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Abstract We study the properties of two-flavor quark

matter in the equivparticle model. A new quark mass

scaling at finite temperature is proposed and applied to the

thermodynamics of two-flavor quark matter. It is found that

the perturbative interaction has strong effect on quark

matter properties at finite temperature and high density.

The pressure at the minimum free energy per baryon is

exactly zero. With increasing temperature, the energy per

baryon increases, while the free energy per baryon

decreases.

Keywords Quark matter � Equation of state � Quark mass

scaling

1 Introduction

In many fields of nuclear physics, e.g., the Quantum

Chromodynamics (QCD) phase diagram and structure of

compact stars, one needs the equation of state of quark

matter [1]. In principle, we have the fundamental theory of

strong interactions, i.e., QCD. Due to the non-perturbative

QCD interaction at relatively lower densities on the one

hand, and the so-called sign problem on the other hand,

QCD cannot be studied from first principles at finite baryon

density. Therefore, one usually resorts to various phe-

nomenological models, e.g., Nambu and Jona-Lasinio

model [2], perturbation model [3–5], field correlator

method [6], quark-cluster model [7, 8], and many other

models [9–20].

A useful way to include interactions among quarks is to

usemedium-dependent quarkmasses. In one class ofmodels,

namely the quasiparticle models, the quark mass depends on

chemical potential and/or temperature [21–30]. In another

case, the quark mass depends on density and/or temperature

[31–35]. These kinds of models were previously called the

density dependent (density and temperature dependent)

quark mass models, but the thermodynamic treatment is

inconsistent.

In the case of chemical-potential-dependent masses, one

can have thermodynamic consistency by adding an addi-

tional term to the thermodynamic potential density [22]. In

the density-dependent case, it is now clear that the original

chemical potentials should be replaced with effective ones

when the quark masses become density and temperature

dependent [36]. The most recent version is fully thermo-

dynamically self-consistent and is called the equivparticle

model [37].
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Another important issue in the equivparticle model is the

quark mass scaling, i.e., how to parameterize the density

dependence of the quark masses. Initially, people mainly

emphasize quark confinement, and the interaction part in

the quark mass is parameterized to be inversely propor-

tional to the baryon number density [31] for light quarks

and later extended to strange quarks [32]. According to the

in-medium chiral condensate, it was shown that the inter-

action quark mass should be inversely proportional to the

cubic root of the density [16].

It is true that confinement interactions dominate at lower

densities. With increasing densities, however, the pertur-

bative interaction sets in and becomes more and more

important and thus should be included. Recently, a new

quark mass scaling, considering both the confinement and

perturbative interactions, was derived and applied to the

investigation of SQM and strange stars [37]. But the

important temperature effect was not considered there.

The purpose of the present paper is to study the prop-

erties of two-flavor quark matter with the equivparticle

model with the inclusion of both confinement and first-

order perturbative interaction at finite temperature and

density. In Sect. 2, we discuss the quark mass scaling,

while in Sect. 3, we give the necessary thermodynamic

framework and numerical results. Finally, we summarize

the paper in Sect. 4.

2 Quark mass scaling

Originally, the light-quark mass mq (q ¼ u/d) was

assumed to be inversely proportional to density, i.e., [31]

mu=d ¼
B

3nb
; ð1Þ

where B is the bag constant and nb is the baryon number

density of quark matter. It was soon extended to including

strange quarks [33, 34]

ms ¼ ms0 þ
B

3nb
: ð2Þ

Based on the in-medium chiral condensates and linear

confinement, a new scaling was derived [16]

mq ¼ mq0 þ
D

n
1=3
b

: ð3Þ

This cubic scaling has been extensively applied to the

investigations of SQM-related physics, e.g., the QCD phase

diagram [36], properties of SQM and strangelets [38] at

zero and finite temperature [18, 39], the damping time scale

due to the coupling of the viscosity and r mode [40], and

the quark–diquark equation of state and compact star

structure [41]. The energy per baryon of quark matter

becomes infinite for small density, describing effectively

quark confinement.

