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Abstract The hindrance in heavy-ion fusion reactions at
deep sub-barrier energies is investigated using the double
folding model with a hybrid method between the frozen
and adiabatic density approximations. In this method, the
density distributions of the projectile and the target depend
closely on the distance between them. As the distance
decreased, the half-density radii of the colliding nuclei
gradually increased to the half-density radius of the com-
pound nucleus. The total potential based on this non-frozen
approximation generates a slightly shallower pocket and
becomes more attractive inside the pocket compared to that
obtained from the frozen approximation. A damping factor
was used to simulate the decline of the coupled channel
effects owing to the density rearrangement of the two
colliding nuclei. The calculated fusion cross-sections and
astrophysical S factors at the deep sub-barrier energies are
both in good agreement with the experimental data for the
medium-heavy *Ni + ®Ni and medium-light 2*Mg + 3°Si
mass systems. In addition, it was concluded that the
apparent maximum of the S factors most likely appears in
fusion systems with strong coupling effects.
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1 Introduction

Heavy-ion fusion reactions are important for under-
standing the fundamental properties of quantum tunneling
in complex many-body systems. As fusion occurs, the
relative motion of the two colliding nuclei must overcome
a Coulomb barrier, which is composed of the short-range
attractive nuclear potential and the long-range repulsive
Coulomb potential. When the collision energy is near or
above the Coulomb barrier, a simple one-dimensional
potential model sufficiently describes the fusion process.
However, at energies below the Coulomb barrier, the
coupling effects between the relative motion of the col-
liding nuclei and the nuclear intrinsic degrees of freedom,
such as the vibrations and rotations of the target or pro-
jectile, play an important role in quantum tunneling [1-3].
A significant increase in fusion cross-sections at sub-barrier
energies was observed compared to the results of a simple
one-dimensional potential model [4-8]. Considering these
coupling effects, the coupled-channel (CC) model has been
successfully used in several fusion reaction calculations
[9-12].

Recently, at collision energies significantly below the
Coulomb barrier, an unexpected steep falloff feature of the
experimental fusion cross-section, in contrast to the theo-
retical prediction, presents a new challenge to the current
fusion theory [13-15]. This steep falloff feature in the
experimental data, also called ”fusion hindrance,” is dif-
ficult to explain by the CC model and has gained wide-
spread attention once again in heavy-ion fusion reactions
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[16-23], especially astrophysical fusion reactions such as
12C + 12C [24-29]. The key to understanding this hin-
drance phenomenon is dealing with the density of the
composite system after two colliding contacts. Thus far,
two different assumptions have been proposed to describe
the transformation from a projectile and target to a com-
pound nucleus, namely the sudden and adiabatic approa-
ches. Based on the sudden or frozen density approximation,
it was assumed that the densities of the two colliding nuclei
were frozen. Therefore, there should be a strong repulsive
core in the nuclear potential of heavy-ion fusion systems in
strong density overlap regions, resulting from the incom-
pressibility properties of nuclear matter [30-32] or the
Pauli exclusion principle of many-body quantum systems
comprising fermions [33-36]. On the other hand, in the
adiabatic approach, fusion is considered to occur slowly,
thus allowing the density of the composite system to have
sufficient time to rearrange. In [37, 38], Ichikawa et al.
constructed an adiabatic one-body potential to describe the
neck formation between two colliding nuclei in the overlap
region, and a damping factor was introduced in the stan-
dard CC model to describe the physical process for the
gradual transition from the sudden to adiabatic approxi-
mations. Because the assumptions employed by these two
methods are completely contradictory, the depths of the
potential pockets inside the Coulomb barrier significantly
differ [3, 38]. In addition, as a common feature, the
potentials obtained from these two methods are both wider
than the commonly used Akyiiz-Winther (AW) potential
[39], which is successful in describing the fusion reactions
above and at sub-barrier energies; however it is difficult to
explain the fusion hindrance at deep sub-barrier energies
[16].

