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Abstract The collective properties along the yrast line in

well-deformed even–even 164�178 Yb isotopes are investi-

gated by pairing self-consistent total Routhian surface

(TRS) calculations and extended E-gamma over spin (E-

GOS) curves. The calculated results from ground-state

deformations, e.g., b2, are in agreement with previous

theoretical predictions and available experimental data.

The basic behaviors of moment of inertia are reproduced

by the present TRS calculations and discussed based on the

aligned angular momenta. The centipede-like E-GOS

curves indicate that the non-rotational components appear

along the yrast sequences in these nuclei, which can

explain the discrepancy in the moment of inertia between

theory and experiment to some extent. The further exten-

ded E-GOS curves, which include the first-order rotation–

vibration coupling, appear to provide possible evidence of

vibrational effects in the well-deformed nuclei of
164�178Yb.

Keywords Vibrational effect � Total Routhian surface

calculation � E-GOS curve

1 Introduction

Thanks to the development of experimental techniques

such as highly effective c-ray detector arrays and

radioactive beam facilities, nuclear physicists are increas-

ingly interested in the study of nuclear shapes, in particular

at extreme conditions of excitation energy or spin or iso-

spin of nuclei. Indeed, the model of spherical nuclei cannot

completely reflect the reality of nuclear structure because

very few nuclei, in the entire nuclear chart, have this shape

even in their ground states. The spherical shapes prevail

only near closed shells, while between closed shells the

large number of valence nucleons in orbits with large

single-particle angular momentum may lead to large

deformations of nuclei. Typically, deformed nuclei can be

schematically subdivided into prolate, oblate, and triaxial

nuclei according to the three principal axes of rotation in

the ellipsoid. Meanwhile, experiments and/or theories have

revealed some exotic shapes [1]. It is known that many

nuclei in the rare-earth area are well deformed (e.g., with

quadrupole deformation b2 [ 0.2) at ground or low-lying

states [2]. The well-deformed nuclei often exhibit collec-

tive rotational properties with the energy spectrum

approximating the typical relation of E / IðI þ 1Þ.
Because nuclear rotation can also change its microscopic

structure, the preferred shapes of nuclei usually change

with increasing spin, especially for the soft nuclei. Cer-

tainly, many nuclei show a mixed character with both

vibrational and rotational features. During the past several

decades, numerous studies have been conducted using
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various theoretical approaches, including semi-empirical

methods, mean-field models, beyond mean-field models

(e.g., particle-rotor model [3–5], cranked shell model

[6–8], projected shell model [9], cranking covariant density

functional theory [10], etc.). However, none of them alone

can fully describe the data, mainly due to certain scarce

effects in the theoretical modeling. Such empirical methods

are often useful for testing the possible missing

mechanisms.

Regan et al. have suggested a simple method, namely

the E-gamma over spin (E-GOS), which can be used to

discern the shape and phase evolution between vibrational

and rotational modes in nuclei as a function of spin [11]. In

our previous work, we further developed the E-GOS curve

to a centipede-like E-GOS one, and simultaneously inclu-

ded the c-soft motion mode [12–14]. In this work, taking

the well-deformed nuclei 164�178Yb as examples, we would

like to investigate their rotational properties along the yrast

line by using the pairing-deformation self-consistent TRS

method [6, 7, 12, 15] without including the vibrational

effect. Namely, pairing is treated self-consistently at each

frequency and each grid point in the selected deformation

space, and the equilibrium deformations are determined by

minimizing the calculated TRS. Close attention is paid to

the difference between theoretical calculations and exper-

imental data. Considering the first-order vibrational-rota-

tional coupling effect, this work presents an empirically

extended E-GOS curve that may provide evidence of

vibrational effects in these well-deformed nuclei. This

method could also be easily extended to other nuclear

regions and odd-A nuclei.

The article is organized as follows. In Sect. 2, we pre-

sent a brief description of the theoretical method. Section 3

is devoted to the numerical calculation results and discus-

sions. Finally, a brief summary is given in Sect. 4.

