
Influences of harmonic cavities on single-bunch instabilities
in electron storage rings

Hai-Sheng Xu1 • Jing-Ye Xu1,2 • Na Wang1

Received: 20 April 2021 / Revised: 4 August 2021 / Accepted: 5 August 2021 / Published online: 30 August 2021

� China Science Publishing & Media Ltd. (Science Press), Shanghai Institute of Applied Physics, the Chinese Academy of Sciences, Chinese

Nuclear Society 2021

Abstract Harmonic cavities (HCs) are widely used in

electron storage rings, mainly to increase the Touschek

lifetime by lengthening bunches. HCs have become critical

components of almost all fourth-generation synchrotron

light sources. In addition to the benefits of increasing the

Touschek lifetime, they also affect the collective beam

instabilities in electron storage rings. However, the influ-

ence of HC settings on collective beam instabilities is still

not well understood. HCs are typically designed to operate

under so-called ideal lengthening conditions, which do not

necessarily optimize the suppression of collective beam

instabilities. We therefore extended earlier studies of col-

lective beam instabilities to consider more general HC

settings. We present preliminary studies and analyses of the

influences of different HC settings on microwave and

transverse mode-coupling instabilities.

Keywords Harmonic cavity � Microwave instability �
Transverse Mode-coupling instability

1 Introduction

Harmonic cavities (HCs) are widely studied and used in

the electron storage rings of many existing synchrotron

light sources. Their main purpose is to improve the beam

lifetime, in particular the Touschek lifetime [1–6]. The

typical so-called ideal setting of an HC is that which sat-

isfies the ideal lengthening (or optimal lengthening) con-

dition, namely that the RF potential around the

synchronous phase is flat. Such an ‘ideal HC’ increases the

bunch length significantly.

The successful application of HCs has led to their wider

usage in fourth-generation synchrotron light sources based

on diffraction-limited storage rings (DLSRs) [7–12].

However, implementing HCs causes side effects alongside

bunch lengthening, such as variations in the longitudinal

potential well, changes in the synchrotron oscillation fre-

quency, and differences in the synchrotron oscillation fre-

quency spread. Under the ‘ideal HC’ setting, the

synchrotron oscillation frequency of the particles in a

bunch decreases remarkably, while the synchrotron oscil-

lation frequency spread of the particles in each bunch

increases significantly. Both effects dramatically increase

the complexity of instabilities in an electron storage ring.

The overall influence of HCs on the beam dynamics,

especially on the collective beam instabilities, is therefore

paramount and merits further investigation.

Many studies have been conducted on collective beam

instabilities while considering HCs, predominantly under

‘ideal-lengthening’ conditions. However, many other more

general HC settings exist that produce ‘non-ideal length-

ening’. The lack of systematic comparisons between ideal

and non-ideal lengthening conditions has motivated us to

study the influences of different HC settings on the
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thresholds or growth rates of collective beam instabilities

in electron storage rings [13]. Because single-bunch

instabilities strongly limit the single-bunch charge and the

corresponding beam quality, we first examined two

important single-bunch instabilities found in electron

storage rings: microwave instability (MWI) and transverse

mode-coupling instability (TMCI).

Because of the much smaller vacuum chambers in

DLSRs, the resistive wall (RW) impedance is considered to

contribute significantly (even predominantly) to the total

broadband impedance (especially in the transverse direc-

tion) [7, 14, 15]. Therefore, we used only the RW impe-

dance in the present study.

The toy lattice used here was a previous storage ring

lattice of the High Energy Photon Source (HEPS) [10]. The

relevant parameters are listed in Table 1. The RW impe-

dance is obtained assuming a round vacuum chamber (ra-

dius of 10 mm) made of stainless steel along the entire ring.

This study presents a preliminary investigation of the

MWI and TMCI thresholds under the conditions defined by

different HC settings, assuming active HCs. The paper is

organized as follows. Section 2 briefly reviews the basic

longitudinal dynamics of a double-RF system as well as the

ideal lengthening condition. Then, MWI and TMCI

thresholds without an HC and with an ‘ideal HC’ are

investigated in Sect. 3. These studies are extended to cover

general HC settings. Several classic settings corresponding

to ‘non-ideal lengthening’ conditions are presented in

Sect. 4. MWI and TMCI thresholds under different HC

settings are compared in Sect. 5. Section 6 concludes with

a discussion.

