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Abstract A longitudinal accumulation scheme based on a
triple-frequency RF system, in which the static radio fre-
quency (RF) bucket is lengthened to be compatible with the
realizable raise time of a fast pulse kicker, is proposed in
this paper. With this technique, the bunch from a booster
can be captured by the longitudinal acceptance without any
disturbance to the stored bunch, which remains at the
center. This composite RF system consists of three differ-
ent frequencies, which can be regarded as the conventional
bunch lengthening RF system (usually containing funda-
mental and third harmonic cavities) extended by an addi-
tional second harmonic RF cavity. In this paper, we discuss
the RF jitter and the transverse mode-coupling instability
(TMCI) when using this special RF system. Considering
several different bunch profiles, we discuss the beam sta-
bility with regard to the RF jitter. However, for the TMCI
we assume an ideal bunch profile, where the bunch is
exactly lengthened to the maximum extent. While
macroparticle simulation is the main method used to study
the impact of the RF jitter, numerical analysis and simu-
lations for the TMCI while using a triple-frequency RF
system are also presented in this paper. An approximation
formula, based on the existing model, is also derived to
estimate the impact of the TMCI on the single bunch
current threshold when using harmonic cavities.
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1 Introduction

One of the intrinsic characteristics of advanced light
sources is their narrow dynamic aperture, which creates
new challenges for the corresponding injection scheme de-
sign [1]. We have previously proposed a new on-axis
accumulation scheme based on a triple-frequency radio
frequency (RF) system [2], which consists of fundamental,
second harmonic, and third harmonic cavities (HCs).
Compared to the conventional bunch lengthening RF sys-
tem, normally consisting of a double-frequency RF system,
the added harmonic cavity helps to lengthen the original
static longitudinal acceptance. In addition to the time
interval between the stored bunch and the outermost
injection point, we expect that this value could be larger if
the “golf club” effect is taken into consideration [3] by
employing the general lattice parameters of fourth-gener-
ation light sources. Provided the design of a fast pulse
kicker is compatible with this time limitation, in theory
there will not be any disturbance to the stored bunch during
the injection process. In general, the proposed scheme not
only enables on-axis beam accumulation in multi-turns, it
also prevents disturbances to the stored bunch and keeps all
RF parameters unchanged during normal operation. To
study the relevant impacts on the beam while using such a
complex RF system, several subtopics are being studied
and we will discuss some of them in this paper.

RF jitter is inevitable in the normal operation of an RF
system. Even in a high-precision low-level RF (LLRF)
system, full elimination is impossible. For SR experiment
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users requiring high time resolution, investigating and
evaluating this effect is very meaningful. Such a compli-
cated triple-frequency RF system may affect the beam
stability further.

Macroparticle simulation is our main method of study,
where the injection process and normal states are consid-
ered separately.

According to their specific bunch profiles, we divide
them into a few cases to examine their different features.

Among the collective instabilities restricting the per-
formance of advanced light sources, the single bunch
charge is usually constrained by the single bunch instability
owing to the interaction between the beam and the trans-
verse impedance. Compared to the instability caused by the
other impedance sources, the transverse mode coupling
instability (TMCI) is the most harmful to the bunch.
Microwave instability (MWI) is a typical longitudinal
single bunch instability caused by the interactions between
the beam and longitudinal impedance. While in general it
can induce bunch turbulence and an increase in energy
spread, it may not affect the beam stability immediately, as
discussed in [4]. Owing to the small physical aperture of
the vacuum chambers in the straight sections (usually only
a few millimeters), these large transverse wall (RW)
impedances could represent the main contribution of the
transverse impedance, and we assume that this instability is
predominant in this study. Because of its significance, this
instability in a single-frequency RF system has been well
solved, simulated, and observed in running systems [5, 6].

An increasing number of modern light sources choose to
include harmonic cavities to mitigate the IBS effect and
increase the beam’s lifetime. Nonlinear synchrotron motion
creates a few new difficulties, and the problem is not well
understood. In 1983, Chin studied this problem using
perturbation theory and conventional mode-analysis
methods [7], proposing that transverse motion will be
unstable under any current without radiation damping.
S. Krinsky proposed several approximation formulas for
different impedance sources, indicating a reduction of the
single bunch threshold occurs when harmonic cavities are
used [8]. This result is similar to M. Venturini’s conclu-
sions using the typical parameters of a fourth-generation
light source, indicating that the presence of harmonic
cavities will reduce the instability current threshold by
more than a factor of two [9]. However, the simulation
results reported in [4] did not indicate a significant impact
on the single bunch current threshold when using harmonic
cavities, in allusion to the use of a high-energy photon
source (HEPS). Additionally, these studies do not involve a
triple-frequency RF system, and we therefore investigate
this instability under these conditions in this study.

