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Abstract  This work analyzed the gamma ray attenuation effect from the self-absorption and shield attenuation per-

spectively. An exact mathematical equation was given for the geometric factor of the cylindrical fissile material with 

dual shields. In addition, several approximation approaches suitable for real situation were discussed, especially in 

the radial and axial directions of the cylinders, since the G-factors have simple forms. Then the space distribution 

patterns of the G-factor were analyzed based on numerical result and effective ways to solve the geometric informa-

tion of the cylindrical fissile material, the radii and the heights, were deduced. This method was checked and verified 

by numerical calculation. Because of the efficiency of the method, it is ideal for application in real situations, such as 

nuclear safeguards, which demands speed of detection and accuracy of geometric analysis. 
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1 Introduction 

With the surging demand of nuclear energy from 
both military and civil industries, large quantities of 
nuclear fissile fuel, such as U and Pu, have been pro-
duced and stockpiled. 235U and 239Pu, with the poten-
tial risk of proliferation, have been the focal point of 
the international society. The International Atomic 
Energy Agency (IAEA) has been engaged in the nu-
clear supervisory technology for many years. Since 
increased nuclear safeguards need more measurements, 
rapid measurement methods that do not alter the state 
of items being investigated are very desirable. Thus it 
is of practical significance to develop rapid nonde-
structive detection techniques for identifying, analyz-
ing and even tagging. 

Different radioactive nuclides are identifiable by 
their distinctive characteristic gamma spectra. Using 
Ge detector to examine the characteristic gamma 
spectra of the nuclear apparatus, we can determine 

what the constituent nuclide is. Another objective in 
the nuclear supervisory technology is to gather geo-
metric information of the nuclear apparatus through 
measurements of the varying intensity of gamma rays. 
Since the attenuation coefficients, together with the 
thickness of attenuation layers, dictate the pattern of 
gamma ray intensity in the space, this approach is 
powerful in dissecting the geometric information, i.e, 
size, shape, shield thickness, etc. 

In 1989, a joint nuclear supervision group of U.S. 
and the former Soviet Union examined the SSN-12 
nuclear warhead on board the Slava cruiser. Their 
measurements and analysis were published in maga-
zine Science.[1] They concluded that through meas-
urements of gamma spectra, warhead composition, 
whether it was a U warhead or Pu one, could be 
known. However, due to limitation of the number of 
measurements and time, they failed to discern the in-
formation concerning its design (geometric informa-
tion). In fact, their calculation assumed the shape was 
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sphere in either bulk form or surface form. 
Based on the fact that nuclear material itself at-

tenuates the gamma rays it emits, Tian et al.[2,3]
 

showed how the geometric information of the nuclear 
apparatus could be derived. They conducted exact 
analysis for the sphere structure and approximately 
applied their method to the detection in axial direction 
of the cylindrical nuclear apparatus. 

In 2001, Lu et al.[4]
 studied the geometric prob-

lem of the cylindrical nuclear apparatus, taking meas-
urements along axial direction and its perpendicular 
direction. They gave the analytical expression of the 
self-absorption coefficient in those directions. 

Huang et al.[5]
 solved the geometric problem, 

taking measurements in arbitrary direction of the cy-
lindrical nuclear apparatus and gave the exact analyti-
cal expression for the self-absorption coefficient. Also 
in their article, they proposed one way to determine 
the size of the nuclear apparatus by means of the self- 
absorption coefficient. 

However, due to safety reason, shields are com-
monly used in nuclear apparatus. A further attenuation 
of the gamma ray’s intensity will influence the gamma 
ray intensity pattern significantly. Thus the previous 
analysis when applied to shielded nuclear apparatus 
needs modification. In this article, we will investigate 
how to derive the geometric information of the 
shielded nuclear apparatus from detection data con-
cerning the distribution of gamma ray intensity in the 
space. Our extension better suits the reality and will 
have positive effect on the safeguard techniques a-
gainst nuclear proliferation. 