As a reverse quantum tunneling process with fusion,
radioactive a decay in heavy nuclei was successfully con-
ducted by microscopic calculations, revealing significant
details regarding the internal structure of nuclei [40-42].
For example, in [40], Ropke et al. concluded that owing to
strong Pauli blocking effects, the o particle is highly sen-
sitive to the surrounding matter. When approaching the
nucleus 2®Pb, the o particle dissolves in the density
overlap region and its four nucleons mix with the sur-
rounding matter, which indicates that the a-particle size
increases and the density distribution changes with a
decrease in the distance between the center of mass of the o
particle and the 208pp pucleus. Furthermore, to remove the
sudden approximation in heavy-ion fusion reactions,
Reichstein and Malik employed a special non-frozen
approach to calculate the '°0 + '°O potential by intro-
ducing a distance dependence to the density parameters,
demonstrating a transformation from the density distribu-
tions of the reactants to that of a compound nucleus [43].
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This method was also recently employed to study the
elastic scattering and fusion reactions of the '>C + '>C
system [44, 45]. In this study, instead of the frozen density
approximation, the non-frozen approximation was
employed by the double folding model to analyze the
fusion process in a strong density overlap region. Consid-
ering *Ni 4+ %Ni and >*Mg + 3°Si fusion reactions as
examples, the potentials based on the non-frozen and fro-
zen density approximations are compared in detail. The
fusion cross sections, particularly the hindrance at deep
sub-barrier energies, and the astrophysical S factor were
both investigated by considering this non-frozen approach.

In Sect. 2, we provide an explicit form of the double
folding potential and briefly describe the non-frozen
method. The differences between the frozen potential and
non-frozen potential, as well as the fusion cross-sections,
are presented in Sect. 3. A summary is presented in Sect. 4.

2 Theoretical framework
2.1 The coupled channel method

The CCFULL computer code was applied to calculate
the fusion cross-sections [3, 11], the incoming wave
boundary condition (IWBC) was imposed in the calcula-
tions, and the absorption radius was considered to be at the
minimum of the potential pocket inside the Coulomb bar-
rier. With the IWBC, the coupled-channel equations can be
given by the following [3]:

W od® I+ )R
{Z,udRz W*FV(R)*"QL*E un(R) (1)

+ ) Vin(R)um(R) =0,

where E is the incident energy in the center-of-mass frame,
and ¢, and u, are the excitation energy and radial wave
function of the nth channel, respectively. The total poten-
tial V(R) between two colliding nuclei consists of the
nuclear and Coulomb interactions, that is,
V(R) = VN(R) + Vc(R). The nuclear V(R) and Cou-
lomb V(~(R) interactions used in the calculations were both
obtained using the double-folding procedure.

The symbol V,,,,(R) in Eq. (1) denotes the matrix of the
coupling Hamiltonian, which includes both Coulomb and
nuclear components. The Coulomb coupling matrix ele-
ments me were calculated using linear coupling approxi-
mation [1, 3, 11]. The nuclear coupling Hamiltonian was
generated by introducing a dynamical operator O, in the
calculations, which is given by VN (R, 0;) = VN(R — 0,)
[3, 11]. For vibrational coupling, the operator O; is given
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by O, = (ﬁ*/\/éﬁ)Ri(ocIO +ay0) [1, 3, 11], where O‘Io and
o0 are the creation and annihilation operators of the pho-
nons, respectively, the eigenvalues A and eigenvectors |o)
of the operator O satisfy O;|a) = A,|a), R; is the radius of
the projectile or target, and * denotes the corresponding
deformation parameter. The nuclear coupling matrix ele-
ments were then evaluated using [3]

VIV = (| VN (R, O)lm) — VIN(R) 3y
= 5"l ) Vg (R, 7o) — Vig (R) S (2)

The nuclear coupling potential V(R, 4,) = V(R — ) is
taken up to the second order of 2, [1, 3, 11]

_ dVN(R) lszN(R) 22 (3)
dR " 2 dr?2 ¥

where the first term Vyj(R) is the nuclear potential in the
absence of coupling, and the second and third terms are the
nuclear coupling form factors, which are closely associated
with the nuclear potential.

The penetrability P; can be obtained by solving the CC
equations, and the total fusion cross-section o, is then
obtained by summing the partial fusion cross-section [3]:

otus(E) = 73 (2 + 1P, (E), )

VN(R, ) = VN(R)

where k = /2uE/h* is the wave number associated with
energy E.

