Nuclear Science and Techniques (2023) 34:171
https://doi.org/10.1007/541365-023-01336-7

=

Check for
updates

Gravitational wave echoes from strange quark stars in the equation
of state with density-dependent quark masses

Jian-Feng Xu'® . Lei Cui' - Zhen-Yan Lu?® . Cheng-Jun Xia® - Guang-Xiong Peng*®

Received: 25 July 2023 / Revised: 1 September 2023 / Accepted: 21 September 2023 / Published online: 18 November 2023
© The Author(s), under exclusive licence to China Science Publishing & Media Ltd. (Science Press), Shanghai Institute of Applied Physics, the Chinese
Academy of Sciences, Chinese Nuclear Society 2023

Abstract

According to the recent studies, the gravitational wave (GW) echoes are expected to be generated by quark stars composed
of ultrastiff quark matter. The ultrastiff equations of state (EOS) for quark matter were usually obtained either by a simple
bag model with artificially assigned sound velocity or by employing interacting strange quark matter (SQM) depicted by
simple reparameterization and rescaling. In this study, we investigate GW echoes with EOSs for SQM in the framework of the
equivparticle model with density-dependent quark masses and pairing effects. We conclude that strange quark stars (SQSs)
can be sufficiently compact to possess a photon sphere capable of generating GW echoes with frequencies in the range of
approximately 20 kHz. However, SQSs cannot account for the observed 72 Hz signal in GW 170817 event. Furthermore, we
determined that quark-pairing effects play a crucial role in enabling SQSs to satisfy the necessary conditions for producing
these types of echoes.
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1 Introduction

The detection of gravitational waves (GWs) by the LIGO
and Virgo collaborations [1-5] has significant implications
in astrophysics, opening up new avenues for research on
black holes, neutron stars, and other dense stellar objects [6,
7]. It was suggested that GW echoes [8—10] were expected
as a generic feature of quantum corrections at the horizon
scale in the postmerger GW signals from binary coalescence
events, particularly those involving black holes. In general,
the emission of GW echoes requires dense stellar objects
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featuring a photon sphere located at R, = 3M, where M
denotes the mass of the dense object [11-14]. The photon
sphere can partially trap the GW to produce the GW echoes.

This type of a photon sphere can be found both in black
holes [15] and superdense stars [16, 17], whose radii should
be smaller than R,. For black holes, besides the photon
sphere, the GW echoes necessitate a secondary reflecting
surface to circumvent GW absorption, which may be related
to quantum effects in proximity to the black hole horizon
[18]. The possible occurrence of GW echoes at a frequency
of approximately 72 Hz, with a statistical significance level
of 4.2¢, was first investigated in Ref. [19] for the GW 170817
event, where the GW echoes were interpreted as a result of
quantum effects close to the black hole horizon.

However, Ref. [20] indicated that GW echoes can be gen-
erated not only by quantum corrections at the horizon scale
but also by exotic super-compact objects [21, 22]. Moreover,
a simplified incompressible equation of state was utilized,
revealing that a highly compact stellar object with radius
close to the Buchdahl’s radius [23] Ry = 9/4M is required to
produce GW echoes with such low frequencies. Specifically,
the Buchdahl’s radius is the minimum radius for compact
stars [23]. Additionally, in order for compact stars to produce
GW echoes, the radii of compact stars must fall within the
range of Ry < R < Rp. This compactness criterion essen-
tially precludes the realistic equation of states (EOSs) for
neutron stars [20]. Consequently, researchers are exploring
alternative compact stellar objects, such as strange quark
stars (SQSs) [24], which consist of strange quark matter
(SQM) [25-28].