2 Brief overview of the theory in a double RF
system

The wide use of double-RF systems has motivated the

development of the basic theory of longitudinal beam

dynamics in that context. This section provides a brief

textbook review of HC theory (see, e.g., [16]).

Following the form of the equations for longitudinal

motion with only one RF system, similar equations can be

written, considering both a primary RF system and an HC:

_d ¼ ex0

2pb2E
V1 sin/1 � sin/1sð Þ þ V2 sin/2 � sin/2sð Þ½ �;

_/1 ¼h1x0gd;

ð1Þ

where d is the relative momentum deviation of a particle,

x0 is the angular revolution frequency, E is the particle

energy, and g is the phase slip factor. The subscripts 1 and

2 denote the primary RF system and the HC, respectively.

(For instance, V1 and V2 represent the peak voltages of the

primary RF and the HC, respectively. /1s and /2s are the

synchronous phases of the primary RF and the HC,

respectively.) Because the HC resonant frequency is an

integer harmonic of the primary RF, the relationship

between phases /1 and /2 can be expressed as

/2 ¼ /2s þ h /1 � /1sð Þ, where h ¼ h2=h1 is the ratio

between the harmonic numbers of the HC (h2) and primary

RF (h1). Therefore, the Hamiltonian can be expressed as:

H ¼ 1

2
h1x0gd

2 þ ex0

2pb2E
V1 cos/1 � cos/1sð Þ½f

þ /1 � /1sð Þ sin/1s� þ
V2

h
cos /2s þ h /1 � /1sð Þð Þ;½

� cos/2s þ h /1 � /1sð Þ sin/2s�g:
ð2Þ

This Hamiltonian describes the longitudinal motions of

particles under any HC setting, including the widely used

‘ideal HC’ setting. In the following, we briefly review the

‘ideal lengthening’ condition.

The total RF voltage Vtotal, provided by the double RF

system, can be expressed in terms of the peak voltages and

phases of the primary RF and HC as

Vtotal ¼ V1 sin/1 þ V2 sin/2; ð3Þ

where the peak voltages and synchronous phases of the

primary cavity and the HC should be set to compensate for

the average radiation energy loss per turn U0:

U0 ¼ eV1 sin/1s þ eV2 sin/2s: ð4Þ

As mentioned above, the ‘ideal lengthening’ condition

corresponds to the RF potential being stationary around the

Table 1 Main parameters of the toy lattice

Parameter Value

Circumference, C (m) 1360.4

Beam energy, E0 (GeV) 6

Total current,I0 (mA) 200

Betatron tune (x,y), mx;y 114.14/106.23

Momentum compaction factor, ac 1:56� 10�5

Natural energy spread, dp=p 1:06� 10�3

Average energy loss per turn, U0 ðMeVÞ 2.89

Harmonic number of primary RF, h1 756

Frequency of the primary RF, f0 (MHz) 166.60

Harmonic number ratio of HC, h2=h1 3

Frequency of the HC, fHC (MHz) 499.80
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synchronous phase of the primary cavity. It is determined

by setting both the first and second derivatives of the total

RF voltage in the synchronous phase to zero:

oVtotal
o/1

�
�
�
�
/1¼/1s

¼ 0;

o2Vtotal
o/2

1

�
�
�
�
/1¼/1s

¼ 0:

ð5Þ

Using Eq. (5), the values V1;/1s;V2;/2s can be calculated

for an arbitrary RF bucket height. For example, Fig. 1

shows the normalized bunch distribution in the longitudinal

direction under the conditions without HC and with ‘ideal

HC’. Two methods are used in the calculations: analytic

computation and multiparticle tracking. Multiparticle

tracking was performed using the elegant code [17] and its

parallel version Pelegant [18]. A total of one million

macroparticles were tracked for 50,000 turns (correspond-

ing to approximately 14 times the longitudinal radiation

damping time and 12 times the vertical damping time) to

ensure convergence to the equilibrium state.

Excellent agreement is achieved, as shown in Fig. 1.