2.2 The double folding potential

The explicit form of the potential between the projectile
and target nuclei is presented herein. The double-folding
model was used to calculate the nucleus-nucleus potential.
This model has been widely used to analyze the elastic and
inelastic scattering of heavy ions [46, 47]. However, it is
difficult to explain the fusion process in a strong-density
overlap region [48]. When the projectile and target nuclei
start touching one another, the Pauli blocking effects
become increasingly important owing to the density over-
lap. Considering the Pauli blocking potential resulting from
the antisymmetrization, a modified double-folding poten-
tial was employed to analyze the heavy-ion fusion pro-
cesses as follows [21]:

VN(R) = Vp(R) + Vp(R)

:/mm%mmmmw> (5)

+/drlpp(l‘1)v(|52|),

exp(—4s;) exp(—2.5s1)
= —_ —_— 6
g(Js1]) = 9846 — 3139 75 (6)
v(|s2|) = 437.05p¢(s2) + 983.89p7 (s2). (7)

where g(|s;1 = R —ry + r2|) denotes the direct interaction
between a nucleon in the target nucleus and a nucleon in
the projectile nuclei, and v(|s; = R — ry|) denotes the Pauli
blocking interaction of a single nucleon in the projectile
nuclei from the target density. Pp and p¢ denote the density

distributions of the projectile and target nuclei, respec-
tively. This nuclear potential, including the Pauli blocking
effect, has been successful in applying the fusion processes
of 95 systems and has significantly improved the expla-
nation of fusion cross-sections at deep sub-barrier energies
[21]. The Coulomb potential employed in the calculations
was the double-folding integral of the proton-proton Cou-
lomb interaction:

2

Ve(®) = [ dridra S (e )pip(e). (8)
where ppp and pyp are the proton density distributions of
the projectile and target nuclei, respectively, and e is the
elementary charge.

The density distributions of the projectile and target
nuclei are usually parameterized with Fermi—Dirac distri-
bution functions [49]:

“w1+£%9’ ©)

where p;, C;, and q; indicate the density, half-density
radius, and diffuseness of the neutrons (i = n) and protons
(i = p), respectively. py; is obtained by integrating the
matter density distribution that is equivalent to the neutron
or proton numbers. In the sudden or frozen density
approximation (FDA), the densities of the two colliding
nuclei are assumed to be frozen for simplicity, that is, the
parameters of p,;, C;, and g; in Eq. (9) are fixed during the
fusion process.

2.3 The non-frozen density approximation

In the adiabatic model, the fusion reaction is assumed to
occur slowly, thus the density distribution has sufficient
time to adjust to the optimized distribution [3]. To describe
the adiabatic picture, several different methods were
employed to determine the transformation process of the
density distribution and obtain the adiabatic potential after
the overlap of the two colliding nuclei [38, 43, 50, 51]. In
[43], Reichstein and Malik introduced a special nonfrozen
density approximation (NFDA), the 'O + '°O fusion
reaction. A similar approach was recently successfully
employed to describe the elastic scattering and fusion data
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for the '>C + '2C reaction [44, 45]. This approach intro-
duces the distance dependence R to the density parameters
C and a as follows:

C, R >R,

C R?
Cen €Xp {m( ) —} , R<R. (10)
CCI]

C(r) = |
R

and the same hypothesis for the diffuseness parameter a.
Here, Ccn is the half-density radius of the compound
nucleus and R¢ is the distance between the projectile and
target, where the density of the overlap region is the central
density of the compound nuclei. At the beginning of the
density overlap or before approaching the distance Rc, the
density distribution of the two colliding nuclei can be
considered frozen. In the strong density overlap region,
namely R < Rg, there is a density transformation from two
colliding nuclei to a compound nucleus.

Considering this non-frozen process, the standard CC
framework is necessary to modify it by introducing a
damping factor that describes the physical process for
transitioning from the sudden to adiabatic approximations
[37, 38]. To avoid the double counting of the CC effects,
we introduced the following damping factor to simulate the
decrease in the excitation strengths of the colliding nuclei,
such as the vibrational states [38]:

(k.1 = | &P (R =Ry = 2.)°/2a3|, R<Rq+/a,
1, R > Ry + Ay,
(11)
where Ry and a4 are parameters indicating the damping
radius and diffuseness, respectively. Instead of Eq. (3) in

the CC model, the nuclear coupling potential was
employed [37, 38]:

VN(R, 7s) = VN(R) —

(12)
lszN(R) 22

S | O(R, ).