In Ref. [29], the authors verified whether a more
realistic EOS of quark stars can emit GW echoes. They
employed the confined-isospin-density-dependent-mass
model with additional scalar and vector Coulomb terms
of SQM [30] and confirmed that SQSs with realistic EOS
cannot be categorized as ultra-compact objects to feature
a photon sphere to generate GW echoes. Moreover, in Ref.
[31], the authors utilized an interacting quark matter EOS
unifying interacting phases via a simple reparameteriza-
tion and rescaling. They found that GW echoes are pos-
sible for QSs with large center pressure. Furthermore, GW
echoes were examined in f(R, T) gravity metric formalism
within MIT bag model and the color-flavor-locked (CFL)
EOSs. The authors indicated that, under some consid-
erations, the realistic interacting QM can lead to stellar
structures, which are sufficiently compact to feature a pho-
ton sphere outside the stellar boundary, and thereby, can
echo GWs [32, 33]. Additionally, the author investigated
the GW echoes from SQSs for various EOSs, including
MIT bag model and linear and polytropic EOSs. How-
ever, only the MIT bag model and linear polytropic EOSs
were found to emit GW echoes at a frequency range of
approximately tens of kilohertz [34]. In a recent study
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[35], the GW echoes produced by strangeon stars com-
posed of strange-cluster matter, which is in the solid
state, were investigated. The authors recasted the EOS of
strange-cluster matter into dimensionless forms via repa-
rameterization and rescaling. Furthermore, they concluded
that strangeon stars are typically compact enough to have
a photon sphere. This sphere reflects the GWs that fall
within the gravitational potential barrier, producing GW
echoes with a minimum echo frequency of approxiamtely
8 kHz, extending even to frequencies as low as O(100)
Hertz.

Nonetheless, in the aforementioned studies, the investiga-
tions concerning GW echoes have primarily concentrated
on either a basic MIT bag model or parameterized EOSs for
SQM. In this study, we employ EOSs for SQM based on the
equivparticle model with density-dependent quark masses.
Within this model, quark masses are scaled according to the
baryon number density, replicating the complex interactions
among quarks [36].

This model was initially developed as a quark mass-
density-dependent model [37—40], and later renamed as the
equivparticle model after explicitly introducing the concept
of effective quark chemical potential [41]. Given its clear
physical picture and accurate thermodynamic treatments,
the model has been widely utilized in the study of quark
matter properties and structures of quark stars [42—46]. In
Ref. [47], we investigated the symmetry energy of SQM and
tidal deformability of SQSs within this model. Our findings
indicate that the region of absolute stability for SQM can be
significantly widened with sufficiently large isospin symmet-
ric parameter, yielding results that simultaneously satisfy the
constraints imposed by astrophysical observations of PSR
J1614-2230 with 1.928 + 0.017 M, [48] and tidal deform-
ability 70 < A, 4, < 580 measured in the GW170817 event
[7]. On application of the EOSs in this model, we determine
that SQSs can produce GW echoes with the frequencies in
the order of kilohertz, which is consistent with previous find-
ings, provided that they are composed of SQM in the CFL
phase [32, 33].

The paper is organized as follows: Sect. 2 provides a brief
overview of the EOSs for SQM in CFL phase within the
equivparticle model. Section 3 presents the process of cal-
culating the GW echoes and scrutinizes the corresponding
numerical results. Finally, a concise summary is presented
in Sect. 4.

2 EOS of CFL quark matter in equivparticle
model

The thermodynamic potential density for CFL SQM can be
expressed as:
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where g;=2X3=6 corresponds to degener-
ate factor, v denotes the common Fermi momentum,
= ( My + Hg + ,us) /3 is the averaged chemical potential of
quarks, A denotes the quark pair energy gap, B denotes the
bag constant, which can be expressed as B'/* = 180 MeV in
the following calculation, and m; denotes density-dependent
quark mass which can be scaled as:

mi=mi0+ml=mio+%, )
n,

where m, = my; =5 MeV and my, = 100 MeV are the
quark current masses [49], m; denotes the interacting part
and is the same for all flavors, and D denotes a model param-
eter representing the strength of confinement. Due to the
lack of accurate value of A, in this model A is considered to
be a free model parameter. It should be emphasized that the
quark chemical potential y; is effective. Furthermore, the
real chemical potential y; ., can be related to the effective
one due to the density-dependent quark mass [41]. To ensure
maximum paring, the common Fermi momentum v can be
obtained by taking the derivative of Q. with respect to v,
i.e., 0Qcg /ov = 0, yielding

Z\/v2+ml.2=3ﬂ. 3)

The integration in Eq. (1) can be conducted as follows:

QCFL

=— Z %{V[S/Jivz -3V + m?) v2+ mlz]
- 81

2 2 (4)
Vg Ve +m 3A2 ;2
+3m? In — 2” + B,
T

i

from which one can readily obtain the quark number
density for each quark flavor according to the relation
I’L[ = —aQCFL/()ﬂi, i.e.,

n,=n,=n4=n,= o+ 2A2ﬁ)/7r2, 5)

where n, = (n, + ny + ny)/3 denotes baryon number density.
The energy density is as follows:

E=Qcp + 2 Hin; = Qcpy, + 3npfi ©6)