Although the confinement interaction is dominant at

lower density, perturbative interactions become more and

more important with increasing density. Recently, a new

quark mass scaling considers both confinement and first-

order perturbative interactions derived [37] as

mq ¼ mq0 þ
D

n
1=3
b

þ Cn
1=3
b : ð4Þ

The cubic-root scaling in Eq. (3) was extended to include

finite temperature [18] as

mq ¼ mq0 þ
D

n
1=3
b

1� 8T

kTc
exp �k

Tc

T

� �� �
; ð5Þ

where k � 1:6 and Tc is the critical temperature from

where the confinement effect becomes ignorable.

The advantage of the extension to finite temperature in

Eq. (5) is that it is in consistent with the string theory at

lower temperature. An obvious disadvantage is that when

one extends it to high temperature, it approaches to zero at

T ¼ Tc, which was previously regarded as a critical tem-

perature. When T [ Tc, the expression becomes negative,

and one has to take a zero value for the interaction part. We

can now write Eq. (5) in another form as

mq ¼ mq0 þ
D

n
1=3
b

1þ 8T

kTc
exp �k

Tc

T

� �� ��1

: ð6Þ

The new expression in Eq. (6) is equal to that in Eq. (5)

at lower temperature. At higher temperature, however, they

act very differently: The former becomes inversely pro-

portional to temperature, while the latter is zero.

Observing Eq. (4), we notice that, except for an

adjustable constant, the confinement and perturbative

interaction terms are reciprocal. Therefore, inspired by

Eqs. (4) and (6) we assume that at finite temperature and

density quark mass behaves:

mq ¼ mq0þ
D

n
1=3
b

1þ 8T

K
e�K=T

� ��1

þ Cn
1=3
b 1þ 8T

K
e�K=T

� �
;

ð7Þ

where K is a temperature scale parameter, comparable with

KQCD. Comparing the low density limit of Eq. (7) with

Eq. (6), we should have K ¼ kTc. We thus take K ¼ 280

MeV in the present calculations.

The confinement parameter D and the perturbative

strength C should be chosen to meet the condition that the

minimum energy per baryon of light-quark matter is

greater than 930 MeV at zero temperature, in order not to

contradict with the conventional nuclear physics.

148 Page 2 of 6 Z.-Y. Lu et al.

123



According to our recent study, D1=2 should be bigger than

120 MeV [37] but smaller than 270 MeV [18], and C is

smaller than 1 [37]. For the present case of the two-flavor

quark matter, we take the modest values D1=2 ¼ 160 MeV

and C ¼ 0:6. This choice has the property that the con-

finement term decreases up to a flex temperature point at

about 155 MeV.

In Fig. 1, we show the quark mass as a function of the

temperature at the density nb ¼ 0:5 fm�3 for the parameters

D1=2 ¼ 160 MeV and C ¼ 0:6 with a solid curve. The

confinement and perturbative contributions are also plotted,

respectively, with dotted and dashed curves. We notice that

with increasing temperature, the confinement term in the

quark mass becomes less important than the perturbative

one.

For the gluon mass, we, according to the first-order

perturbative result, use

ðmg=TÞ2 ¼ ga hðT � TcÞ; ð8Þ

where Tc is the critical temperature of a pure SU(3) gluon

gas. The step function, h, is unity with a nonnegative

argument and zero otherwise. The parameter, g, is taken to

be g ¼ 15 in the present calculations, while for the running

coupling, we use a fast convergent expansion [42]:

a ¼ b0
b20 lnðu=KTÞ þ b1 ln lnðu=KTÞ

; ð9Þ

where the beta coefficients are taken to be b0 ¼ 11=2�
Nf=3 and b1 ¼ 51=4� ð19=12ÞNf . In order to include non-

perturbative effects, the renormalization subtraction point

is assumed to vary linearly with the temperature as

u=KT ¼ c0 þ c1x ð10Þ

with c0 ¼ 1, c1 ¼ 1=2, and x � T=Tc.

