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Abstract In this report, a kinematical focusing technique

will be briefly described, and using this technique, the

primary hot isotope yields from the multiplicities of

evaporated light particles, associated with isotopically

identified intermediate mass fragments, are reconstructed.

Symmetry energy and characteristic properties of the

fragmenting source at the time of the intermediate mass

fragment formation are extracted from these reconstructed

primary isotope yields using a self-consistent manner. The

extracted density-dependent symmetry energy is further

compared with those experimentally extracted from other

heavy-ion reactions in literatures. A direct connection

between the freeze-out concept and transport model sim-

ulations in a multifragmenting regime of heavy-ion colli-

sions is also demonstrated quantitatively in the present

work.

Keywords Symmetry energy � Nuclear temperature �
Nuclear density and freeze-out

1 Introduction

In general, the process of heavy-ion induced multifrag-

mentation reactions at the intermediate energy region can

be divided into two stages: the early dynamical process,

including the compression, the expansion, and the forma-

tion of fragments, and the final statistical decay process.

The dynamical process is of more focus in last decades,

because nuclear matters under critical conditions are gen-

erated in this period, and valuable observations are also

provided for us to investigate the dynamical mechanism of

the nuclear reactions, the density dependence of symmetry

energy, and the characteristic properties of the nuclear

systems [1–10]. However, in the experiments, the ‘‘primary

hot’’ fragments, which are initially generated in the

dynamical process, de-excite by a statistical decay process

before they are detected as ‘‘secondary cold’’ fragments.

This secondary process may significantly alter the infor-

mation carried by the primary hot fragments, such as the

isotope yield distributions among others [11]. Even though

the statistical decay process itself is rather well understood

and well coded, it is not a trivial task to consider it the data

analyses or combine in with a dynamical code.

To eliminate the sequential decay effect, a kinematical

focusing technique has been introduced and briefly

described in this report. The technique is experimentally

employed to evaluate the light particle (LP, including

neutrons) multiplicities associated with each isotopically

identified intermediate mass fragments (IMFs) for the

reaction system 64Zn ? 112Sn at 40 MeV/nucleon.
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Symmetry energy, temperature, and density at the time of

the IMF formation are determined in a self-consistent

manner, using the experimentally reconstructed primary

hot isotope yields and anti-symmetrized molecular

dynamics (AMD) simulations [12–15]. The extracted

density-dependent symmetry energy is further compared

with those experimentally extracted from other observables

in heavy-ion reactions in literatures. Additionally, the

freeze-out concept, which is commonly assumed in the

statistical models, but not the transport models, is quanti-

tatively connected with the transport model simulations.

2 Method

The kinematical focusing technique utilizes the nature

that is in the collisions at intermediate energies, and LPs are

generated at different stages of the reaction and from dif-

ferent sources during the evolution of the collisions, but

those from the de-excitation of a certain excited isotope are

kinematically focused into a cone centered along the isotope

direction. To evaluate theLPs associatedwith an isotopically

identified IMF, we first determine the contribution of the

uncorrelated particles from other sources. The uncorrelated

particles are, on the average, emitted from a variety of

sources moving along the beam direction. The kinematically

focused correlated particles can be observed as an excess

above the uncorrelated spectrum. The excess increases as the

opening angle becomes smaller. The average velocity of the

correlated particles increases in proportion to the velocity of

IMF. Thus, the correlated and uncorrelated particles can be

modeled by two moving sources: those are a source moving

along the beam direction for the uncorrelated LPs, and the

other source moving in the IMF direction for the correlated

ones. Then, LP multiplicities associated with an isotopically

identified IMF can be extracted by doing integrations for the

spectrum of the correlated LPs at different angles. Summing

themultiplicities of the given IMF and all the correlated LPs,

one can reconstruct the primary hot isotope multiplicity.

More details about the kinematical focusing technique and

the reconstruction of the primary hot fragments can be found

in Ref. [16]. The isotope multiplicity distributions of the

experimentally reconstructed primary hot isotope

(Z ¼ 3� 14) for the reaction system 64Zn ? 112Sn at 40

MeV/nucleon are shown in Fig. 1, comparing with those

from the direct experimental measurement and the AMD

simulations.