Due to the density-dependent quark mass, the pressure of
the system is:

0Qcp, dm;
om; dn,’

P=—Qcp +mn, 2 (7

where the second term in the right side of the equal sign is
crucial to guarantee the thermodynamic consistency, and the
derivatives are, respectively, as follows:

Qe 3| 55
6mi =2—ﬂ_2 _v m; + v = m;
v+\/mi2+v2] (®)

X In

and
dm; D _4/3
dnb - 3 ny, - (9)

3 GW echo frequency of CFL SQS
in equivparticle model

To generate the GW echoes, the EOSs of SQM should be
sufficiently stiff to feature a photon sphere at R, = 3GM.
To examine how the stiffness of EOS changes with model
parameter D and A, we express the velocity of sound as func-
tion of \/B (upper panel) and A (lower panel) with respect to
different baryon number densities provided in Fig. 1. Based
on the upper panel in Fig. 1, at a fixed A = 150 MeV, the
velocity of sound decreases as \/l_) increases, indicating a
softening of the EOS with larger D. Conversely, with fixed
\/l_) = 100 MeV, the velocity of sound increases with A,
which implies that the EOS becomes stiff for large A. There-
fore, based on Fig. 1, EOS can be inferred to become more
stiff by simultaneously reducing D and increasing A. Hence,
a stiff EOS can be realized by setting D = 0 and simultane-
ously adopting a large A. However, the value of A cannot be
arbitrarily chosen for a given D and is dependent on the den-
sity of SQM. To investigate this point, the following steps
should be considered.

First, by combing Egs. (3) and (5) and then eliminating
the averaged quark chemical potential /i,

i/ Vi+m= %(ﬂznb —v3) can be obtained. Based on

this, a function of v can be introduced, i.e.,

®(v) = %(Han - V3) - Z V2 + miz’ (v >0). (10)
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Fig. 1 Velocity of sound as a function of model parameters D (upper
panel) and A (lower panel) with different given baryon number densi-
ties ny,

Here, note that the purpose of introducing the function ®(v)
is only to determine the relation between model parameters
D and A. Additionally, v should be considered as a vari-
able of function ®(v), although it has the meaning of Fermi
momentum.

Then, the derivative of ®(v) can be easily obtained with
respect to v via d®(v)/dyv,

—— <0
—_— 9 11
i \/VEm? (an

dd(v)

where - is observed to be consistently negative (equal
to zero only when v = 0). This suggests that ®(v) increases
with decreasing v, and thereby, indicating the existence of a
maximum value of ®(v) at v = 0, namely

do(v) _ 92 v
dv  2A? Z

37°n
(v = 0) = 350 = 2o (12)
For Eq. (12), we should indicate that v = 0 is only a limiting
case, and its purpose is to provide the D-A window. Addi-
tionally, in the following calculations, non-physical values
of v, such as v = 0, will not be considered.

If Eq. (10) admits a solution for v, then it implies that the
maximum value @ .. (v = 0) should be no less than 0. This
in turn yields Eq. (12), i.e., @, (v = 0) > 0, which leads to
inequality

max

13)
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Fig.2 (Color online) Model parameter window A — D'/2 with respect
to the given lowest baryon number density ny, i, for SQM. The region
bounded by the solid, dashed, and dotted black lines correspond to
the solvable EOSs for SQM with the minimum densities that are not
less than n,, 2n,, and 3n, respectively. The red line illustrates the
correlation between A and D!/2, which can lead to the most massive
SQSs, located precisely on the photon sphere line. The typical model
parameters are denoted by solid squares and labeled as A, B, and C

where the quark mass m; is explicitly expressed as a function
of baryon number density », and model parameter D.

Evidently, by assigning a value to the model parameter D,
the maximum value of A can be expressed as a function of
baryon number density. Furthermore, the maximum value
of A increases with ny for a fixed D. This implies that the
highest attainable value of A is contingent upon the potential
minimal value of the density of SQM for a specific D. Con-
sidering that the saturation density of normal nuclear matter
isny =~ 0.16 fm~>, we assume that the density of SQM is not
smaller than n,, and the minimum baryon number density
of SQM is designated to be ny, ;. To establish a range of
values for A, we set ny, in = 1o, 21, and 3n in Eq. (13).