To calculate the properties of quark matter in the

equivparticle model, we need to use the density and tem-

perature derivatives of the quark mass, which can be easily

obtained from Eq. (7), giving

omq

onb
¼ � D

3n
4=3
b

1þ 8T

K
e�K=T

� ��1

þ C

3n
2=3
b

1þ 8T

K
e�K=T

� �
; ð11Þ

and

omq

oT
¼ � 8D

Kn1=3b

1þ K
T

� �
e�K=T

1þ 8T
K e�K=T

� �2
þ 8Cn

1=3
b

1

T
þ 1

K

� �
exp �K

T

� �
: ð12Þ

The temperature derivative of the gluon mass can be sim-

ilarly obtained from Eq. (8), i.e.,

dmg

dT
¼ mg

T
1þ x

2

d ln a
dx

� �
; ð13Þ

where

d ln a
dx

¼ � c1a
c0 þ c1x

b0 þ
b1
b0

1

lnðc0 þ c1xÞ

� �
: ð14Þ

In the literature, there are other forms of the quark mass

scaling, e.g., an isospin term was considered in Ref. [43];

Eqs. (1) and (2) were extended to finite temperature by

expansion to a Taylor series of temperature [44]; the one-

gluon-exchange effect was considered [45]; the asymptotic

freedom was explicitly considered by a Wood–Saxon fac-

tor [46]. In the present paper, however, we use the quark

mass formula in Eq. (7) to study the properties of light-

quark matter.

3 Properties of two-flavor quark matter

For simplicity, we assume the system consisting of light

quarks and gluons at finite temperature T. According to the

equivparticle model, the free particle contribution to the

thermodynamic potential density can be written in the form

X0 ¼ Xþ
0 þ X�

0 þ Xg
0; ð15Þ

where the equivalent quark (?) and antiquark (-) contri-

butions are

X�
0 ¼ � dqT

2p2

Z 1

0

ln 1þ e�
ffiffiffiffiffiffiffiffiffiffi
p2þm2

q

p
�l�ð Þ=T

h i
p2dp; ð16Þ

with the degeneracy factor dq ¼ 3ðcolorsÞ
	2ðspinsÞ 	 2ðflavorsÞ ¼ 12, while the contribution from

gluons is

Fig. 1 The temperature dependence of the quark mass at density

nb ¼ 0:5 fm�3 with the parameters D1=2 ¼ 160 MeV, C ¼ 0:6, and
K ¼ 280 MeV
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Xg
0 ¼

dgT

2p2

Z 1

0

ln 1� e�
ffiffiffiffiffiffiffiffiffiffi
p2þm2

g

p
=T

h i
p2dp: ð17Þ

The net quark baryon number density is then

nb ¼
1

3
nþq � n�q

	 

; ð18Þ

where nþq and n�q are, respectively, the quark/antiquark

number densities:

n�q ¼ dq

2p2

Z 1

0

p2dp

e
ffiffiffiffiffiffiffiffiffiffi
p2þm2

q

p
�l�ð Þ=T þ 1

: ð19Þ

We emphasize that the quark chemical potential becomes

effective due to the density and temperature dependence of

the quark mass. The effective chemical potential, l�, is
related to the actual chemical potential, l, by

l ¼ l� þ 1

3

oX0

omq

omq

onb
; ð20Þ

where dmq=dnb is given in Eq. (11) and the derivative of

X0, with respect to mq, is given by

oX0

omq

¼ dqmq

2p2

Z 1

0

1

e
ffiffiffiffiffiffiffiffiffiffi
p2þm2

q

p
�l�ð Þ=T þ 1

"

þ 1

e
ffiffiffiffiffiffiffiffiffiffi
p2þm2

q

p
þl�ð Þ=T þ 1

#
p2dpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ m2

q

q :

ð21Þ

The pressure of light-quark matter at finite temperature

is

P ¼ �X0 þ nb
omq

onb

oX0

omq
ð22Þ

with the second term on the right-hand side of the above

equation arising due to the density dependence of the quark

mass. The entropy density reads

S ¼ � oX0

oT
�

X
i¼q;g

omi

oT

oX0

omi

; ; ð23Þ

while the free energy density is given by

F ¼ X0 þ 3nbl
�: ð24Þ

Therefore, the energy density can be obtained by substi-

tuting Eqs. (23) and (24) into the thermodynamic relation

E ¼ F þ TS, which leads to

E ¼ X0 þ 3nbl
� þ TS: ð25Þ

For a given pair of the density, nb, and temperature, T, we

can first solve Eq. (18) to obtain the effective chemical

potential, l�, and the thermodynamic properties can be

calculated by Eqs. (22)–(25). Please note, in these

expressions, the contribution from gluons has already been

included.