2 Expression of self-absorption correction 
coefficient 

2.1 Configuration 

Let the gamma rays go through three layers of 
absorptive materials. The innermost cylinder is radio-
active, while the rest of the cylinders are absorptive 
materials only. We can generalize to the situation of 
an arbitrary number of cylinders, but in real situations 
the core is usually U or Pu first surrounded by Pb 
shield and then by steel or iron. Fig.1 shows the con-
figuration. An infinitesimal volume is chosen to dem-
onstrate how gamma rays emit and traverse through 

the cylinders. 
To simplify the problem, we propose the follow-

ing assumptions: 
1) The detector is relatively far away from the 

 
 
 
 
 
 
 
 
 
 
 
 
Fig.1  Configuration of nuclear apparatus. 

nuclear apparatus. Thus every part of the nuclear ap-
paratus can be regarded as located at the same dis-
tance to the detector. In other words, we consider the 
nuclear apparatus as a point when attenuation due to 
its geometric feature is not involved. 

2) The nuclear material and the shields are ho-
mogeneous. Thus the gamma flux is in proportion to 
the volume of the nuclear material. 

Then the geometric factor is as follows: 

1 e d
i i

i

t

G
V

µ

Ω

Ω
−∑

= ∫∫∫         (1) 

where Ω is the volume of the innermost cylinder (the 
nuclear material), µi the attenuation coefficient of the 
i-th cylinder (the innermost being the first), ti the i-th 
absorption distance.[6] 

2.2 Absorption distances (Fig.2) 

Given a cylinder and two points in the space, one 
inside and the other outside, we need to determine 
how much of the line segment connecting the two 
points is contained in the cylinder. First we set up the 
Descartes coordinates and introduce some variables. 

The centre of the cylinder is located at the origin 
and its generatrix is parallel to the z axis. Some vari-
ables and constants are listed as follows: 

P0: the point outside the cylinder, with coordi-
nates (x0, y0, z0), where the detector is located; 
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P: a point inside the cylinder, with coordinates (x, 
y, z); 

R: the radius of the cylinder; 
H: the height of the cylinder. 
Note that the detector is placed far away from the 

nuclear apparatus. Thus ∣PP0∣ is much greater than 
the size of the nuclear apparatus. 

Using equations to represent the side and the top 
and bottom surface of the cylinder, we can calculate 
the intersection point of the aforementioned line seg-
ment and the cylinder. 

The side of the cylinder is represented as 
2 2 2
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whereas the top and bottom of the cylinder as 
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The line segment connecting P and P0 with s be-
ing the parameter is 
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Solving the intersection point of the line segment 
and the side face, we get  
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(5) 
the negative root is already discarded. We denote this 
s as s1. 

Solving the intersection point of the line segment 
and the top and bottom face, we get 
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               (6) 

We preserve the s in the range of [0, 1) and de-

note it as s2. 
Then s=min{s1, s2} is the parameter representing 

the intersection point. Substituting s in Eq.(4) with 
s=min{s1, s2} , we can determine the coordinates of 
the intersection point. The absorption distance, t, is the 
Descartes distance between two known points. 

2 2 2
0 0 0( ) ( ) ( )t s x x y y z z= − + − + −       (7) 

 
 
 
 
 
 
 
 
 
Fig.2  Absorption distance. 

With the preceding formulas, we can calculate 
the absorption distance of the innermost cylinder. The 
absorption distances of the shields are also soluble, 
since the intersection points are known by applying 
the foregoing argument. Now we denote ti as the ab-
sorption distance of the i-th cylinder, the innermost 
one being the first. 

3 Analysis of G factor 

3.1 Relative size of cylinders 

Transforming Eq.(1) by switching to cylindrical 
coordinates, we get 
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Fixing the radius of the cylinder, R and its height, 
H, we may calculate the G factor along the arc. If the 
cylinders are scaled, we will investigate the relation-
ship between the new G factor and the old one. 

Writing out the independent variables explicitly, 
we have 
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and 
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where k is the scale factor. 

Set 
r

r
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If we substitute the corresponding absorption 
distance 0( , , , )it P kr kzθ 　with 0( , , , )ikt P r zθ , since 
the cylinder is scaled by a factor of k, we have 
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that is 
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where Ω is the volume of the cylinder with R as its 
radius and H its height. 

From Ref.[2], if there is no shielding material, we 
have G 1∝ /µ. Thus we can regard the scaled cylinders 
as the original set except µ has changed to kµ and we 
can approximate the G factor as 

1
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If we set a reference point and calculate the rela-
tive G factor, the space distribution of the relative G 
factor remains the same. Thus the problem is further 
simplified, because only the ratio of H and R is sig-
nificant. We can fix R and see how the G factor pat-
tern changes due to varying H . However, when 
shielding layers are added, no simple relationship is 
found yet. We will fix R when analyzing shielded nu-
clear material, but a changed R just means a modifica-
tion of coefficients in the empirical formulas deduced 

in later sections. 