In Fig. 2, we present the model parameter window in
the A — D'/? diagram for different minimum baryon num-
ber densities, ny ., of SQM. For instance, if the model
parameters lie within the region below the solid black
line, a solvable EOS for SQM with a minimum density of
My min = Mg can be available. The black dashed and dotted
lines serve the same purpose but correspond to minimum
densities of 2n, and 3n,, respectively. Referring to previous
study on CFL SQM within this model [39], when assign-
ing a value of A = 100 MeV, we find that a solvable EOS
spans a broad range of D'/2, from 0 to beyond 130 MeV.
Notably, as D rises, the maximum value of A decreases for
a specified ny, ;.. Additionally, increasing ny, .., significantly
expands the parameter window. For subsequent calcula-
tions, we select three representative model parameter sets:
(\/B/MeV, A/MeV) = (70, 100), (70, 359.1), and (70, 500),
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denoted as sets A, B, and C, respectively, marked by solid
squares in Fig. 2.

Before delving into the mass-radius relatron for SQSs, we
should first check whether condition A > — can be fulfilled.
This guarantees that the CFL SQM can stably ex1st [50]. In
Fig. 3, we show the difference between A and — Versus bar-
yon number density ranging from n, to 10, for the typical
model parameters chosen i 1n Frg 2. Based on this figure, the
difference between A and — 1s positive, which implies that
the condition A > —= 1s fulﬁlled Additionally, with increas-
ing baryon number densrty, the difference becomes signifi-
cant. Furthermore the large A provides large difference
between A and — —.

To explore Whether the SQSs in the current model can
possess a photon sphere and subsequently produce GW
echoes, one should first calculate the EOSs for CFL SQM.
Following this, the mass-radius relation for hydrostatically
equilibrated SQSs can be determined by solving the TOV
equations. The TOV equations are:

dp N G(m + 4nr3P)

=(E+P 14
dr =( ) 2Gmr — r? (14
‘il—": =47r’E, 15)

where E and P denote the energy density and pressure at
radius r, G = 6.707 x 107 MeV~2 is the gravitational con-
stant, and m(r) denotes the gravitational mass within the
radius r.

The resulting mass-radius relations are illustrated
in Fig. 4. Based on this figure, when A = 100 MeV, the
maximum mass for case A is determined to be below the

35
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Fig.4 Mass-radius relation of SQSs in the EOSs within the equivpar-
ticle model with typical model parameter sets labeled as A, B, and
C. The values of parameter sets are (\/B/MeV, A/MeV) = (70, 100),
(70, 359.1), and (70, 500) for A, B, and C, respectively, as shown in
Fig. 2 with solid squares. The maximum masses in these cases are
indicated with solid dots

photon sphere line. This implies that no GW echoes can
be generated in this case. While when A = 359.1 MeV, the
maximum mass of the SQS nicely locates at the photon
sphere line, signifying the critical state for the SQS to pos-
sess a photon sphere. For a larger value of A = 500 MeV,
the EOS corresponding to the maximum mass of SQSs
surpasses the photon sphere line, indicating its capability
to produce GW echoes. This suggests that the configura-
tions for the SQSs, ranging from point 1 to point 2 in the
detailed review profile shown in Fig. 4, exhibit the poten-
tial to generate GW echoes. Thus, for a fixed value of \/B
(specifically, \/l_) =70 MeV in this instance), the maxi-
mum mass of SQS, represented by solid dots in Fig. 4,
increases with A. This correlation is further emphasized
in Fig. 1, where the velocity of sound rises concomitantly
with A. Moreover, for a constant y/D, a specific A value
can be determined that positions the maximum mass of the
SQS exactly on the photon sphere line.

In Fig. 2, the red line illustrates the correlation between A
and D'/2, which can lead to the most massive SQSs located
precisely on the photon sphere line. Furthermore, with an
error in the level of 0.1%, it can be fitted as

A=A, + Z

where the coefficients are ¢; = 114.5837, ¢, ~ 85.3983,
and c¢; =~ 52.5021. Based on this equation, parameter A
is found to increases with /D and A, and the first term

A = 355.6398 MeV is the minimum value of Aat D = 0.
This means that the SQM in the CFL state within the current

/ D/MeV
MeV, (16)
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model can satisfy the requirement of featuring a photon
sphere for SQS. Consequently, the parameter sets (\/5, A)
that qualify SQSs to produce GW echoes should lie above
the red line illustrated in Fig. 2. Hence, only the parameter
set C aligns with the SQS configurations requisite for gener-
ating GW echoes. Additionally, from Eqgs. (13) and (16), we
deduce that the least density necessary for SQM to feature
a photon sphere within this model is around , ,;;, = 0.1223
fm=>.