In Fig. 2, we show the energy per baryon as functions of

the density at the fixed temperature values of T ¼ 100

MeV, 150 MeV, and 200 MeV for the parameters D1=2 ¼
160 MeV and C ¼ 0:6. At lower density, the energy per

baryon becomes infinitely large, indicating quark confine-

ment. At large baryon density, the energy per baryon also

becomes large because the perturbative interactions

become gradually important.

The temperature dependence of the energy (dashed) and

free energy (solid) per baryon are given in Fig. 3. We

notice that the energy per baryon increases with tempera-

ture. However, the free energy per baryon decreases with

increasing temperature and eventually becomes negative.

This is understandable with a view to the relation F ¼
E � TS and the fact that the entropy term �TS dominates at

large temperature.

To check the thermodynamic consistency and demon-

strate the effect of the perturbative interaction, we sepa-

rately plot the density dependence of the energy (dashed

curves) and free energy (solid) per baryon as a function of

the density at the fixed temperature T ¼ 30 MeV for C ¼ 0

(open square) and C ¼ 0:6 (full square) in Fig. 4 where the

points marked with a triangle are the minimum, while the

points marked with an open circle are the zero pressure. In

Fig. 5, the pressure and the corresponding free energy per

baryon at T ¼ 50 MeV are simultaneously shown. It is

clearly seen that the pressure is negative when the density

is lower than the density where the free energy is mini-

mum. It is positive otherwise. It is also checked that the

quantity E þ P� TS� 3nbl is zero at arbitrary density and

temperature. In fact, combining Eqs. (20) and (22), one can

easily get P ¼ �X0 þ 3nbðl� l�Þ, i.e., X0 ¼ �Pþ
3nbðl� l�Þ. Then substituting it into Eq. (25) and com-

bining similar terms, one immediately has

Fig. 2 The density dependence of the energy per baryon at different

temperature values
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E þ P� TS� 3nbl ¼ 0: ð26Þ

4 Summary

We have studied the properties of light-quark matter in

the equivparticle model with a new quark mass scaling at

finite density and temperature. Due to the density and

temperature dependence of the quark matter, the chemical

potential becomes effective, which ensures the thermody-

namic consistency: The pressure at the minimum free

energy per baryon is exactly zero.

We extend the quark mass scaling with both quark

confinement and first-order perturbative interactions to

finite temperature and apply it to the investigation of light-

quark matter. With increasing temperature, the energy per

baryon increases, while the free energy per baryon

decreases. The perturbative interaction increases with

density and temperature.

It should be pointed out that the present studies are

limited to two-flavor quark matter. Extension to the real

three-flavor quark matter is a meaningful task and will be

done in the near future.

References

1. J.F. Xu, G.X. Peng, F. Liu et al., Strange matter and strange stars

in a thermodynamically self-consistent perturbation model with

running coupling and running strange quark mass. Phys. Rev. D

92, 025025 (2015). doi:10.1103/PhysRevD.92.025025

2. Y. Nambu, G. Jona-Lasino, Dynamical model of elementary

particles based on an analogy with superconductivity. I. Phys.

Rev. 122, 345–358 (1961). doi:10.1103/PhysRev.122.345

3. E.S. Fraga, R.D. Pisarski, J. Schaffner-Bielich, Small, dense

quark stars from perturbative QCD. Phys. Rev. D 63,
121702(R) (2001). doi:10.1103/PhysRevD.63.121702

4. G.X. Peng, Thermodynamic correction to the strong interaction in

the perturbative regime. Europhys. Lett. 72, 69–75 (2005).

doi:10.1209/epl/i2005-10189-8

5. J.F. Xu, G.X. Peng, Z.Y. Lu et al., Two-flavor quark matter in the

perturbation theory with full thermodynamic consistency. Sci.

China Phys. Mech. Astron. 58, 042001 (2015). doi:10.1007/

s11433-014-5599-6

6. S. Plumari, G.F. Bugio, V. Greco, Quark matter in neutron stars

within the field correlator method. Phys. Rev. D 88, 083005

(2013). doi:10.1103/PhysRevD.88.083005

7. R.X. Xu, Can the age discrepancies of neutron stars be circum-

vented by an accretion-assisted torque? Astrophys. J. 596, L75–
L78 (2003)