Furthermore, Fig. 1 also shows that the root-mean-square

(RMS) bunch length increased from approximately

16.15 ps to approximately 97.04 ps when implementing

the ‘ideal HC’ conditions. The approximate six-fold bunch

lengthening caused a significant reduction in the peak

bunch intensity.

3 MWI and TMCI without HC and with ideal HC

Before exploring the MWI and TMCI thresholds under

more general HC settings, we studied these two single-

bunch instabilities under conditions without HC and with

an ideal HC.

The Boussard-Keil-Schnell criterion [19] is a convenient

analytic method for estimating the MWI threshold without

considering any HC. However, it is widely accepted that

the Boussard-Keil-Schnell criterion usually gives signifi-

cantly lower threshold current. For situations with an ideal

HC, the analytic method for estimating MWI is still under

development. Therefore, the MWI threshold is usually

determined via multiparticle tracking in the presence of

HCs. Figure 2 shows the tracking results of the bunch

energy spread corresponding to different single-bunch

charge, indicating that the implementation of an ideal HC

results in higher MWI threshold current. The tracking

simulations were performed using the elegant code,

using 1 million macroparticles, tracked for 50,000 turns, as

described above. The so-called final energy spread was

computed by averaging the turn-by-turn energy spread of

the last 10,000 turns (approximately the last 3 longitudinal

damping times). The error bars represent standard devia-

tions. To allow a fair comparison, we define the MWI

threshold charge as the single-bunch charge value corre-

sponding to 1% growth of the natural energy spread

without considering longitudinal impedance.

The normalized bunch distributions corresponding to

different single-bunch charges (Fig. 3) show that the

potential well distortion (PWD) drives more electrons

toward the head of the bunch as the single-bunch charge

increases. The resulting higher local charge density at the

Fig. 1 (Color online) Equilibrium longitudinal distributions under the

conditions without HC and with ‘ideal HC’, neglecting any collective

effects. The red solid curve and the green dashed curve represent the

equilibrium distributions without considering HC, obtained by the

multi-particle tracking and analytic method, respectively. The blue

solid curve and the magenta dashed curve represent the equilibrium

distributions with ‘ideal HC’, as obtained using multiparticle tracking

and the analytic method, respectively

Fig. 2 (Color online) ‘Final’ energy spread corresponding to

different single-bunch charges. The red and blue curves represent

the results obtained under conditions without an HC and with an ideal

HC, respectively
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bunch head causes the instability to originate from the

bunch head. This motivates the conclusion that the MWI

threshold current could be increased by moving more

particles to the bunch tail, for example, by creating a

specific RF potential. This was also a motivation for

studying the ‘non-ideal HC’ settings.

HCs also affect the TMCI threshold. We studied the

TMCI first without considering HCs. By setting the chro-

maticity to zero and including the vertical RW impedance,

the TMCI threshold was obtained both theoretically and by

simulation, giving very good agreement (Fig. 4).

We also performed multiparticle tracking keeping all

other conditions the same, except from including an ideal

HC. A higher TMCI threshold was obtained under the

‘ideal HC’ condition, as shown in Fig 5.

4 Typical HC settings with non-ideal lengthening

The previous section systematically compared the

effects of the longitudinal and transverse impedances on

MWI and TMCI, respectively. Two typical conditions

(namely, without HC and with ‘ideal HC’) were used.

However, as argued above, much can be learned by con-

sidering more general ’non-ideal lengthening’ conditions,

as these are more common in the daily operations of many

existing storage rings with HCs. ‘Non-ideal lengthening’

conditions can generally be classified as follows:

• sub-ideal lengthening with more particles at the bunch

head. This indicates that the HC is set to make the

bunch significantly longer than the situation without an

HC, slightly shorter than the bunch length with an

‘ideal HC’, and with more particles at the head of the

bunch (sets #1 - #5);

• sub-ideal lengthening with more particles at the bunch

tail. This indicates that the HC is set to make the bunch

significantly longer than the situation without an HC,

slightly shorter than the bunch length with an ‘ideal

HC’, and with more particles at the tail of the bunch

(sets #6 - #10);

• overstretching (‘double-hump’ distribution). This indi-

cates that the HC is set to make the bunch longer than

the situation with an ‘ideal HC’ (sets #11 - #15).