The symmetry energy and the temperature and density of

the fragmenting source are extracted from the experimen-

tally reconstructed primary hot isotope yields using a self-

consistent manner [17–20], with the help of AMD simula-

tions. The brief processes of the self-consistent technique are

as follows: (a) optimize symmetry energy relative to tem-

perature, asym=T , from the isotope yields of the experimen-

tally reconstructed primary fragments and AMD simulations

with three different types of density dependence of sym-

metry energies in the frame work of modified Fisher model

(MFM) [21]; (b) extract the density, q, by comparing with

the resultant asym=T values from the AMD simulations with

different density dependence of the symmetry energy; (c)

extract the asym values from the extracted q value and the

comparison between the asym=T values from the isotope

yields of the experimentally reconstructed and AMD-simu-

lated primary fragments; and (d) calculate the temperature,

T, from the ratio of asym to asym=T . More detailed description

of the self-consistent manner is given in Refs. [17–19]. The

symmetry energy and the temperature and density at the time

of the IMF formation are evaluated as asym ¼ 23:1� 0:6

MeV, q=q0 ¼ 0:65� 0:02, and T ¼ 5:0� 0:4 MeV,

respectively, for the fragmenting system experimentally

observed in the reaction studied. It should be emphasized that

the temperature obtained in this work is much higher than

those experimentally extracted from secondary cold

IMFs [22–24].

3 Results and discussion

In Fig. 2, the density-dependent symmetry energy

obtained in our present work and other experimentally

extracted results from various observables are summarized.
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Fig. 1 (Color online) Isotope multiplicity distributions of experi-

mental cold fragments (dots), reconstructed hot fragments (closed

squares), and AMD primary hot fragments (circles) as a function of

fragments mass number, A, for a given charge, Z, which is indicated

in the figure (cited from Ref. [17]). In the AMD simulations, g0AS

interaction is used
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All of the data points cited are the results which are

determined based on the nuclear reactions [7, 18, 25–31].

One can observe two groups of data points: those are

q=q0.0:1 and 0:1.q=q0 � 1:0, respectively. For lower

densities (q=q0.0:1), the significant deviation from others

can be attributed to the formation of clusters at low den-

sities [27, 32]. For 0:1.q=q0 � 1:0, the existing data points

are consistent with each other within the errors and dis-

tribute along a line as a function of density. Under the

assumption of mean field, the density-dependent symmetry

energy is phenomenologically parameterized as a power

function, asymðq=q0Þ ¼ a
q¼q0
sym � ðq=q0Þc, where a

q¼q0
sym is the

symmetry energy value at the saturation density and c is a

parameter for describing the ‘‘stiffness’’ of the density-

dependent symmetry energy. Fitting the data points at

0:1\q=q0 � 1:0 with this power relation, one can obtain

asymðq=q0Þ ¼ 31:6 � ðq=q0Þ0:69, which suggests a stiff, but

softer than linear form of symmetry energy at subsaturation

densities. This result is also more or less consistent with

those from other parallel theoretical approaches [33, 34].

To model the multifragmentation process, a number of

different models have been developed in two distinct sce-

narios at the intermediate energy region. One is based on a

statistical multifragmentation under thermal and chemical

equilibriums at a freeze-out volume, and the other one is

based on a transport theory, in which nucleon propagation

in a mean field and nucleon–nucleon collisions under Pauli

blocking are two main ingredients. No freeze-out concept

is assumed within transport models. To investigate the

freeze-out concept in transport models, AMD events are

generated for central collisions (b ¼ 0 fm) of 40Ca ? 40Ca

at 35, 50, 80, 100, 140, and 300 MeV/nucleon. The density

and temperature of the fragmenting sources from these

reaction systems have been extracted using the self-con-

sistent method mentioned above.