In this paper we discuss the numerical analysis and
simulation results in a triple-frequency RF system, which is
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mainly based on the same framework as a double-fre-
quency RF system using a modified ¢ parameter. The
common method is still based on the mode analysis of the
linearized Vlasov equation, and we follow M. Venturini’s
treatment of the radial dependence of the modes by rep-
resenting them as values on the simulation grids. From a
qualitative analysis through comparison with a conven-
tional double-frequency RF system, single-particle motion
can be described through a Hamiltonian similar to that of a
quartic potential if we eliminate the first two derivatives of
the RF voltage at the synchrotron phase.

Furthermore, based on the existing model, an approxi-
mation formula can be derived after several simplifications,
and we utilize this formula to estimate the TMCI impact on
the single bunch current threshold when harmonic cavities
are present. Relevant comparative results with the results
from the macroparticle simulation code exhibit good
agreement.

The main contents of this paper are divided into five
sections. In Sect. 2, we introduce the background of the
triple-frequency RF system used for the on-axis beam
accumulation to describe the starting point used to build
such a complex RF system. In Sect. 3 we differentiate
several cases according to the bunch profiles and then
present the relevant results using a macroparticle simula-
tion code, and finally provide generalized summaries. We
then focus on the TMCI driven by the RW of the RF
system in Sect. 4. We first introduce single-particle motion
including the triple-frequency RF system and present sev-
eral pivotal formulas. We then apply M. Venturini’s model
to our problem and present the final numerical results. In
Sect. 5, we derive the approximation formula from the
results obtained in Sect. 4, predicting the impact on the
instability threshold with and without harmonic cavities,
and relevant benchmarks will be presented. Finally, we
conclude the paper.

2 Brief introduction to the triple-frequency RF
system

We present a brief introduction to our newly proposed
on-axis injection scheme, which is based on a triple-fre-
quency RF system [2]. Sufficient time to raise the full-
strength of a kicker pulse, and no disturbance to the cir-
cular bunch, are essential to enable beam accumulation.
However, these goals are unrealistic in present RF systems,
whether using single-frequency or double-frequency sys-
tems owing to the fact that the length of one static bucket is
insufficient to raise a full kicker pulse.

The improved scheme, by adding another harmonic
cavity in the conventional double-frequency RF system
(turning it into a triple-frequency system), will significantly
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lengthen the original longitudinal static bucket. In Fig. 1
we present a comparison while using different HEPS lattice
parameters [10], where different colored lines represent the
single-frequency, double-frequency, and triple-frequency
RF system.

The static bucket formed by the triple-frequency RF
system (red lines) is clearly much longer in the longitudinal
scale than the other two RF systems. The time limit for the
fast pulse kickerislooser [11], and the bunch from an injector
through the beam transport line can be kicked and captured
by the longitudinal acceptance with no disturbance to the
original stored beam if a full pulse can be raised properly.

Flexible bunch lengthening conditions can be satisfied
through various RF settings to mitigate the IBS effect and
other collective instabilities. Noting that the above fig-
ure and following simulation studies are all based on
HEPS, we present all major parameters in Table 1, where
14 insertion devices designed for radiation damping in the
first stage are included.

3 Impacts of RF jitter on the triple-frequency RF
system

Longitudinal motion of an ultra-relativistic electron
obeys the following differential equations:
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Fig. 1 (Color online) Various static buckets and potential energy
curves using different RF systems. The single-frequency, double-
frequency, and triple-frequency RF systems correspond to orange,
blue, and red lines, respectively