2 Theoretical descriptions

The present TRS calculation method is based on the

macroscopic–microscopic model and the cranked shell

model (CSM) [6, 7] which usually well accounts for the

high-spin properties in rapidly rotating medium and heavy

mass nuclei [16–18]. The total energy in a rotating frame of

reference, namely the ‘‘total Routhian,’’ is the sum energy

of the non-rotating state and the contribution due to

cranking. The static energy consists of a macroscopic part

usually expressed by the standard liquid-drop model [19],

and a microscopic term which can be evaluated from a set

of Woods–Saxon single-particle levels [14, 16] by using

the well-known Strutinsky method [20]. Such a shell-cor-

rection method can optimize the liquid-drop energy and

give relatively high accuracy, which is usually superior to

that of the microscopic models based on effective nucleon–

nucleon interactions. It should be noted that we treat the

pairing correlation using the Lipkin–Nogami (LN)

approach [21], in which the particle number is approxi-

mately conserved. In that case, the spurious pairing phase

transition encountered in the usual BCS calculation can be

avoided. In this work, both monopole and doubly stretched

quadrupole pairings are considered, and their strengths are

determined using the average gap method [22] and

restoring the Galilean invariance broken by the seniority

pairing force [7, 23], respectively. Under rotation, a nuclear

system is constrained to rotate around a fixed axis (e.g., the

x-axis) at a given frequency. That is, the energy contribu-

tion from cranking can be obtained by solving the cranking

LN equations, which have similar forms to the well-known

Hartree–Fock–Bogolyubov cranking (HFBC) equations

[7]. We perform the present calculation in the (b2; c; b4)

deformation space and only consider the one-dimensional

cranking around the principal axis that possesses the largest

moment of inertia. Such calculation is valid for most

nuclei, especially for the well-deformed ones. Additional

theoretical descriptions can be found in Refs. [14, 24] and

references therein. The empirical E-GOS [E-gamma over

spin, namely the function RðIÞ ¼ EcðI ! I � 2Þ=I] curve

was first proposed to manifest the shape/phase transition

between vibration and rotation along the yrast line [11].

For a perfect harmonic vibrator, a c-soft rotor, and an

axially symmetric rotor, it is easy to derive that the func-

tion relationships between R(I) and I will be Ecð2 ! 0Þ=I,
Ecð2 ! 0Þ½1=4 þ 1=ð2IÞ�, and Ecð2 ! 0Þ½2=3 � 1=ð3IÞ�,
respectively. Based on this idea, we developed the cen-

tipede-like E-GOS curve in Refs. [12, 13], where the

effective factor Eeff:
c ð2 ! 0Þ was used. In this work, we

will further improve the E-GOS curve by including in the

energy formula the first-order rotation–vibration coupling

[25],

EðIÞ ¼ aIðI þ 1Þ þ b½IðI þ 1Þ�2; ð1Þ

where a and b are constants. After a simple derivation, the

R(I) in this situation will be

RðIÞ ¼ f ðIÞð2 � 1=IÞ; ð2Þ

where the spin-dependent factor f(I) is

f ðIÞ ¼ 2aþ 2b½IðI þ 1Þ þ ðI � 2ÞðI � 1Þ�: ð3Þ

Of course, one can easily obtain the constants a and b from

two arbitrarily selected and adjacent energy levels EsðIsÞ
and EsðIs � 2Þ, or c rays of Es

cðIs ! Is � 2Þ and

Es
cðIs � 2 ! Is � 4Þ. As discussed below, such an extended

E-GOS curve actually improves the data description.
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3 Results and discussion

Table 1 shows our calculated ground-state quadruple b2,

together with the theoretical results calculated by the

Hartree-Fock-BCS (HFBCS) [26] and the extended Tho-

mas-Fermi plus Strutinsky integral (ETFSI) methods [27].

Our present equilibrium deformations are obtained within

the macroscopic–microscopic theoretical framework,

which allows fast calculation in the selected deformation

space. The self-consistent HFBCS method may naturally

include the necessary deformation degrees of freedom. The

ETFSI method combines the advantages of the TRS and

HFBCS calculations. The available experimental data are

obtained from the reduced transition probabilities B(E2)

[28]. One can see that all these three kinds of theoretical

results and the experimental values indicate the well-de-

formed properties of these nuclei. In comparison, the pre-

sent work based on one-body WS potential gives somewhat

small b2 deformations. Such a difference was observed and

analyzed by Dudek et al. [29] 30 years ago according to the

relationship between the potential parameters and the

nucleonic density distributions, giving the corrected for-

mula, e.g., for protons, bq2 ’ 1:10b2 � 0:03ðb2Þ3
.