Fig. 3 (Color online) Longitudinal distributions corresponding to

different single-bunch charges either (upper plot) without an HC or

(lower plot) with an ideal HC

Fig. 4 (Color online) Vertical modes vs. single-bunch charge

obtained theoretically (red dashed lines) and using elegant
tracking, considering only a vertical impedance

Fig. 5 (Color online) Vertical positions of the bunch centroid vs. the

single-bunch charge. The red and blue curves indicate the results

obtained without considering HC and with ‘ideal HC’, respectively
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The RF voltages and phases of the different settings

mentioned above, together with the equilibrium bunch

lengths (without considering any collective effect) are lis-

ted in Table 2. The values listed under ‘ideal HC’ are also

given in Table 2 for comparison. The corresponding

equilibrium distributions are shown in Fig. 6 and are

grouped according to three typical situations.

5 MWI and TMCI under ‘non-ideal lengthening’
conditions

This section presents and analyzes the simulation results

corresponding to the 15 typical ‘non-ideal HC’ settings

described above, which can be classified into the above

three groups.

The ‘final’ energy spread and the ‘net’ growth rates

corresponding to the 15 typical HC settings are shown in

Figs. 7 and 8. We obtained Fig. 7 by using the turn-by-turn

energy spread data from 40,001 to 50,000 turns (approxi-

mately the last three damping times) at each bunch charge

to calculate the average values and standard deviations

(presented as mean values and error bars). The blue curves

were obtained using an ‘ideal HC’. To obtain the ‘net’

growth rates shown in Fig. 8, the oscillation of the bunch

centroid was used to fit an exponential function for the

growth rates. Synchrotron radiation damping and quantum

excitation are included in the tracking. When the fitted

‘net’ growth rate approached zero, the bunch intensity was

below the TMCI threshold current.

The thresholds for MWI (red cross markers) and TMCI

(red pentagram markers) corresponding to all the above HC

settings are are shown in Fig. 9. The RMS bunch lengths,

obtained without considering any collective effect, are

represented in Fig. 9 with the blue ‘þ’ markers. The red

lines indicate the the threshold charges corresponding to

the ideal HC settings, while the blue dashed lines are the

RMS bunch length when using an ‘ideal HC’.

Unsurprisingly, the left plot of Fig. 9 shows the

threshold charges of the HC settings for sets #1 - #5 being

all lower than those of the ‘ideal HC’ situation. In addition,

the threshold charges of sets #11 - #15 are all higher than

those of the ‘ideal HC’ situation. Intuitively, a longer

bunch should have a lower density. More interestingly in

sets #6 - #10 (corresponding to situations with more par-

ticles at the bunch tails), the MWI threshold charges are

sometimes higher than the ideal HC situation, despite the

bunches being always shorter than in the ‘ideal HC’ situ-

ation. Therefore, this indicates that a higher MWI threshold

charge might be obtained by putting more electrons in the

bunch tail.

A more interesting phenomenon is apparent in the right

plot of Fig. 9. Under both HC settings (sets #1 - #5 and

#11 - #15), some situations display higher TMCI threshold

charges than the ‘ideal HC’ situation. This cannot be fully

explained using longer or shorter bunches. When putting

more electrons in the bunch tail (sets #6 - #10), the TMCI

threshold charges are all surprisingly significantly higher

than in the ‘ideal HC’ situation.

6 Conclusions and discussions

Harmonic cavities have been widely used in storage

rings, especially in fourth-generation DLSR-based syn-

chrotron light sources. HCs can increase the Touschek

lifetime, but are also used to stabilize the beams. Instability

studies typically use HCs to achieve ‘ideal lengthening’.

We investigated MWI and TMCI, the two most impor-

tant single-bunch instabilities encountered in storage rings,

under conditions without HC and with an ‘ideal HC’.

Higher threshold currents were achieved for both MWI and

TMCI when implementing an ‘ideal HC’. To explore

beyond ‘ideal lengthening’ conditions, we studied MWI

and TMCI under more general HC settings.

