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Abstract The FRACS parameterizations, labeled as FRACS-C,

have been improved in order to predict the presence of

isotopes near the proton drip line produced in projectile

fragmentation reactions. By investigating the cross sections

for proton-rich isotopes in a series of reactions with ener-

gies ranging from intermediate to relativistic, it is shown

that the FRACS-C parameterizations can predict isotopes near

the proton drip line considerably well. The FRACS-C

parameterizations are suggested to serve as an effective

tool for predicting the presence of proton-rich isotopes with

large asymmetry in a projectile fragmentation reaction.

Different reactions have been investigated to check these

results.

Keywords Drip line isotope � Proton-rich isotope � FRACS �
Projectile fragmentation

1 Introduction

It has been predicted that more than 8000 nuclides

should be bounded, which have lifetimes longer than

1 ls[1–4]. Most of these predicted nuclides are radioactive,

and those with greatest asymmetry form the boundaries of

the nuclides chart. Isotopes near the boundaries of the

nuclides chart have attracted significant attention from both

theoretical and experimental scientists as their properties

remain unclear. Within the intermediate mass range, the

study of isotopes near the proton drip line is very attractive,

because radioactive nuclear beam (RNB) facilities have

opened new research opportunities. Some exotic phenom-

ena have been illustrated in proton-rich isotopes, such as

the proton skin, proton halo, core deformation [5, 6], and

(b�) delayed one or two proton emissions [7–12]. At

present, the new generation of RNB facilities will extend

the research to the more extremely asymmetric isotopes

near the drip line region [13–16]. Improved techniques also

provide the new opportunities to learn about their proper-

ties in greater detail. The production probability, i.e., cross

section, is one of the most important physical quantities to

study proton-rich nuclides in reactions while the produc-

tion low rates make them difficult to measure. In experi-

ments, it is important to be able to predict the yields or

cross sections for proton-rich isotopes, which are not well-

explained in the existing methods. Many methods have

been proposed to predict isotopic yields based on empirical

formulas [17–19]. Recently, Mei proposed the FRACS

parameterizations [20] based on ideas from the EPAX

parameterizations [21–23] by incorporating an extra term

that depends on the incident energy. These parameteriza-

tions predict significantly better results compared with

those from the existing models.
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Though many advantages have been illustrated, the

FRACS parameterizations are currently not the best option

for predicting the presence of proton-rich isotopes, espe-

cially for those near the proton drip line. The main reasons

are that the neutron-rich projectile nuclei, as well as the

neutron-rich fragments, have been elaborately treated.

However, the discussion for the proton-rich fragments

(with neutron excess I � N � Z\� 1) has been omitted.

In this article, the FRACS parameterizations are improved by

re-adjusting the parameters for proton-rich isotopes, which

we call the FRACS-C parameters, and we show that the

parameters predict more accurate cross sections for iso-

topes near the proton drip lines. This article is organized as

follows. Methods are described in Sect. 2. The results are

presented and discussed in Sect. 3. A summary is presented

in Sect. 4.

2 Methods

Readers are referred to the original description of the

FRACS parameterizations [20]. In this article, we would like

to introduce the most important portion related to the

modifications applied to the original description. Three

parts have been included in the FRACS parameterizations to

predict the cross section of an isotope in projectile frag-

mentation reactions, i.e., the mass yield, isobaric (charge)

distribution, and odd–even staggering. The cross section

for an isotope is described by Ref. [20],

rðA; ZÞ ¼ YðAÞYðZprob � ZÞDOESðA; ZÞ; ð1Þ

where Y(A) is the mass yield and YðZprob � ZÞ represents

the corresponding isobaric distribution. DOESðA; ZÞ is

adopted to deal with odd–even staggering. The isobaric

distribution is assumed to have a Gaussian distribution,

with the remaining nuclear generation being related to the

statistical evaporation from excited pre-fragments. The

isobaric distribution of fragments with a given mass

number A is borrowed from the EPAX parameterizations

[21–23],

YðZprob � ZÞ ¼ n expð�RjðZprob � ZÞjUÞ; ð2Þ

where Zprob is the most probable charge, n is a normal-

ization factor, and R is the width parameter. In FRACS, ideas

from the EPAX3 parameterizations have been borrowed [23],

which allowed improved predictions for proton-rich iso-

topes. The projectile asymmetry is also corrected by

introducing Dp
m and Dn

m terms, and so on. Extra exponent

parameters Up and a transition point ZexpðAÞ are introduced

for the proton-rich isotopes. Efforts have been also

expended to overcome the disadvantages of the EPAX3

parameterizations, in which the dependence on incident

energy was not considered [23]. In the following results, it

is shown that the FRACS parameterizations are still not

sufficient for predicting the presence of proton-rich isotope

of large asymmetry. To overcome this disadvantage of

FRACS, the Zexp term, which is the only term that affects the

very proton-rich isotopes, should be adjusted. The Zexp

reads as:

ZexpðAÞ ¼ Zprob þ ½l1 þ l2ðA=2Þ0:3� lnð10Þ=ð2RÞ; ð3Þ

where R is a parameter to describe the width isobaric

distribution,

R ¼ R0 exp½r1Aþ r2A
2 þ ðr3 þ Zp � ZbpÞðr4 þ r5A=ApÞ�;

ð4Þ

where ri is parameters, which are the same for the sym-

metric and asymmetric projectile nuclei. R0 is different for

the proton-rich projectile (R
p
0) and neutron-rich projectile

(Rn
0), respectively. For a proton-rich projectile, R

p
0 reads:

R
p
0 ¼ r0 exp½r7ðZp � ZbpÞ�: ð5Þ

In Eq. (3), l1, l2, and the width parameter R are fixed by

fitting a large amount of experimental data in the present

FRACS. l2 is the parameter to adjust the mass of isotope. The

relevant parameter to adjust R
p
0 is r7. Thus, l1 and r7 should

be the key parameters to improve the FRACS for the proton-

rich isotopes. As the description in Ref. [20], r7 adjusts the

width of the quasi-Gaussian shape of the isotopic distri-

bution, and l1 tunes the transition point where the quasi-

Gaussian shape turns into an exponential decay, respec-

tively (more parameters are used together in FRACS) [20].

With a series of experimental results being investigated (as

the following results in Sect. 3), r7 and l1 are refitted for

the proton-rich isotopes near the proton drip line, which are

listed in Table 1 and shown in Fig. 1. With the decreasing

I, the isospin dependence of the proton-rich isotope is also

not well considered. An extra term is introduced to

describe the dependence of the cross section on the

asymmetry of very proton-rich isotopes with I\� 2:

r0ðA; ZÞ ¼ rðA; ZÞ=2a; a ¼ jIj � 3 if I\� 2: ð6Þ

Table 1 r7 and l1 values refit-

ted for proton-rich isotopes in

the FRACS-C parameterizations

Parameter E (MeV/u) Value

r7 / 0.19

l1 140 1.2

345 2.0

650 0.4

1000 0.2

1015 0.2
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The fitting result (see Fig. 1) to the correlation between

l1 and E shows that it obeys a Gaussian function, which

reads

l1 ¼ 0:200 þ 730:878

318:283
ffiffiffiffiffiffiffiffi

p=2
p � exp �2

E � 315:108

318:283

� �2
 !

:

3 Results and discussion

In this section, the predictions for the proton-rich iso-

topes by FRACS-C will be compared to the EPAX2 and FRACS

methods. The measured cross sections for Ge (Z ¼ 32) and

Se (Z ¼ 34) isotopes in the 140 MeV/u 78Kr ? 9Be reac-

tion [24] are plotted in Fig. 2. The predictions from the

EPAX2 [22], FRACS [20], and FRACS-C parameterizations are

compared to the measured data. The FRACS parameteriza-

tions show improved predictions for these isotopes with I

ranging from �4 to 0, although the measured results are

overestimated. By adopting the new fitted parameters and

the extra term (given in Table 1), the FRACS-C can predict

the measured cross sections quite well.

More measured isotopes in projectile fragmentation

reactions will be tested with the FRACS-C parameterizations.

In Fig. 3, measured isotopes with I ¼ �4 and �5 in the

345 MeV/u 78Kr ? 9Be [11] are plotted together with

predictions from the FRACS and FRACS-C parameterizations.

One can see that the FRACS parameterizations significantly

overestimate the measured results, while the results by the

FRACS-C parameterizations show better agreement with the

measured data compared to the FRACS parameterizations.

The cross sections of very proton-rich isotopes with Z ¼
21 � 28 and I� � 6 in the 650 MeV/u 58Ni ? 9Be reac-

tion have been reported [25]. The cross sections of these

measured isotopes are shown in Fig. 4, where the predicted

results by FRACS and FRACS-C parameterizations are com-

pared. For the I ¼ 0; 1, and 2 nuclides, FRACS can reproduce

the measured results well, while the FRACS tends to under-

estimate the measured results as the nuclide becomes more

proton rich. The FRACS-C parameterizations reproduce the

results for I� 0 and I\0 isotopes, even when I ¼ �6.