In addition, as an empirical parameter that reflects the

shape–phase transition in nuclei, the P factor defined by

P � NpNn

NpþNn
is usually helpful to identify nuclear properties

[33]. Np is the minimum number of valence protons or

proton holes, and Nn is the corresponding value for neu-

trons. The product NpNn indicates the number of p–n

residual interactions, which tend to destroy the spherical

symmetry, and the summation Np þ Nn denotes the number

of pairing interactions. Near the shell closures, the P factor

is very small due to the scarce valence nucleons, and the

nucleus presents a spherical shape. Nevertheless, moving

away from the closed shells, the increasing valence

nucleons will result in an increase in P factor. Obviously,

the numerator usually increases faster than the denomina-

tor. For instance, in the Yb isotopic chain, the numerator

may increase six or more times faster than the denomina-

tor, corresponding to 12 proton holes (the difference

between the magic number 82 and Z ¼ 70). After a critical

point, the spherical symmetry of the nucleus will be broken

up. In this mass region, the study by Casten et al. [31]

indicates that the critical point of the P factor for the

transition to deformed shape is about 4–5. As seen in

Table 1, the P factors of these nuclei are obviously larger

than the critical value, clearly indicating the appearance of

large collectivity.

In the study of low-lying nuclear structure, the energy

ratio R4=2 ¼ E4þ
1
=E2þ

1
in even–even nuclei usually can

provide a test of the axial assumption. For example, R4=2 is

3.3 for a well-deformed axially symmetric rotor, 2.5 for a

c-unstable vibrator, and 2.0 for a spherical vibrator, which,

respectively, correspond to SU(3), O(6), and U(5) dynamic

symmetries in the algebraic view of the interacting boson

model (IBM) [25, 36]. In this table, one notices that all the

R4=2 values are more than the shape transition point of 3.0

(to quadrupole deformed nuclei) in the Mallmann plot [25].

All these facts support our present calculations to a large

extent.

In principle, it is convenient to investigate the yrast state

rotational properties in such well-deformed nuclei. The

kinematic moment of inertia is generally used to under-

stand the high-spin behaviors of the yrast band in the

nucleus. Figure 1 shows the calculated and experimental

kinematic moments of inertia obtained using the respective

formulas of Jð1Þ ¼ Ix=x and

Jð1Þ ¼ �h2ð2I � 1Þ=EcðI ! I � 2Þ. The general trends are in

good agreement between theory and experiment. The

backbending phenomena are well reproduced by the pre-

sent calculations, especially in 164�170Yb. Even the second

backbending in the experiment data for 168Yb is replicated

by our calculation. However, in 172�174Yb nuclei, the cal-

culated backbending phenomena are not observed near the

expected rotational frequencies. It will be of interest to

reveal the mechanism behind this discrepancy and/or fur-

ther confirm the data in experiments (the intensities of the

last several c rays are weak). In 176Yb, the first upbending

phenomenon from the data can be reproduced by the pre-

sent calculation. In 178Yb, the available data are also in

good agreement with theoretical calculations, and the high-

spin information is unknown so far.

Table 1 The calculated results (TRS) for ground-state equilibrium

deformation parameters b2 in even–even 164�178Yb, together with the

HFBCS [26] and ETFSI [27] calculations and available experimental

values (Exp.) [28] for comparison. At the same time, two available

empirical quantities, the P factor [30–34] and R4=2 [25, 35] are also

given for evaluating nuclear collectivity

Nuclei b2 P R4=2

TRSa HFBCS ETFSI Expt.b

164Yb 0.249 0.27 0.29 0.291 6.00 3.12

166Yb 0.271 0.28 0.31 0.323 6.46 3.26

168Yb 0.286 0.28 0.31 0.323 6.85 3.26

170Yb 0.293 0.28 0.33 0.326 7.20 3.29

172Yb 0.292 0.32 0.32 0.330 7.50 3.30

174Yb 0.286 0.31 0.33 0.325 7.76 3.30

176Yb 0.278 0.29 0.31 0.306 7.50 3.31

178Yb 0.272 0.28 0.31 – 7.20 3.30

aThe calculated ground-state jcj values are always less than 1�

bThe uncertainties are less than 0.01, see Ref. [28]
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To understand the behaviors displayed by the moments

of inertia, in Fig. 2, we present the proton, neutron, and

total aligned angular momenta. From Fig. 2, the rotation

alignments of proton and/or neutron pairs near the Fermi

surface can be evaluated. Such a band crossing between 0

quasi-particle and 2 quasi-particle bands can usually be

used to explain the observed backbending or upbending

phenomena. It can be seen clearly that in these nuclei the

first backbending or upbending phenomenon originates

from the neutron alignments (here, the candidates of the

related high-j orbits are 2f7=2, 1h9=2, and 1i13=2). With

increasing neutron number, the backbending phenomena

evolve into upbending due to the increasing interaction

between the 0 quasi-particle and 2 quasi-particle bands.