The CC equation performed sufficiently at large distances.
With a decrease in distance, the non-frozen process grad-
ually plays a leading role, and the CC model is close to the
one-dimensional potential model.

3 Results and discussions

Considering the medium-heavy mass system of ®Ni +
%Ni and medium-light mass system of **Mg + 3°Si as
examples, the potentials and fusion cross-sections obtained
by the aforementioned non-frozen process are discussed in
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the following sections. Before presenting the detailed the-
oretical results, we clarify the parameters used in the cal-
culations. The densities used to calculate the double-
folding potential are listed in Table 1. The input parameters
for the coupling strengths in the CC calculations for **Ni +
%4Ni and **Mg + 3°Si systems were obtained from Ref.
[38] and are tabulated in Table 2. The damping radius Ry
and diffuseness aq parameters used in Eq. (I11) are
1.298 fm and 1.25 fm for the **Ni + ®*Ni fusion system,
and 1.430 fm and 1.25 fm for the **Mg + °Si fusion
system [38].

3.1 The medium-heavy mass system *Ni + %*Ni

First, the density distribution of the FDA and NFDA
after two colliding nuclei overlap is presented in Fig. 1.
Based on the FDA, the densities of the two colliding nuclei
are independent of the distance R and are fixed. However,
the NFDA describes a density transformation from the
colliding nuclei to the compound nucleus. Before distance
Rc, the two colliding nuclei maintain their individuality.
After reaching Rc, the half-density radii C of the projectile
and target begin to increase, and the nucleons in the center
region of the projectile and target gradually diffuse to the
edge, that is, the compact nuclei dissolve. According to the
normalization condition, the central densities of the pro-
jectile and target nuclei decreased, and their surface den-
sities increased. For the ®*Ni + ®Ni system, before the
distance reached R¢ = 8.6 fm, the overlap density distri-
butions obtained from the FDA and NFDA were the same,
as indicated by the dashed lines in Fig. 1. At R = 6.5 fm,
the two results indicate that the fusion processes at small
distances are different and the density distribution of the
NFDA is looser. Note, at the initial stage of density rear-
rangement (8.0 fm <R<8.6 fm), the density overlap
region is mainly contributed by the colliding nuclei in the
diffuseness region. Therefore, the density at Z = 0 fm

Table 1 Parameters of the density distribution for **Mg, 3Si, >*Fe,
64Ni, and '?8Ba nuclei

Nucleus Cp ap Cn an References
Mg 3.032 0.52 3.032 0.52 [52]
308 3.130 0.48 3.130 0.48 [52]
S4Fe 4.134 0.51 4.058 0.52 [53]
%4Ni 4.260 0.58 4.340 0.53 [31]
128Ba 5.580 0.50 5.570 0.53 [53]

C; (fm) and a; (fm) are the half-density radius and diffuseness of the
neutron (i = n) and proton (i = p) used in Eq. (9). The last column
presents the corresponding references where the parameters were
obtained from
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Table 2 Parameters used in the CC calculations

Nucleus AT Eex (MeV) ' s Nph

%M 2+ 1.369 0.608 0.460 1

30sj 2+ 2.235 0.330 0.330 1
3~ 5.497 0.275 0.275 1

%4Ni 2F 1.346 0.165 0.185 2
3~ 3.560 0.193 0.200 1

A" denotes the multipolarity and parity of a state. Eex denotes the
excitation energy of a state. S and " denote the deformation
parameters for the Coulomb and nuclear coupling strengths, respec-

tively. Nph in the last column indicates the number of phonons

included in the calculations
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Fig. 1 (Color online) Comparison of the overlap density distribution
obtained from the FDA and NFDA at the varying distance R for the
64Ni + %*Ni fusion system. The distance Rc used in Eq. (10) is 8.6 fm,
where the density of the overlap region is equal to the central density
of the compound nuclei '?Ba

obtained from the NFDA was slightly higher than that
obtained from the FDA; as shown in Fig. 1, at a distance R
= 8.3 fm, the maximum density of NFDA was 0.1900 fm—3
and only 0.1880 fm~3 for FDA. This slight difference that
results from the surface density rearrangement has a sig-
nificant influence on the nucleus-nucleus potential pre-
sented below.