To derive the frequency of GW echoes, the time taken
for light to traverse from the center of the star to its photon
sphere [20] should be computed, i.e.,

dr

3GM
Techo = / ’
0 \/ > a7

ezq,(,)(l _ 2Gm()
r

WhenO < r < R, m(r) = 4?”Er3. The gravitational potential,
®(r), can be derived by integrating the subsequent differen-
tial equation, i.e.,
dd(r) 1 dpP
T T E+Par 4o
which can be solved together with the TOV equations
in Eqs. (14) and (15); When R<r <3GM, m(r) =M,
e?® =1-2M/r,and P = p = 0. Here, P and E denote the
pressure and energy density, respectively, as determined by
the EOS. Finally, the GW echo frequency can be evaluated
by Wecho = T / Techor

In Fig. 5, we present the GW echo frequency w,,, and
the mass of SQS versus central pressure P, for case C from
point 1 to point 2 in the detailed review profile in Fig. 4. Evi-
dently, as shown in Fig. 5, the mass of SQS increases with
central pressure, while the GW echo frequency decreases. In
fact, this can be interpreted as follows: with higher pressure,
the SQS will have a larger mass. Based on R, = 3GM, the

25 T T T T

(D"MeV,AMeV)=(70,500)

23 |-

Decho (kHZ)

22 -

Mass (Solar mass)

Docho

21 F ————— Mass of SQSs

20 L L L L 2.86
350 400 450 500

P, (MeV/fm®)

Fig.5 Frequency of GW echo w,,, and the mass of SQS as functions
of central pressure P

@ Springer

photon sphere will be situated further from the center of the
SQS. This will result in light requiring more time to travel
from the center of the SQS to the photon sphere, thereby
leading to a smaller w,,,. Therefore, given the appropriate
model parameters, the most massive SQS exhibits the lowest
GW echo frequency.

In Fig. 6, we show the GW echo frequencies for the most
massive SQSs within the model parameter window where A
and v/ D are in the range of 400-800 MeV and 0-130 MeV,
respectively. According to Fig. 2, the selected model param-
eter ranges ensure that the most massive SQSs are positioned
above the photon sphere line, thereby capacitating them to
generate GW echoes. Notably, with a constant A, a negligi-
ble shift is observed in the GW echo frequency as D esca-
lates. Conversely, with a stable D, the GW echo frequency
undergoes notable variation with changes in A; specifically,
it transitions from approximately 22.8 kHz at A = 400 MeV
to approximately 18.8 kHz at A = 800 MeV. In conclusion,
the GW echo frequencies predominantly oscillate around
20 kHz in this model, which aligns with the GW frequency
magnitudes reported in prior studies [20, 24, 31]. Addition-
ally, the unmarked region designated as imbalanced SQM
in the figure signifies scenarios where both A and D are
substantially elevated, causing the CFL SQM to be unable
to maintain pressure equilibrium. This leads to the unstable
existence of the SQS.

4 Summary

In this study, we investigated the GW echoes generated by
SQSs within the framework of an equivparticle model. Dis-
tinct from prior research that relied on the basic MIT bag
model with predetermined sound velocities, our approach
utilized EOSs for SQM in the equivparticle model enriched
with density-dependent quark masses. This integration not
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Fig.6 (Color online) GW echo frequency w,,, for the most massive

SQS in the model parameter window
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only encapsulates confinement but also quark pairing effects.
Significantly, our findings emphasized the crucial role of
quark pairing effects to enable a photon sphere and thereby
facilitate the production of a GW echo. As the value of A
increases, the EOS for SQM becomes more stiff, allowing
the mass-radius relation of SQS to intersect with the photon
sphere line and, therefore, yield GW echoes. Additionally,
for specific model parameters A and D, the SQS bearing the
maximum mass showcases the lowest GW echo frequency.
We also estimated the GW echo frequencies for the most
massive SQSs within the chosen model parameters. Conclu-
sively, while D imparts minimal influence on the GW echo
frequency, an increment in A results in significant altera-
tions. The predominant GW echo frequencies hover around
20 kHz, which contrasts with the observed 72 Hz signal in
the GW170817 event. This underscores that SQSs, as con-
ceptualized in our current model, should not be construed
as ultra-compact objects radiating such low-frequency GW
echoes. Future research may need to consider additional
effects or avenues [28, 51, 52].
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