8. R.X. Xu, Can cold quark matter be solid? Int. J. Mod. Phys. D 19,
1437–1446 (2010). doi:10.1142/S0218271810017767

Fig. 3 The temperature dependence of the energy (dashed) and free

energy (solid) per baryon at different densities

Fig. 4 The energy (dashed curves) and free energy per baryon (solid

curves) of light-quark matter at temperature T ¼ 30 MeV. The

triangles mark the minimum, while the open circles label the zero

pressured points. We notice that the pressure is exactly zero at the free

energy minimum, which is a necessary condition for a consistent

thermodynamic treatment

Fig. 5 The pressure and the free energy per baryon of light-quark

matter as functions of the baryon number density at T ¼ 50 MeV with

parameters D1=2 ¼ 160 MeV and C ¼ 0:6

Quark mass scaling and properties of light-quark matter Page 5 of 6 148

123

http://dx.doi.org/10.1103/PhysRevD.92.025025
http://dx.doi.org/10.1103/PhysRev.122.345
http://dx.doi.org/10.1103/PhysRevD.63.121702
http://dx.doi.org/10.1209/epl/i2005-10189-8
http://dx.doi.org/10.1007/s11433-014-5599-6
http://dx.doi.org/10.1007/s11433-014-5599-6
http://dx.doi.org/10.1103/PhysRevD.88.083005
http://dx.doi.org/10.1142/S0218271810017767


9. G.S. Khadekar, R. Wanjari, Geometry of quark and strange quark

matter in higher dimensional general relativity. Int. J. Theor.

Phys. 51, 1408–1415 (2012). doi:10.1007/s10773-011-1016-3

10. V.U.M. Rao, D. Neelima, Axially symmetric space-time with

strange quark matter attached to string cloud in brans-dicke

theory of gravitation. Int. J. Theor. Phys. 52, 1052–1060 (2013).

doi:10.1007/s10773-012-1420-3

11. X.J. Wen, Color-flavor locked strange quark matter in a strong

magnetic field. Phys. Rev. D 88, 034031 (2013). doi:10.1103/

PhysRevD.88.034031

12. A.A. Isayev, J.J. Yang, Anisotropic pressure in strange quark

matter in the presence of a strong magnetic field. J. Phys. G Nucl.

Part. Phys. 40, 035105 (2013). doi:10.1088/0954-3899/40/3/

035105

13. X.Y. Wang, I.A. Shovkovy, Bulk viscosity of spin-one color

superconducting strange quark matter. Phys. Rev. D 82, 085007
(2010). doi:10.1103/PhysRevD.82.085007

14. M. Huang, I.A. Shovkovy, Chromomagnetic instability in dense

quark matter. Phys. Rev. D 70, 051501(R) (2004). doi:10.1103/
PhysRevD.70.051501

15. T. Bao, G.Z. Liu, E.G. Zhao et al., Self-consistently thermody-

namic treatment for strange quark matter in the effective mass

bag model. Eur. Phys. J. A 38, 287–293 (2008). doi:10.1140/epja/
i2008-10682-6

16. G.X. Peng, H.C. Chiang, J.J. Yang et al., Thermodynamics,

strange quark matter, and strange stars. Phys. Rev. C 61, 015201
(2000). doi:10.1103/PhysRevC.62.025801

17. G.X. Peng, H.C. Chiang, P.Z. Ning et al., Charge and critical

density of strange quark matter. Phys. Rev. C 59, 3452–3454
(1999). doi:10.1103/PhysRevC.59.3452

18. X.J. Wen, X.H. Zhong, G.X. Peng et al., Thermodynamics with

density and temperature dependent particle masses and properties

of bulk strange quark matter and strangelets. Phys. Rev. C 72,
015204 (2005). doi:10.1103/PhysRevC.72.015204

19. J.X. Hou, G.X. Peng, C.J. Xia et al., Magnetized strange quark

matter in a mass-density-dependent model. Chin. Phys. C 39,
015101 (2015). doi:10.1088/1674-1137/39/1/015101

20. S.S. Cui, G.X. Peng, Z.Y. Lu et al., Properties of color-flavor

locked strange quark matter in an external strong magnetic field.

Nucl. Sci. Tech. 26, 040503 (2015). doi:10.13538/j.1001-8042/

nst.26.040503

21. V. Goloviznin, H. Satz, The refractive properties of the gluon

plasma in SU(2) gauge theory. Z. Phys. C 57, 671–675 (1993).

doi:10.1007/BF01561487
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