Simultaneously, the backbending/upbending frequencies

are delayed with the increasing neutron number. In par-

ticular, the simultaneous alignments for neutron and proton

pairs appear, which awaits to be identified in experiment in

the future. Actually, such competition phenomena have

been discussed in other mass regions [43, 44]. It is worth

noting that a shape jump may sometimes be responsible for

the large alignment, instead of the simultaneous decoupling

of proton and neutron pairs [45]. For instance, shape

transition from prolate to oblate occurs at �hx � 0:4 MeV

in 178Yb, cf. Fig. 4. In addition, the proton h11=2 alignment

was used to explain the second band crossing of 168Yb (in

which the high-spin states up to I ¼ 38 have been observed

experimentally) by Fitzpatrick et al. [39], in good agree-

ment with our calculations.

Figures 3 and 4 show the deformation Routhian curves

as function of b2 and c deformation degrees of freedom,

respectively. Of course, we would like to point out that the

Bohr shape deformation parameters [46] are adopted here.

The quadrupole deformation b2 is always nonnegative. The

prolate, oblate, and triaxial shapes are denoted by the c
deformation parameter, e.g., from 0�\c\60�. In this

Fig. 1 (Color online) The experimental (filled circle symbols) and

calculated (open square symbols) kinematic moments of inertia

Jð1Þfor even–even nuclei 164�178Yb as a function of the rotational

frequency �hx. The experimental data are taken from Ref [37–42]

Fig. 2 (Color online) The calculated aligned angular momenta Ix
(squares), including the proton Ixp (circles) and neutron Ixn (triangles)

components, for even–even nuclei 164�178Yb as a function of the

rotational frequency

Fig. 3 (Color online) Deformation Routhian curves (normalized to

the energies at b2 = 0.0) against b2 for even–even 164�178Yb nuclei at

several selected rotational frequencies: x = 0.00 (black), 0.15 (red),

0.30 (blue), and 0.45 (green) MeV/�h. At each b2 point, the energy has

been minimized with respect to c and b4
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work, we adopt the Lund convention [47] with

� 120� � c� 60�, which is convenient for describing the

cranking motion. Such a range is divided into three sectors,

� 120�\c\� 60�, � 60�\c\0�, and 0�\c\60�, rep-

resenting rotation regarding the long, intermediate, and

short axes, respectively. The critical values 0� (� 120�) and

� 60� (60�) correspond to axially symmetric shapes (pro-

late and oblate, respectively). Further, c ¼ � 120� and 60�

mean the nucleus rotates around its symmetry axis. In other

words, non-collective rotation and c ¼ � 60� or 0� will

mean the nucleus rotates around an axis perpendicular to its

symmetry axis (that is, collective rotation).

Based on these curves, the shape stabilities and nuclear

stiffness under rotation can be analyzed, which are model-

independent to some extent [48]. Note that we are only

concerned about the deformation Routhian curves near the

minima, which are somewhat symmetric. Therefore,

according to the equilibrium deformation values shown in

Table 1, the energy curves from b2 ¼ 0:0 to 0.3 are plotted,

as this is sufficient to understand the stiffness properties.

When moving away from the N ¼ 104 midshell nucleus
174Yb, it seems that the nuclei become gradually softer at

the ground states as expected. For each nucleus, the equi-

librium b2 and nuclear stiffness may slightly increase at

low spins relative to that at the ground state. Whereas, at

high rotational frequency the curve becomes flat, indicating

the appearance of high softness. In the triaxial direction, as

shown in Fig. 4, the c deformations in 164�170Yb are

stable within the present rotational frequency range. The

later four nuclei 172�178Yb are unstable in the c direction. In

particular, in 178Yb nucleus, the oblate shape clearly occurs

at �hx ¼ 0:45 MeV.

The deformation Routhian curves indicate that the

shape/phase or nuclear stiffness may change with rotation.