Here, we provide a detailed comparison of the potentials
demonstrated in Fig. 2 for the ®*Ni + %*Ni fusion system.
Before reaching a distance of 8.6 fm, the potentials
obtained from the FDA and NFDA were the same, and the
difference became increasingly apparent as the distance R
decreased. At the initial stage of the density rearrangement,
the surface density rearrangement indicated above leads to
the potential of the NFDA being more repulsive for the
Pauli blocking term and more attractive for the direct term
compared to the FDA results, as shown in Fig. 2a and b.
However, as the nuclei become distant, the Pauli blocking
potential and the direct potential obtained from the NFDA
have weaker effects, corresponding to a weaker density
overlap. As the sum of Vp and V1, the nuclear potential

VN shown in Fig. 2c resulted from the NFDA becoming
more attractive at a small radii compared to the result of the
FDA. As shown in Fig. 2d, the long-range Coulomb
potential, which is not affected by this surface density
rearrangement, is always less repulsive by considering the
NFDA.

The total potentials and fusion cross-sections are shown
in Fig. 3. The commonly used potentials in heavy-ion
fusion reactions, such as the Akyliz-Winther (AW) poten-
tial [39], are also presented in Fig. 3a for comparison. Two
double folding potentials, namely FDA and NFDA, exhibit
similar behavior to the AW potential outside the Coulomb
barrier and generate shallow pockets inside the Coulomb
barrier owing to the Pauli blocking effect. The two
potentials obtained from the FDA and NFDA are distin-
guished after two colliding nuclei approach the distance
R = 8.6 fm, where the density distributions of the colliding
nuclei begin to change. At the initial stage of the density
rearrangement, the stronger density overlap of NFDA
resulted in a slightly shallower pocket than that of FDA.
With a decrease in the distance R, the two potentials
demonstrated apparently different energy dependencies,
and the NFDA became more attractive. However, this
difference between the two potentials inside the pocket
does not contribute to the calculated fusion cross-sections
owing to the IWBC adopted in the heavy-ion fusion model.

In Fig. 3b, the calculated fusion cross sections based on
the CC model are compared with the experimental data
[54]. The experimental fusion cross-sections near the
Coulomb barrier energies are underestimated by the no-
coupling results (thin solid line) and are sufficiently
described by considering the CC effect. As the collision
energies decrease to deep sub-barrier energies, the exper-
imental data exhibit a strong suppression compared to the
AW results (dotted line). This phenomenon is referred to as
fusion hindrance and mainly results from the density
overlap in the fusion process. Although the fusion cross
sections calculated by FDA, which include the Pauli
blocking potential, present a significant improvement, it
remains difficult for the astrophysical S factor obtained
from the FDA to represent the experimental maximum at
deep sub-barrier energies, as shown in the insert of Fig. 3b.
Considering the similar behavior of the FDA and NFDA
potential outside the pocket, there was no apparent differ-
ence between the fusion cross-sections of the FDA and
NFDA. However, considering the damping effect of the CC
framework resulting from the density arrangement, the
calculated fusion cross sections presented a steep falloff at
deep sub-barrier energies, sufficiently presenting the
experimental data. Importantly, the S factor obtained from
the NFDA with the damping factor ceases to increase and
appears to be maximum at deep sub-barrier energies.