Table 1 Major parameters of HEPS

Parameters Values
Circumference, C (m) 1360.4
Beam energy, Ej (GeV) 6

Beam current, Iy (mA) 200
Natural emittance, € (pm) 26.14
Betatron tunes, vy /vy 114.19/106.18
Momentum compaction, o, 1.28¢—5
Natural energy spread, a4 1.14e—3
Energy loss per turn, Uy (MeV) 4.38
Damping time, t,/t,/7, (ms) 7.4/12.4/9.5
Harmonic number, A 756
Main RF frequency, fRp (MHz) 166.6
Main RF cavity voltage, V¢ (MV) 7.16
Second harm. cavity voltage, V,, (MV) 3.59
Third harm. cavity voltage, V,, (MV) 0.90
Main RF cavity phase, ¢y (rad) 243
Second harm. cavity phase, ¢, (rad) 0.11
Third harm. cavity phase, ¢,, (rad) 4.03
Bunch length (no HCs), o, (mm) 2.6
Bunch length with HCs, ¢, (mm) 32.2
Linear synchr. tune (no HCs), vy 1.2e—-3
Avg. synchr. tune with HCs, (vs) 7.85e—5
ID length, Lgyy (m) 84
Vacuum chamber radius, r (mm) 3

Energy loss per turn and relevant parameters induced by 14 insertion
devices are listed, whose values are derived from ELEGANT simu-
lations [12]

%: —cud,

dt

o 1 (1)
PP m(éV(Z) = Up).

In the equations, c is the speed of light, o is the momentum
compaction factor, and J is the relative momentum devi-
ation. Ej is the nominal beam energy, Ty is the revolution
time, V(z) is the total RF voltage, and Uy is the energy loss
per turn. When using the triple-frequency RF system [13],

) Z ) Z
V(z) = V¢ sm(cafz + ¢f) + Vi, sm(u)fznl +¢,,)
(2)
. z
+V,, sm(a)f;nz +¢n),

in which wy is the angular frequency, and ni,n, are the
harmonic numbers. V¢, V,,, and V,, are main and other
harmonic cavity voltages.

We first determine whether jitter can affect the original
normal injection process, specifically when the bunch is
merging toward the center of the static bucket. Then for the
normal state, according to the different bunch profiles, we
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divide them into three cases based on tuning the RF cavity
phases:

1. RMS bunch length is less than the maximum, while the
bunch profiles are still in a Gaussian distribution;

2. Bunch profiles are non-Gaussian but double-peaked,
and there are no distinct bunches;

3. Bunch profiles are double-peaked, but two distinct
bunches are formed.

Furthermore, we subdivide each case to obtain a larger
sample size by tuning the fundamental cavity phase and
third harmonic cavity phase. Figure 2 shows the beam
longitudinal distributions corresponding to the three cases
from top to bottom, respectively.

The macroparticle simulation code ELEGANT [12] is
utilized, and we choose the HEPS lattice for the triple-
frequency RF system. The RF jitter white noise from pre-
liminary RF design is shown in Fig. 3, in which random
noise will be added to the original RF parameters on a turn-
by-turn basis. Here the expected value is 0.01 for amplitude
and 0.02° for phase fluctuation [14].

Figure 4 shows the jitter of the bunch centroid after the
bunch is injected 2 ns away from the synchrotron phase,
while in the right figure, noise is injected from outside the
static bucket with a larger time interval of 2.2 ns. The red
line and the blue line indicate the trajectories as the bunch
is merging toward the center of the static bucket, with and
without RF jitter, respectively. The figure indicates no
obvious impact to the original trajectory under the present
noise data, as the damping motion is not affected. The
longitudinal damping time is 9.5 ms, corresponding to
approximately 2100 turns. After nearly 10,000 turns, the
bunch has concentrated at the center.

Figures 5, 6, 7, and 8 present the relevant results for
cases 1, 2, and 3, respectively. In these figures, the maxi-
mal offset of the bunch centroid and the bunch length as

el
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Fig. 2 (Color online) Bunch profiles for cases 1, 2, and 3 from top to
bottom, respectively. The lines in each figure represent the same case
but involve slightly different tuning RF phases in the fundamental
cavities
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Fig. 3 (Color online) RF jitter white noise data utilized as input in the
simulations
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Fig. 4 (Color online) Longitudinal motion of bunch centroid in the
presence of RF jitter, injecting at df = —2 ns and dp = 0 (left), and at
df = —2.2 ns and dp = 0.03 (right). Red and blue lines represent the
result with and without RF jitter, respectively
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Fig. 5 (Color online) Maximal offset of bunch centroid and bunch
length in case 1, discrete points indicate different values of bunch
lengthening parameter ¢

they vary with the bunch lengthening parameter ¢ are
presented, where & is defined as

¢ = (Vgcos(¢s + dg) +m Vi, cos(mo + ¢,,))/(—ma
Vnz COS(H2¢S + ¢n2))a
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Fig. 6 (Color online) Longitudinal distribution with and without RF
jitter for every 2000 turns in each subplot (case 1)
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Fig. 8 (Color online) Maximal offset of bunch centroid and bunch
length in case 3, discrete points indicate different values of bunch
lengthening parameter &

and ¢ =1 when the first derivative of the RF voltage is
zero. Our starting point is the optimal bunch lengthening
(OBL) condition, where the first and second derivatives of
the RF voltage are both zero. The deviation caused by ¢ is
away from the OBL condition, and this value is lower for a
shorter bunch length.