3.2 Approximation in special condition 

The G factor values along the y - and z –axis are 
the special cases we are to consider. Along the y -axis, 
all the gamma rays intersect the side of the cylinders. 
As d is much greater than the size of the nuclear ap-
paratus, every cross section parallel to xy -plane has 
identical gamma ray attenuation pattern. Thus by 
Eq.(8), we have the approximation 
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Calculating one slice of the nuclear apparatus, we 
can easily get the G factor value without laborious 
computation. 

Along the z -axis, all the gamma rays intersect 
the top surface of the cylinders. Still because d is 
much greater than the size of the nuclear apparatus, 
we consider all the rays traversing the cylinders per-
pendicularly to the top surfaces. Thus we have 
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where Ti is the top thickness of the i-th shield. The 
above equation can be written more explicitly, 
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The term 1e Hµ−  is generally much smaller than 
1 and thus can be ignored. We have a very concise 
expression for the G factor value along the z-axis, 
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4 Numerical analysis 

We consider the situation that the shielding ma-
terials are Pb and Fe. We calculate the G factor along 
an arc in the yz -plane where y and z are greater than 
zero, with its centre at the origin and radius d=150cm, 
which is a typical distance between the detector and 
the nuclear apparatus (Fig.3). 
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Fig.3  Detector along an arc in the first quadrant. 

To simplify the problem, we suppose the shield is 
homogeneous in thickness, which in reality is gener-
ally the case. In the following discussion we assume 
that R=1cm. A further restriction is that the two 
shields are of the same thickness to allow a simpler 
solution. Vary H/R from 0.5 to 6 with a step of 0.25 
and θ from 0 to π/2 with a step of π/40, where θ is the 
angle between z -axis and the line connecting the de-
tector and the origin. The linear attenuation coefficient 
can be determined from data provided by Ref.[7,8]. 

The values we use in our calculation are: 
µU=28.9135 g/cm2,  
µPb=13.8393 g/cm2,  
µFe=1.24 g/cm2. 
Results are plotted in the following figures 

(Figs.4-8). 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4  Pb shield (0.1R) and Fe shield (0.1R). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5  Pb shield (0.2R) and Fe shield (0.2R). 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.6  Pb shield (0.3R) and Fe shield (0.3R). 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.7  Pb shield (0.4R) and Fe shield (0.4R). 
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Fig.8  Pb shield (0.5R) and Fe shield (0.5R). 

4.1 Examination in radial and axial directions 

Now we further examine the special points, i.e. 
the radial and axial directions which in our coordi-
nates are the y- and z-axes respectively. G factor val-
ues are accordingly denoted as Gy and Gz. 

We find that Gy is almost a constant with the 
same shield thickness, which verifies the approxima-
tion in Eq.(15). This value is a very good indicator of 
thickness of the shield. Varying the thickness of the 
shield, we plot the G factor values along the y-axis 
(Fig.9). 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.9  G factor along the y-axis. 

Applying regression, we have 
Gy=e–15.7675T–4.1231 

where T is the thickness of both shields. The coeffi-
cient of T is approximately the sum of linear attenua-
tion coefficient (15.0832), yet a small deviation is 
present due to the complex absorption distances. In 

the z -axis, 2 3( )

1

1
e T

zG
H

µ µ

µ
− += . 

Thus we can deduce the thickness of the shields 
by a single measurement in the y -axis direction and 
from measurement in the z-axis direction we can de-
duce the height of the nuclear material. The result is 
shown below. 

The errors indicate that the result is satisfactory 
(Fig.10), but when the restriction is relaxed, as differ-
ent combination of shields may produce identical re-
sult, the situation becomes too complex to allow a 
simple solution. 
 
 
 
 
 
 
 
 
 
 
 
Fig.10  Shield thickness estimation. 

5 Conclusion 

Based on the mathematical expression for G fac-
tor, we propose a fast method to determine the geo-
metric information of the nuclear material with shields. 
Specific geometric information concerning nuclear 
apparatus can be deduced accurately. The radius of the 
nuclear material can be determine from the relative 
intensity of the gamma rays, while the height and 
thickness of the dual shields can be calculated by two 
measurements from the radial and axial direction. The 
numerical analysis results show our method is satis-
factory. 
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