even though 1/6,; has a
cancelation effect on the increase in S. At sufficiently high
temperature, the rise in 1/0,; can almost compensate the
reduction in «, and as a result, S varies insignificantly with
the & of interest, compared to the value of S itself.

8 Summary

We phenomenologically investigated the impact of
weak momentum-space anisotropy on the chiral phase
structure, mesonic properties, and transport properties of
quark matter in the two-flavor NJL. model. The momentum
anisotropy, which is induced by the initial preferential
expansion of the created fireball in heavy-ion collisions
along the beam direction, can be incorporated in the cal-
culation through the parameterization of the anisotropic
distribution function. Our result has shown that the chiral
phase transition is a smooth crossover for vanishing quark
chemical potential, independent of the anisotropy param-
eter £, and an increase in & can even hinder the restoration
of the chiral symmetry. We found that the CEP is highly
sensitive to the change in &. With the increase in &, the CEP
shifts to higher y and smaller 7, and the momentum ani-
sotropy affects the CEP temperature to almost the same
degree as it affects the CEP chemical potential. Before the
merge of = and ¢ meson masses, the ¢ dependence of the ©
meson mass is opposite to that of the ¢ meson mass.

We also studied the thermal behavior of various trans-
port coefficients, such as the scaled shear viscosity 1/T°,
scaled electrical conductivity Oel /T, and Seebeck coeffi-
cient S at different £. The associated &-dependent expres-
sions are derived by solving the relativistic Boltzmann—
Vlasov transport equation in the relaxation time approxi-
mation, and the momentum anisotropy effect is also

embedded in the estimate of relaxation time. We found that
n/T? and 64)/T have a dip structure around the critical
temperature. Within the consideration of momentum ani-
sotropy, 1/T* decreases as ¢ increases and the minimum
shifts to higher temperatures. With the increase in &, 641 /T
significantly increases at low temperature, whereas its
sensitivity to ¢ at high temperature is significantly reduced,
which is different from the behavior of 5/T> with respect
to ¢. We also found that the sign of S at u = 100 MeV was
positive, indicating that the dominant carriers for convert-
ing the thermal gradient to the electric field are up quarks.
With increasing temperature, S first decreases sharply and
then almost flattens out. At low temperature, S significantly
increases with the increase in &, whereas at high temper-
ature, the rise is marginal compared to the value of S itself.

We note that it is of considerable interest to include the
Polyakov-loop potential in the present model to study both
chiral and confining dynamics in a weakly anisotropic
quark matter. A more general ellipsoidal momentum ani-
sotropy characterized by two independent anisotropy
parameters is then needed to gain a deeper understanding
of the QGP properties. In the present work, no proper time
dependence was given to the anisotropy parameter. How-
ever, in a realistic case, ¢ varies with the proper time
starting from the initial proper time up to a time when the
system becomes isotropic. Thus, a proper time-dependent
anisotropy parameter [119] needs to be introduced to better
explore the effect of time-dependent momentum anisotropy
on chiral phase transition. For the strongly longitudinal
expanding QCD matter, the investigation of chiral phase
transition needs to be performed by numerically solving
both the Vlasov equation and gap equation concurrently
and continuously. In this case, the phase diagram of a
strongly expanding system is a map in the space-time plane
rather than in the 7 — u plane. In addition, the investigation
of the thermoelectric coefficients, especially the magneto-
Seebeck coefficient and Nernst coefficient in magnetized
quark matter, based on the PNJL model would be an
attractive direction, and we plan to work on it in the near
future.

Appendix

In the Ny = 2 NJL model, there are 12 different elastic
scattering processes:
uit — uit, ud — ud, wii — dd,
uu — uu, ud — ud, ww — i,
itd — id, dd — dd, dd — ui,
di — dii, dd — dd, dd — dd.

(62)

The explicit expressions of the squared matrix elements for
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the wit — wit, ud — ud, and ud — ud processes via
exchange of scalar and/or pseudoscalar mesons to 1/Nc
order are given as

|Muu’~>uu’|2(sv t)
= S|D? + PIDF + (s
+ (1 = 4m?)’|D7?

—4n?)*|DJJ?

1 . .
+ o Re |[stD D + s(4m’ — )DT D (63)
A
+ t(4m* — s)DTD?
+ (st +4m? (s + 1) — 16m4)Dng*] ,
7 2
(Mg ual”(s:1)
= 45*|D7* + 2D} + (t — 4m?)*| DI —
s t t (64)
1 . .
v Re [2stD’; D7 + 2s(4m* — {)D¥ DY ] :
c
|Mud—>ud|2<t> I/t)
2 2 2 2
= 4’ |D}|" + 2|DJ|” + (1 — 4m®)°| D] | (65)

1 . .
— IVRe [ZMD;‘ DT + 2u(4m* — 1)DT" Df] .

c

The meson propagators in the above processes are ¢-de-
pendent. Based on the above formulae of three scattering
processes, the squared matrix element for the remaining
scattering processes can be obtained through charge con-
jugation and crossing symmetry [57, 120].
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