From Fig. 5, we find that the amplitude of the bunch
centroid jitter and the bunch length is decreasing along

with a lower &, which can also be derived from the lon-
gitudinal bunch distribution. When ¢ is less than 1, namely
the OBL condition, the bunch will be confined within a
more narrow potential well and requires more energy to
escape this well. Therefore, the bunch is somewhat more
stable at this point.

The bunch longitudinal distributions with and without
RF jitter are presented in Fig. 6 for every 2000 turns in
case 1, in which the bunch is moving forward and back-
ward, indicating that the bunch centroid is shifting. From
this perspective, a few deviations to the OBL condition are
beneficial against the RF jitter. Nevertheless a shorter
bunch length means that stronger beam intensity is needed,
which may indicate that a better trade-off between the
beam stability and bunch lengthening should be explored.

Figure 7 presents the results for case 2, where the bunch
is over-stretched, corresponding to the double-peaked
bunch profile. The amplitude of the bunch centroid shift is
always greater than 0.2 ns and is larger than in case 1, as is
the variation of bunch length, and the change with
increasing bunch lengthening parameter & is lower. In this
case, the bunch is moving in the longitudinal phase space
and becomes uncontrollable, which may influence the user
experiment, requiring a higher time resolution scale.

For case 3, the result is presented in Fig. 8, which looks
like an opposite case compared to case 2. The maximal
offsets of the bunch centroid and bunch length are confined
within a small range, and no obvious variation tendencies
are observed. The bunch is more stable owing to its special
double-peaked distribution, where both distinct bunches
are confined within two deeper potential wells, which is
similar to case 1, although there is no need to lengthen the
bunch to such an extreme condition during normal opera-
tion of the system.

These simulation results for the RF jitter in a triple-
frequency RF system for several different bunch length-
ening conditions can be used as references for user
experiments that require high longitudinal beam stability.
A shorter bunch length will be of benefit to beam stability,
while the bunch is in the Gaussian distribution.

In fact, the fundamental cavities are the main power
contributors, whether in a double-frequency or a triple-
frequency RF system. In our RF setting, the other harmonic
cavities are absorbing very little power from the beam.
Energy loss per turn Uy is larger than 4.3 MeV in HEPS,
and the bucket height of 3.5% requires more than 7 MV in
the fundamental cavities, which may require 5-6 super-
conducting cavities. For the other harmonic cavities, the
designed voltages are only half or less, and less power is
exchanged with the beam. Obviously, the fundamental
cavities are more easily affected and sensitive to RF jitter.
Figure 9 presents the results when removing the RF jitter
from the fundamental cavities. The right image only
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Fig. 9 (Color online) Comparison of the motion of the bunch
centroid when removing RF jitter in the fundamental cavities, where
the right image shows the result after removing the jitter

includes the noise present in the second and third harmonic
cavities. The bunch merges to the synchrotron phase after
nearly 10,000 turns, and there are only very weak oscilla-
tions in the next 90,000 turns (less than 0.02 ns, as indi-
cated by the warm color area). However, once the
fundamental cavities’ noise is added, as shown in the left
image, the bunch centroid begins to oscillate irregularly
over a larger longitudinal scale, where the maximal offset
is nearly 0.2 ns. The longitudinal position of the bunch
centroid is located at — 0.2 ns and 0.02 ns after 30,000
turns and 50,000 turns, respectively.

The problem may be more complicated if the phase
transient effect due to the nonuniform filling pattern is
taken into consideration, and we may investigate it in the
future. The above discussion also applies to a typical
double-frequency RF system, in which the fundamental
cavities still provide most of the power, while the harmonic
cavities absorb little power from the beam. For the con-
ventional single-frequency RF system, there is no need to
differentiate the bunch profile to such a complex degree.