Naturally, it will be interesting to investigate the shape/

phase transition and possible vibrational effects due to the

large softness. The existing difference in moments of

inertia between theory and experiment may also be

explained to an extent. The model adopted here does not

include the vibrational mechanism, although it can well

describe the rotational properties of nuclei. Fortunately, an

empirical method, called the E-GOS (E-gamma over spin)

curves [namely, the simple function RðIÞ ¼ EcðI ! I �
2Þ=I ], was proposed by Regan et al. [11], which can

manifest the shape/phase transition between vibration and

rotation along the yrast line. To better describe the evolu-

tion of the modes of motion, we recently extended such

empirical curves to the centipede-like ones including c-soft

mode [12, 13]. Figure 5 displays the centipede-like E-GOS

curves for even–even 164�178Yb isotopes. Indeed, one can

see that the signature of transition from rotation to c-soft or

from vibration to rotation appears in 164�168Yb, as men-

tioned by Shen et al. [49]. Similar transitions seem to take

place in other nuclei, although they still need to be

experimentally confirmed because of the scarcity of data. It

should be noted that three idealized assumptions (e.g.,

rotation, c-soft, and vibration) are adopted when plotting

the centipede-like E-GOS curves.

Obviously, if there is coupling between different motion

modes, the assumption of the purely single-mode motion

will be somewhat unreasonable. To empirically test

Fig. 4 (Color online) Deformation Routhian curves against c for

even–even 164�178Yb nuclei at selected rotational frequencies, similar

to Fig. 3

Fig. 5 (Color online) The centipede-like E-GOS curves along the

yrast sequences for even–even 164�178Yb isotopes
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whether the coupling effect will play a role under rotation,

we further improve the E-GOS curve as introduced in

Sect. 2. According to the energy expression given by

Mallmann [25], taking the rotation–vibration interaction

into account, we can plot a set of E-GOS curves based on

the derived function relation R(I) and the adjacent levels or

the c rays. It is reasonable to assume that adjacent points

have the similar motion modes, except for the critical point

of shape/phase transition. In Fig. 6a as an example, for the

nucleus 172Yb none of the curves could pass through all the

data points, showing somewhat large changes in the coef-

ficients (e.g., a and b) in Eq. (1) when the data points are

far from each other. However, it turned out that the third

data point determined by the two preceding data points will

fall on the R(I) curve. Similar to our previous work, an

improved E-GOS ‘‘curve’’ can be obtained by retaining the

RðIsÞ ! RðIs þ 2Þ line segments for each E-GOS curve, as

shown in Fig. 6b. Thus, one can say that the rotation–vi-

bration coupling will evidently play a role, but the coupling

coefficients may change with rotation. Figure 7 shows our

improved E-GOS curves for 164�178Yb nuclei in the present

work. Compared with Fig. 5, it is found that such an

improvement in the E-GOS curve may explain and predict

the data better. The large deviation in Fig. 7 originates

from the irregular Ec values due to the band crossings. In

the letter by Mallmann, it has been noted that when the

energy ratio R4=2J2:67, the energy formula in Eq. (1) is

valid. As seen in Table 1, the smallest R4=2 value in
164�178Yb is obviously greater than this value. The new

E-GOS curve indicates that the vibration effect may be

somewhat important even in these well-deformed nuclei.

Further tests should be conducted in this regard. If so, the

inclusion of such a vibration mechanism in the theoretical

model will be considered in our future work.

4 Summary

We have systematically investigated the collective

properties along the yrast line for well-deformed even–

even 164�178Yb nuclei, based on the pairing-deformation

self-consistent TRS method in the ðb2; c; b4Þ deformation

space. As a basic test, the calculated equilibrium defor-

mations at ground states and the backbending behavior in

the moment of inertia are compared with previous theo-

retical and/or experimental data and show good agreement.

It is found that the backbending behavior in the moment of

inertia can generally be satisfactorily explained by the

alignment of a pair of nucleons. The band crossing between

prolate and oblate ones may be misunderstood by the

physical picture of proton and neutron simultaneous

decoupling, i.e., in 178Yb (which awaits experimental

confirmation). Based on the corresponding deformation

energy/Routhian curves, we also evaluate the evolution of

nuclear stiffness in both the b2 and c directions. In addition,

the evolution among different collective modes along the

yrast line is investigated on the basis of the centipede-like

E-GOS curves, which partly explain the existing differ-

ences in the moment of inertia between theory and exper-

iment. Taking the coupling of rotational and vibrational

motions into account, the present work further extended the

Fig. 7 (Color online) Improved E-GOS curves along the yrast

sequences for even–even 164�178Yb isotopes, similar to Fig. 6b

(a)

(b)

Fig. 6 (Color online) a The E-GOS curves after including the first-

order rotation–vibration interaction [25] for 172Yb. The curve with

different colors indicates that it crosses the corresponding R(I) data. b
The improved E-GOS curve constituted by the RðIÞ ! RðI þ 2Þ line

segments
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E-GOS curve to better describe the evolution trend in the

data. Therefore, models including the rotation–vibration

coupling may be interesting and meaningful in future work.
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