@ Springer
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Fig. 2 (Color online) 200
Comparison of the potential 4000 150
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3.2 The medium-light mass system **Mg + 3°Si

Fig. 4 presents the obtained total potential and fusion
cross sections for the medium-light mass system **Mg +
30Si. Similar to the **Ni + *Ni fusion system, considering
the non-frozen process, the potential from colliding nuclei
to the compound nucleus, namely the NFDA, also pre-
sented a slightly shallower pocket compared to the result of
FDA shown in Fig. 4a. The fusion cross-sections obtained
from the FDA and NFDA with or without the damping
factor sufficiently explain the fusion hindrance to a certain
extent, as shown in Fig. 4b. By introducing the damping
factor, the fusion cross-sections of the NFDA presented a
stronger energy dependence at deep sub-barrier energies
and then rapidly converged to the results indicating no
coupling. The S factors calculated by the FDA and NFDA,
with or without the damping factor, were all in good
agreement with the experimental data. Although the growth
of the slope for the S factor slowed with decreasing ener-
gies, the maximum of the S factor calculated by NFDA
with the damping factor is not visible in the insert shown in
Fig. 4b.

In comparison with the medium-light mass system *Mg
+ 30Si, the density rearrangement of the **Ni + *Ni sys-
tem in the overlap region has a significant impact on the
fusion and presents a relatively apparent damping effect of
the CC strength. The S factor calculated with the damping
factor ceases to increase and exhibits a maximum at deep
sub-barrier energies in the ®*Ni + ®Ni fusion system.
However, in the relatively light mass system 2*Mg + 3°Si,

@ Springer

Distance R (fm)

the growth of the S factor at lower energies was slowed by
considering the non-frozen condition with a relatively
weak damping effect. This difference in the behavior of the
S factor may provide a valuable reference for the currently
controversial fusion process of >C + 2C at low energies,
which strongly affects the estimation of astrophysical
reaction rates.

4 Summary

The fusion hindrance phenomenon observed at deep
sub-barrier energies was investigated using a double fold-
ing model based on the non-frozen density approximation.
In this non-frozen method, the density distribution trans-
formation from the projectile and target nuclei to the
compound nucleus is described by introducing the distance
dependence to the half-density radius and diffuseness
parameters. When the density of the overlapping region
reaches the central density of the compound nuclei, the
projectile and target density distributions begin to change.
The enlarged half-density radius reduces the central density
of the colliding nucleus according to the normalization
condition. At the initial stage of the density rearrangement,
the increasing surface density of the colliding nuclei plays
a dominant role in the overlapping region. The slightly
higher overlap density of the non-frozen process causes the
potential to have a shallower pocket compared to that of
the frozen potential. As the distance decreases, the non-
frozen fusion process exhibits a relatively weak density
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Fig. 3 (Color online) a Comparison of the total potentials obtained
from AW (dotted line), FDA (dashed line), and NFDA (solid line) for
the %Ni + ®Ni fusion system. b The experimental fusion cross
sections for the ®Ni + %Ni [54] fusion system compared to the
theoretical calculation results. The dotted and dashed lines denote the
results of the AW and FDA potentials. The results calculated by the
NFDA potential with and without the damping factor are displayed by
the dash-dotted and solid lines, respectively. The insert presents a
comparison of the S factors between the experimental data and
calculated results

overlap, and the corresponding potential is significantly
more attractive than the frozen potential.

The CC effects have a significant influence on heavy ion
fusion reactions. In the non-frozen picture, the CC effects
decrease owing to the density rearrangement, and a
damping factor is employed to simulate this process. Based
on the non-frozen approximation with the damping factor,
the calculated fusion cross sections and astrophysical S
factors for *Ni 4+ %Ni and **Mg + °Si are both in good
agreement with the experimental data. For a relatively
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Fig. 4 (Color online) Same as Fig. 3, but for the fusion system >*Mg
+ 39Si. The solid points indicate the experimental data obtained from
Refs. [52, 55]

heavy mass fusion system, such as the ®*Ni + %Ni reac-
tion, the non-frozen process with the damping of the CC
strength causes a drastic reduction in the fusion cross
section, and a clear maximum is exhibited in the astro-
physical S factor. In the medium-light mass system >*Mg +
30Si, the damping effect is relatively weak, and the pre-
dicted S factor demonstrates that there is no maximum at
low collision energies.

It would be noteworthy to extend this method to astro-
physical fusion systems, such as the '>C + '?C reaction.
For the '>C + '2C fusion reaction at low energies, the
fusion process can be considered a superposition of the
non-resonant background and an additional contribution of
resonance [56-59]. This method can be helpful in
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understanding the fusion process of non-resonant effects at
astrophysical energies for '2C + '2C reactions.
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