4 Relevant studies on TMCI driven
by the resistive wall impedance for a triple-
frequency RF system

In the following discussion, we examine the transverse
mode-coupling instability when using a triple-frequency
RF system, namely involving nonlinear synchrotron
motion that is slightly different from that of a double-fre-
quency RF system. Note that the Landau damping effect is
not considered in the analysis.

Based on the above consideration, the numerical anal-
ysis method we use still follows M. Venturini’s basic
framework [9]. However, certain revisions are required for
the triple-frequency RF system regarding the single-parti-
cle Hamiltonian and synchrotron motion. In the following
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discussions, we omit some steps and simply present the
revisions to the single-particle motion in a triple-frequency
RF system and present several key formulas.

For the OBL condition, the first two derivatives of V(z)
will be approximately equal to O at the synchrotron phase.
If combined with a second radiation power compensation
requirement: V(z) = Uy ¢s» these conditions are adequate
to solve for all of the RF parameters in the double-fre-
quency case. In this analysis, V| is constrained by the
required bucket height, while the other three RF parameters
¢, Vu,and ¢, can be defined as

. n? U
Sln(f)f _—n2 — 16—‘/f7
Vi | in®
V, = —4/cos? s + h 2¢f, (4)
n n
t
cos ¢, = v cos ¢y.

However, it is difficult to represent the triple-frequency RF
case this simply because of the degrees of freedom intro-
duced by the additional harmonic number. In Appendix A
of [2], we proposed a feasible approach to search for these
RF parameters by adding another index and restricted
conditions to match the additional degrees of freedom. The
final analytic expressions are omitted in this discussion for
brevity.

Through the Taylor expansion of Eq. 2, and combining
the OBL condition, where the first two derivatives in the
Taylor expansion disappear, the third-order term is domi-
nant. To simplify the final expressions, we define a series
of auxiliary quantities y;, i =0, 1, 2, 3, -- -, n, where n is
the above harmonic number, as y; =V, cos¢, /
(Vicos ¢y), and y, = Vi cos ¢¢/(Vicos ¢g) = 1.

The value of n is based on the RF frequency system, in
which {0, 1} is a conventional bunch lengthening system,
and {0, 1,2} is the triple-frequency RF system. Especially
for the dualistic combination {0,n}, y, has the concise
form y, = —1/n for a positive integer n. For the other
multivariate cases, y, cannot be expressed so concisely. By
means of the auxiliary quantities, we can define a unified
V, up to the third-order term as V, = (=1 —n}y} —n3y3—
n3y3 — -+ )V cos ¢;/6. For a triple-frequency RF system,
the first three terms are used. Thus the Hamiltonian of
single-particle motion with the quartic potential is

H = acd? /2 4 acqz* /4, in which
g = Lo min —mn) eVeki
6 OCCE()TQ

cos ¢y, (5)

where k| is the wave number. Note that the only difference
with the case of the double-frequency RF system is the
coefficient g, and we could derive the same results by
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means of the Hamiltonian; however, we simply present the
final formulas. The bunch length with the presence of
harmonic cavities and the average synchrotron angular
frequency along the bunch can be derived as [9]

. TG/

7O AT (i) )
_ 24 rocay

(os) = r(1/4)0, @™

In the equations, o5 is the relative energy spread, and
I'(3/4) and I'(1/4) are both constants defined by the
Gamma function. o, and (ws) are the bunch length and
synchrotron angular frequency when harmonic cavities are
present, respectively.

After including the nonlinear synchrotron motion, we
follow M. Venturini’s basic framework to represent the
radial functions R,(p,) on a uniform grid p, = (n—
1/2)Ap,, and the similar discretized equation applied is
(AQR = MR, in which AQ=(Q— w,)/(h{ws)),
hy = 234732 )T (1/4)%, and (ws) = 2n(vs) /Ty are a com-
plex frequency shift and an average synchrotron angular
frequency, respectively. The kernel matrix M can be writ-
ten as [9]

Min,m’,n,n’ = mpném,rn’én,n’

(3)

A ok
—ile hlp"gm,m'(pnvpn’)pi’Apv

involving the dimensionless bunch current parameter 7, and
the constant iy = 272/T(1/4)*. Note that all our discus-
sions to this point are in allusion to a single impedance
source strictly: the resistive wall (RW), and under this case,
the matrix element G, ,,» containing the impedance part can
be expanded to a general expression [9].