The extracted density and temperature values in the

incident energy range studied here are summarized in

Fig. 3. The extracted density values (filled circles) are

plotted together with the maximum density created during

the collisions (open circles) in (a). The maximum density

values are calculated at the origin of the center of mass

system and normalized by the density of the initial nuclei at

t ¼ 0 fm/c. They increase monotonically from q=q0 � 1:3

at 35 MeV/nucleon to � 1.8 at 300 MeV/nucleon. On the

contrary, the extracted density values for the fragmenting

source distribute at q=q0 � 0:65–0.7. The extracted tem-

perature values (red dots connected by lines) in (b) show

also more or less a constant distribution, and T0 values of

5.9–6.5 MeV are obtained. These flat distributions of the

extracted density and temperature values indicate that

IMFs are in average formed at a later stage when the hot
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Fig. 2 (Color online) Summary of the density-dependent symmetry

energy obtained in the present and previous studies. The line is the fit

of the existing data points at 0:1\q=q0 � 1:0 with

asymðq=q0Þ ¼ aq¼q0
sym � ðq=q0Þc
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Fig. 3 (Color online) a Extracted q=q0 values (filled circles) and the

maximum q=q0 values (open circles) as a function of the incident

energy b extracted T0 values from the final rounds (red dots

connected by lines). Filled triangles (black) and filled inverted

triangles (blue) are taken from Serfling et al. [36] and Xi et al. [35],

respectively. These data points are corrected for the sequential decay

effect by multiplying a factor of 1.2 [36]. Open cross and starts are

the results from CLi and CC thermometer in Ref. [37]
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nuclear matter reaches at a ‘‘freeze-out’’ volume by the

expansion.

MFM assumes a single temperature of the fragmenting

system, based on the thermal and chemical equilibrium at

the time of IMF production. In AMD simulation, the IMF

production shows significant variation in time and space on

an event-by-event basis. Therefore, the temperature

extracted in the present work is an average temperature in

time and among IMF species. There is also no reason to

assume all particles are produced at a single temperature.

Therefore, one has to be cautious to compare our results to

those extracted by different thermometers with different

particles involved. Here, we compare our results with those

extracted by thermometers mainly using IMFs in the pub-

lished works. In Fig. 3b, our results are presented by filled

red circles connected with lines. Filled black and blue

inverted triangles are those from the excited-state popula-

tions of particle-unstable resonances of 8Be in the central
197Au on 197Au collisions at 50–200 MeV/nucleon [36] and

the central and semi-central collisions of 86Kr on 93Nb at

35–120 MeV/nucleon [35], respectively. These values

show similar to those from our present results after cor-

recting the sequential decay effects in their results [36],

even though they have larger error bars. The open symbols

in Fig. 3b are from different double isotope thermometers

from the central 197Au on 197Au collisions [37], and the

QSM correction has been applied for the sequential feeding

as described in the reference. Both of the temperature

values from carbon–lithium isotope ratio (CLi, black

crosses) and carbon–carbon isotope ratio (CC, red stars)

show more or less constant values (� 6 MeV) independent

on the incident energies in (b).

4 Summary

A kinematical focusing technique is introduced to

reconstruct the primary hot isotope yields from the exper-

imentally measured secondary cold isotope yields. This

kinematical focusing technique is applied to experimen-

tally reconstruct the yields of primary hot fragments for

multifragmentation events in the reaction system 64Zn ?
112Sn at 40 MeV/nucleon. Using the reconstructed hot

isotope yields, the AMD simulations with the Gogny

interaction with three different density-dependent symme-

try energy terms, and a self-consistent approach based on

the modified Fisher model, symmetry energy and charac-

teristic properties of the fragmenting source at the time of

the IMF formation are extracted as asym ¼ 23:1� 0:6

MeV, q=q0 ¼ 0:65� 0:02, and T ¼ 5:0� 0:4 MeV,

respectively. The extracted values are compared with those

extracted from other observables in heavy-ion reactions.

From the fit of the existing data points within the mean

field theory, a stiff, but softer than linear form of symmetry

energy at subsaturation densities, is suggested.

Using the above self-consistent method, the density and

temperature of the fragmenting system for the IMF pro-

duction are studied using the AMD-simulated 40Ca?40Ca

events in the incident energy range from 35 to 300 MeV/

nucleon. The extracted density and temperature values are,

respectively, q=q0 � 0:65–0.7 and T0 � 5.9–6.5 MeV

under a thermal and chemical equilibrium assumption in

this incident energy range. These rather constant values as

a function of the incident energy indicate that there is a

‘‘freeze-out’’ volume for the IMF production in the heavy-

ion reactions at intermediate energies, which is commonly

used in the statistical multifragmentation model as the

basic assumption.
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