‘Non-ideal lengthening’ conditions were classified into

three groups: sub-ideal lengthening with more particles at

the bunch head, sub-ideal lengthening with more particles

at the bunch tail, and overstretching. To provide sufficient

generality, we studied five different HC settings in each

Table 2 Main RF settings (voltages and phases) and corresponding

bunch lengths, obtained without considering the impedance

Index V1 (MV) /s1 VHC

(MV)

/sHC rt0 (ps)

Ideal HC 3.6395 2.0390 0.6558 5.7005 97.04

Set #1 3.6395 1.9203 0.6590 5.3423 93.90

Set #2 3.6395 1.9028 0.6610 5.2898 90.20

Set #3 3.6395 1.8928 0.6623 5.2598 86.72

Set #4 3.6395 1.8714 0.6656 5.1956 76.05

Set #5 3.6395 1.8536 0.6689 5.1420 65.35

Set #6 3.6395 2.1466 0.6558 6.0276 94.36

Set #7 3.6395 2.1534 0.6558 6.0490 92.65

Set #8 3.6395 2.1576 0.6558 6.0621 91.33

Set #9 3.6395 2.1349 0.6531 5.9901 89.82

Set #10 3.6395 2.1669 0.6558 6.0914 87.52

Set #11 3.6504 2.0331 0.7017 -0.5743 225.27

Set #12 3.6759 2.0391 0.7017 -0.5950 157.00

Set #13 3.6450 2.0370 0.6754 -0.5782 142.36

Set #14 3.6504 2.0427 0.6754 -0.5700 130.78

Set #15 3.6439 2.0384 0.6689 -0.5786 123.27
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category. Analyses showed that some ‘non-ideal length-

ening’ conditions can indeed be used to increase either the

MWI or the TMCI threshold charges relative to ‘ideal

lengthening’ conditions. More interestingly, some ‘non-

ideal lengthening’ conditions showed higher MWI and

TMCI thresholds. Further analyses suggested that sub-ideal

lengthening with more particles at the bunch tail increases

Fig. 6 (Color online) Bunch distributions under HC settings with

‘non-ideal lengthening’, as given in Table 2. The blue curves

represent the bunch distributions with an ‘ideal HC’, which served

as the reference. Three groups of typical HC settings are represented

(left: sub-ideal lengthening with more particles at the bunch head;

middle: sub-ideal lengthening with more particles at the bunch tail;

and right: over-stretching)

Fig. 7 (Color online) ‘Final’ energy spread for different single-bunch charges, corresponding to the ‘non-ideal’ HC settings listed in Table 2.

The blue curves correspond to the ‘ideal HC’ setting

Fig. 8 (Color online) Net TMCI growth rates for different single-bunch charges, corresponding to the ‘non-ideal’ HC settings listed in Table 2.

The blue ‘þ’ markers represent the ‘ideal HC’ setting
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the probability of increasing MWI and TMCI threshold

charges simultaneously.

Before discussing the underlying physical mechanism,

we note that at least two conditions must be satisfied to

produce a single-bunch instability: the driving wakefield

must be sufficiently strong, and the number of particles

experiencing this wakefield must be sufficiently large.

Putting more particles at the bunch tail implies the exis-

tence of a stronger short-range wakefield near the bunch

tail. Because of causality, most particles in a single bunch

cannot sense a strong wakefield. This implies that putting

more particles in the bunch tail reduces the number of

particles in a single bunch that experience a strong

wakefield.

We argue that this increase in MWI and TMCI thresh-

olds can be explained qualitatively by considering that,

with fewer electrons in the bunch head, the particles in the

bunch head drive a weaker wakefield, regardless of whe-

ther it is longitudinal or transverse. Therefore, the motion

of the trailing particles is less disturbed because they

experience a weaker wake force. On the other hand, despite

having more particles at the bunch tail driving a stronger

wakefield behind, the influence on the single-bunch insta-

bilities is less important because there are only a few

trailing electrons behind the ‘bunch tail’.

However, this explanation remains phenomenological

and no theory so far predicts the optimal HC setting for

single-bunch instabilities. In the ongoing development of a

more general theory, more systematic studies remain to be

done on the influences of HCs on single-bunch instabilities

in electron storage rings.
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