gm,m’(pm pn’) - i(mim/) / Jm(Kpn)Jm’(Kpn’)
. e (9)
sign () ik
x|

The RW impedance Z(k) for a round chamber along a total
length L is [5]

ien(k) — i s
Z(0) = / B (s) Slg;f(s))3 ,/Z‘;’l’é )ds,

where Z; is the impedance of free space Zy = 1/(eoc) with
the vacuum permittivity €y, and the segmented resistivity is
noted as p(s). The above dimensionless bunch current
parameter is defined as [9]

NreeByL
m/2y(vs)b3\ /ca.a.2’

(10)

[ =

(11)

where N is the number of electrons in a single bunch and r¢
is the electron classic radius. The average beta function is
By, and a circular cross-sectional pipe is defined by its
length L, radius b, and conductivity g¢c. Thus far we have
listed the required key formulas for the following numer-
ical analysis, although most are those used for a double-
frequency RF system except for the difference introduced
by ¢ in Eq. 5.

The conventional method is to ascertain all the RF
cavity voltages and phases for the OBL condition using the
triple-frequency system according to the designed lattice
parameters and bucket height. Accordingly y;, yx,, and g
are derived, as well as the final bunch length ¢, and the
average synchrotron angular frequency (ws) from Egs. 6
and 7. For a specific single bunch current 7, corresponding
to the number of electrons N, the RW impedance is con-
sidered to derive the final I through Eq. 11. After acquiring
all indispensable parameters, the final step is to solve the
eigenvalues of the kernel matrix M in Eq. 8 and acquire the

complex frequency shift AQ consisting of the disparate

transverse modes ReAQ and their growth rates ImAQ.
Numerical analysis results for the TMCI in a triple-
frequency RF system are presented in Fig. 10. Unsta-
ble motions will emerge at the convergence of the trans-
verse modes m =0 and m =1, and therefore this
convergence point identifies the single bunch current
threshold Iy,. The red imaginary line represents the differ-
ent asymptotic properties ImAQ o [® for 1<0.2, and

ImAQ I for higher values, which were previously pre-
sented in M. Venturini’s results for a double-frequency RF
system. Here we consider that this segmented scaling law,
and the framework, also applies to the triple-frequency RF
system.

We make the comparison utilizing the macroparticle
simulation code ELEGANT [12]. With this code, the

107
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Fig. 10 (Color online) Numerical results and estimated values
obtained by applying the scaling law to ImAQ, represented by blue
discrete dots and imaginary lines, respectively. The results obey o< I
for /<0.2 and o I for values greater than 0.2
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ILMATRIX represents a single-turn beam transport, the
triple-frequency RF system is built through RFCA, and the
RW impedance is given in ZTRANVERSE. By tuning the
single bunch charges, the ever-increasing oscillation of the
bunch centroid exactly represents the unstable motion.
Therefore, the single bunch current threshold and the
growth rates by fitting the growth trajectory of the bunch
centroid can be derived. Figure 11 presents the comparison
between the estimated values obtained by the scaling law
and the simulation results. The point of intersection with
the radiation damping rate (represented by the blue imag-
inary line) indicates the single bunch current threshold.

Up to now we have applied the existing theoretical
framework of the TMCI in a double-frequency RF system
to the triple-frequency system, where the same scaling law
is still applicable and the simulation results using ELE-
GANT fit well. As we discussed previously, both share
similar dynamic characteristic and bunch profiles if both
remain under the OBL condition. Note that our discussions
are all based on the zero-chromaticity condition, and for a
different designed chromaticity, this single bunch current
limitation may not be as severe.

5 Approximation formula to estimate the impact
of TMCI on single bunch current threshold

5.1 Single-frequency RF system

In this section, we present an approximation formula to
estimate the impact of the TMCI on the single bunch
current threshold. The focus here is the ratio between the
single bunch charge threshold including harmonic cavities

Qll;arm., and the original value while using a single fre-

quency RF system Qob, where their ratio is Qll;arm. / Qob.

10* \ ‘
—Fitting by scaling law
+ ELEGANT simulation
— Vertical damping rate
vTQJQZ e
2
g
£
H
o 100 4
(0]
10.2 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Single bunch current [mA]

Fig. 11 (Color online) Comparison between ELEGANT simulation
and estimated values obtained by fitting the scaling law (black dots
and red lines, respectively), while the blue imaginary line indicates
the vertical damping rate. The point of intersection at approximately
0.23 mA indicates the single bunch current threshold
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When using the expression of the number of electrons
N'/Ny, N’ is the number of electrons corresponding to the
single bunch charge at the threshold as limited by TMCI
when harmonic cavities are present, where Ny corresponds
to a single-frequency RF system.