Fig. 1 Correlation between l1 (solid symbols) and E. A fit of the

l1 � E correlation to a Gaussian function is denoted by the solid line

Fig. 2 (Color online) The measured cross sections (solid symbols) for

the Ge and Se isotopes in the 140 MeV/u 78Kr ? 9Be reaction [24],

together with the predictions from EPAX2 (dotted lines), FRACS (dashed

lines), and FRACS-C (solid lines) parameterizations

Fig. 3 (Color online) The measured cross sections (solid symbols) for

the Z ¼ 22�28 isotopes in the 345 MeV/u 78Kr ? 9Be reaction [11]

together with predictions from the FRACS (lines) and FRACS-C (open

symbols) parameterizations
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The cross sections of the I ¼ �1 and �2 nuclides have

been measured in the 1.0 GeV/u 124Xe ? Pb [26] and 136Xe

? Pb, and 1.015 GeV/u 112Sn ? Be [27] reactions. The

measured and predicted cross sections by FRACS and FRACS-C

parameterizations are compared in Fig. 5. One can see that,

in the three reactions, the FRACS predictions agree with the

measured data for the I ¼ �1 nuclide, while the results for

the I ¼ �2 nuclide are underestimated. The FRACS-C

parameterizations improve the prediction quality and

reproduce the cross sections well for both the I ¼ �1 and

�2 nuclides.

It has been claimed that the FRACS parameterizations are

more appropriate for reactions with incident energy higher

than 140 MeV/u because the parameters are fitted for the

series of reactions with higher energy. In this article, we

have investigated the reaction systems with intermediate

(Ni ? Be) to the heavy ones (Xe ? Pb) masses with

incident energy above 140 MeV/u. It is shown that the

FRACS-C parameterizations improve the quality of the FRACS

parameterizations for proton-rich isotopes and reproduce

the measured results quite well. To quantitatively estimate

the deviation factors for the predictions, an A-factor tech-

nique is adopted to show the deviation between the pre-

dicted and measured results in this work. The A-factor is

defined as [28]

A � 1

N

X

N

i¼1

jrexp
i � rcal

i j
jrexp

i þ rcal
i j ;

ð7Þ

Dexp
i ! Di �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðDexp
i Þ2 þ ðDcal

i Þ2
q

; ð8Þ

where Dcal
i should be the statistical error of the predicted

cross section by the FRACS-C parameterizations. Statistical

error has been ignored in this work since it could not be

calculated by FRACS-C. The A-factor is independent and

invariant with respect to exchange of the experimental and

calculated cross sections. A prediction will be more accu-

rate for smaller A-factor values. The predicted A-factor

results using the FRACS and FRACS-C parameterizations are

shown in Fig. 6. It is easy to see that the values of the A-

factor for the FRACS-C parameterizations, in general smaller

than 0.3, are quite smaller than those for the FRACS

parameterizations.

Fig. 4 (Color online) Cross sections for the measured isotopes with

Z ¼ 21 � 28 (solid symbols) in the 650 MeV/u 58Ni ? 9Be reaction

[25]. The predicted results by FRACS (lines) and FRACS-C (open

symbols) are also plotted

Fig. 5 (Color online) The measured cross sections for the I ¼ �2 and

�1 isotopes (solid symbols) in the reactions of: (a) 1.0 GeV/u 124Xe

? Pb [26], (b) 1.0 GeV/u 136Xe ? Pb [26], and (c) 1.015 GeV/u 112Sn

? Be [27]. The predicted results by FRACS (lines) and FRACS-C (open

symbols) are compared to the measured data

Fig. 6 (Color online) A-factors for the predicted cross sections of

nuclides in different reactions by the FRACS (solid symbols) and FRACS-

C (open symbols) parameterizations. The A-factor results are calcu-

lated based on the I value of the isotope
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The improved FRACS-C parameterizations for FRACS make

it more suitable for cross-sectional predictions regarding

proton-rich isotopes near the drip line area, which fulfills

the urgent requirement for experimental designation of rare

nuclei in projectile fragmentation reactions.

4 Summary

The FRACS parameterizations have been improved, which

we call FRACS-C, and have been used to predict the cross

sections for isotopes produced in projectile fragmentation

reactions. The parameters (r7 and l1 in FRACS) used to

determine the cross sections of proton-rich isotopes have

been re-adjusted, and an extra term is also introduced to

better reproduce the cross sections for proton-rich isotopes.

By analyzing the measured cross sections of proton-rich

isotopes produced in a series of reactions, including the 140

and 345 MeV/u 78Kr ? 9Be, 650 MeV/u 58Ni ? 9Be,

1 GeV/u 124;136Xe ? Pb, 1.015 GeV/u 112Sn ? 9Be reac-

tions, it is shown that FRACS-C can better reproduce the

measured cross sections of nuclides with I ¼ �6, which is

considerably close to the proton drip line of intermediate

mass nuclides.
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