Considering the single-frequency RF system with only
linear synchrotron oscillation, the general formula has been
deduced in many papers, and we simply choose one of
them for our analysis. For the single-frequency RF system,
the threshold is determined by [8]

2

M =0.7, (]2)
4mymc?vg
where e is the charge of the electron, Ny has been defined
previously, and f, is the vertical beta function of the
impedance. Valid for the case of the above RW wakefield,
the kick factor kgpyy is approximated as [8]

cZOZLsg/ 2

AN

where sy = 2133/ (Zoa)l/ 3, and other parameters have
been defined previously. We then substitute the single
bunch charge N, into the dimensionless bunch current

threshold 16, eliminating the impact of the RW wakefield,

such that I, = 1.707 \/ETZ;CC = 0.1926. To simplify the dis-
0

KRW ~ (.58 (13)

cussion, we will utilize this value to determine Nj.
5.2 Including harmonic cavities

We have so far investigated the TMCI for a triple-fre-
quency RF system, indicating it shares similar dynamic
characteristics as a double-frequency RF system. The
threshold is determined by the growth rate of unsta-
ble motion and the vertical damping rate. We next consider
that the synchrotron radiation is the only contribution to the
damping effect, and this radiation is expressed as

ImAQ = ty_l, (14)

where 1, = 2E(To/(J,Up) is the vertical damping time, and
Jy, =1 is the radiation damping partition number. Fur-

thermore, based on the fitting function to ImAQ presented
by M. Venturini in [9],

R 5/37\6
ImAQ = <2A = f) - .
1 +0.55 x (41)°(1 + tanh(f/2))

(15)

Now combining Egs. 12, 14, and 15, we derive an
approximation formula, denoting it as CO. Here we assume

that the final / is small enough so that we can replace

tanh(I/2) with //2. We then make a rough approximation
to solve the higher-order polynomial equation, where we
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In these simulations, a ~ 1.519 and b = 47nh, ~ 8.953 are
both constants, and h, = 23/473/2/T°(1/4)*. The value on
the left side of the equation (greater or less than 1),
respectively, indicates a positive or negative impact on the
original single bunch current threshold.

The simulation results obtained by ELEGANT using the
above equations for CO and C1 are then implemented and
compared. For a more general result, we utilize the lattice
parameters from the typical third- and fourth-generation
light sources worldwide, whose major parameters are listed
in Table 2. The final results are presented in Fig. 12. Note
that equation Cl was derived while making a rough
approximation based on I< 0.2; however, for HEPS this

Fig. 12 Comparative results between simulation results and esti-
mated values using approximation formulas CO and C1

value is closer to 0.4, which causes erroneous results in this
case. From Fig. 12, the estimated values obtained by Cl1
therefore diverge from both the simulation results and CO.

For the other lattice parameters, the estimated values
using CO and CI1 fit well with the simulation results.
Although there are certain deviations in some points, the
overall results agree well with each other. It is somewhat
odd that all systems yield a value of N'/Ny less than 1,
which implies a reduction in the single bunch current
threshold after including harmonic cavities, except in the

Table 2 Major parameters of some typical third- or fourth-generation light sources, where ? indicates upgrading projects, while new designs are

represented by ® symbols

Facilities SPRING8*  HEPS® APS-U* NSLS-II  KEK-LS® SOLEIL*  SPS-II* ALS-U*
Circumference, C (m) 1435.35 1360.4 1103.98 780.3 570.72 354.2 321.3 196.5
Beam energy, Ey (GeV) 6 6 6 3 3 2.75 3 2
Natural emittance, € (pm) 100 26.14 66.9 510 130 72 960 109
Betatron tunes, v, 109.14 114.19 95.125 32.35 48.58 54.30 34.24 41.36
Betatron tunes, vy 42.34 106.18 36.122 16.28 17.62 18.30 12.31 20.37
Momentum compaction, o, 3.32e—5 1.28¢—5 5.66e—5 3.68¢e—4 2.2e—4 1.5e—4 3.18e—4 2.79¢—4
Natural energy spread, a4 9.26e—4 1.14e—3  9.55e—4  9.8e—4 6.42e—4 8.6e—4 7.7e—4 8.35e—4
Energy loss per turn, Uy (MeV) 5 4.38 2.27 1.172 0.298 0.31 0.577 0.182
Horizontal damping time, 7, (ms) 14.4 7.4 12.1 13 29.3 10 9.5 7.7
Vertical damping time, 7, (ms) 11.5 12.4 19.5 13 383 21 11.1 14.4
Longitudinal damping time, 7, (ms) 5.2 9.5 14.1 6.5 22.7 23.2 6.1 12.8
Harmonic number, kg 2436 756 1296 1320 952 416 536 328
Main RF cavity voltage, Vy (MV) 7.1 5.28 3.72 4.65 1.75 0.76 1.83 0.63
Third harm. cavity voltage, Vy; (MV)  1.57 0.83 0.72 1.49 0.57 0.23 0.58 0.2
Main RF cavity phase, ¢¢ (rad) 223 1.94 243 2.85 2.95 2.66 2.78 2.81
Third harm. cavity phase, ¢, (rad) — 041 —0.72 — 021 - 0.1 — 0.065 - 0.17 —-0.13 —0.11
Bunch length (no HCs), o, (mm) 2.4 3.8 3.7 4.2 3.2 4.6 3.5 3.5
Bunch length with HCs, ¢, (mm) 11.6 25.1 17.1 15.1 13.3 19.1 14.1 14.4
Linear synchr. tune (no HCs), vy 3e—3 8.68e—4  2.6e—3 1.08e—2  4e-3 1.6e—3 3.5¢e—3 2.1e—-3
Avg. synchr. tune with HCs, (vs) 5.05e—4 1.05e—4  4.47e—4  24e-3 7.75e—4 3.06e—4 7.16e—3  4.2e—4

Note that relevant data in the table do not necessarily represent the latest versions, and that the bucket height is fixed at 3.5% in a double-
frequency RF system consisting of fundamental and third harmonic cavities [15-22]
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Fig. 13 (Color online) Tuning of Ey/Uy, where the estimated values
of N'/N, are obtained by approximation formula CO, while the
simulation results are obtained from ELEGANT

case of HEPS. This occurs because the Ey/Uy and v
values applied to HEPS are too low, leading to a smaller
value after subtracting a constant from the denominator of
Eq. 16, which increases the positive contribution to the
final N'/Ny. From the perspective of the lattice parameters,
the larger energy loss per turn Uy and very small
momentum compaction factor o are both contributing
factors.

Here we hypothesize another situation to further study
the impact of Ey/Uy. The additional U, caused by the
insertion devices can be gradually varied while fixing the
nominal energy Ej. Other related variables, the radiation
damping partition number J;, the energy spread o, and the
natural emittance €y will change correspondingly. For each
specific value of Ey/Up, estimated values are determined
by CO and by simulation results derived from ELEGANT.
The results are shown in Fig. 13. Except for a few point
deviations, the general trend by the estimation formula CO
fits well with the simulation results. Along with the
increase in Ey/Uy, the ratio of the single bunch threshold
N'/Ny decreases from 1 to approximately 0.7.

6 Conclusion

We have presented discussions on RF jitter and TMCI
regarding a triple-frequency RF system, and our starting
point is to determine whether there is unexpected diver-
gence under this special environment. In terms of a triple-
frequency RF system itself, the other two harmonic cavities
help to tune the total V(z) and lengthen the original static
bucket. Further, the triple system is similar to a conven-
tional bunch-lengthening RF system. As we mentioned in
Sect. 3, there is very little power exchange with the beam
except for the fundamental cavities. RF jitter is considered
important to stabilize the circular bunch, while it is not as
crucial for the injection process. As for the continuous shift

@ Springer

of the bunch centroid, an effective method to restrain this
shift is to control the amplitude of the RF jitter noise.

In terms of the bunch in the environment using a triple-
frequency RF system, TMCI is one of the single bunch
instabilities, and TMCI’s role is similar in a double-fre-
quency RF system. Furthermore, because of the similar
longitudinal distribution in both double- and triple-fre-
quency systems, the basic theoretical framework is still
applicable, and by applying the approximation formula CO,
the impact of the TMCI on the single bunch current
threshold of a triple-frequency system can therefore be
reasonably estimated.
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