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Abstract  As a natural character of high gain free electron laser (FEL), harmonic radiation is regarded as the natural 

extensions to short wavelengths. In high gain harmonic generation (HGHG) scheme, harmonic evolution may be 

attributed to the initial harmonic bunching, self amplification of the harmonic radiation, electron beam strongly 

bunched by the fundamental radiation, the faster longitudinal dynamics and the fundamental synchrotron oscillation. It 

is more complex than harmonic evolution in other FEL schemes. In this paper, via theoretical analyses and three 

dimensional simulations, a general description of different aspects of harmonic evolution in the HGHG process is 

presented. 
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1 Introduction 

Currently, at the end of a free electron laser (FEL) 

undulator, most self amplified spontaneous emission 

(SASE)[1] and high gain harmonic generation 

(HGHG)[2,3] are in deep saturation regime[4,5]. One of 

the natural characters of such high gain FEL is 

harmonic radiation which has been theoretically 

analyzed[6-8] and numerically investigated[9,10]. It 

shows that significant powers of the first few harmonic 

radiations are generated in high gain FEL. In more 

details, the output power of the 3rd harmonic radiation 

is about 1% of the fundamental level[7], which is about 

8 orders of magnitude brighter than a top rank 

synchrotron radiation light source[11]. These theoretical 

predictions have been realized in the first harmonic 

measurement at VISA FEL[12]. Thus, harmonic 

radiation is a significant extension to short 

wavelengths, and of great interests. 

 

In HGHG, the fundamental frequency conversion 

is based on the ratio of resonant frequencies of the 

modulator and radiator. The harmonic radiations in a 

radiator are high harmonics of the seed laser. This 

means that the bunching corresponding to the high 

harmonics could be rich and significant. Such a 

character makes harmonic radiations in HGHG FEL 

even more fruitful and attainable than those found in 

SASE. Also, it makes harmonic evolution much more 

complex than in other FEL scheme. However, the 

early work of harmonic radiation in HGHG FEL 

mainly refers to the nonlinear harmonic generation, 

which is driven by the fundamental and grows faster 

than the fundamental.  

In this paper, the harmonic evolution in HGHG 

FEL is discussed. A theoretical discussion of harmonic 

evolution is presented in Section 2. The validation of 

theoretical analyses and the harmonic performance 

obtained by three dimensional (3D) simulations are 

given in Section 3. The conclusions are in Section 4.  
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2 Mechanism of harmonic evolution in 
HGHG 

As a relativistic electron beam with average 

energy γ0mc2 entering a planar radiator in the z 

direction, one observes the transverse wiggling motion 

together with the “figure of eight” longitudinal phase 

oscillations in the resonant frame. This trajectory 

generates harmonic radiation. We denote the 

fundamental wavelength by λs and the period length of 

the radiator magnet by λw. The corresponding wave 

numbers are ks= 2π/λs and kw= 2π/λw. Then, we 

introduce the famous dimensionless variables 
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where θ=kwz+ksz–ωst+ξsin(2kwz) describes the FEL 

bunching, r = (x, y) is the transverse coordinates, kβ = 

2π/λβ is the wave numbers of transverse oscillation, n 

is the odd number, F0 represents the initial smooth 

distribution in the absence of the radiation field, and 

other components Fn, near einθ, means corresponding 

electron beam bunching that contribute to the growth 

of the n-th harmonic. Therefore, the coupled 

Maxwell-Vlasov equations may be written as 
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with D1n = n0μ0ec2K[JJ]n/2kw, D2n = eK[JJ]n/4kwmc2, 

and 
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where K is the dimensionless undulator parameter, En 

is the complex slowly varying envelope function of the 

n-th harmonic, 2   is the transverse Laplacian, μ0 is 

the permeability of free space and [JJ]n is the 

difference of the Bessel functions defined as  

[JJ]n=(-1)(n-1)/2[J(n-1)/2(nξ)-J(n+1)/2(nξ)] 

where ξ=K2/(4+ 2K2).  

According to Eq.(1), the n-th harmonic is 

determined by the term Fn. Thus, we separate the 

different order of eiθ in Eq.(2) and introduce Fourier 

transform over θ and Laplacian transform over τ. Then, 

the Maxwell-Vlasov equations can be reduced to[13] 
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where 
nE and

nF  are the transformed functions of En 

and Fn. Since we deal with FEL eigenvalue problems, 

the initial value processes were neglected in Eqs.(4) 

and (5). 

2.1 Coherent harmonic generation 

In the modulator of HGHG, the seed laser and the 

electron beam interact with each other to modulate the 

electron beam energy. Then, the energy modulation is 

converted into spatial modulation via passing through 

the dispersive section. Since the harmonic radiation in 

the radiator is high harmonic of the seed laser, the 

electron beam may enter the radiator with a significant 

harmonic bunching parameter. It can be evaluated by 

Eq.(6)[14] 
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where bn is bunching factor of the n-th harmonic, <> 

represents an average over the beam, m is the 

frequency up-conversion number of HGHG, σγ is the 

initial energy spread of the electron bunch, Δγ is the 

maximum energy modulation at the end of the 

modulator, and ∂θ/∂γ is the strength of the dispersive 

section. 
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At the beginning of the radiator, the radiated field 

is so weak that it does not change the electron 

distribution much in short distance, and this process 

can be approximated as many rigid microbunching[2]. 

Thus, Eqs.(2) and (3) can be neglected, and one 

dimensional (1D) case of Eq.(1) is given as 
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Therefore, the harmonic field grows linearly with 

z, and the harmonic power grows quadratically. Such a 

kind of radiation is called coherent harmonic 

generation (CHG). After about two gain lengths, the 

longitudinal dynamic of the electron beam induced by 

the radiated fields become important, then we must 

consider the Eqs.(3), (4) and (5) together. 

2.2 Linear harmonic generation 

In general, the solutions for the harmonic 

bunching and field amplitude are combinations of two 

different components, one given by the decoupled 

linear analysis, and the other driven by the exponential 

instability of the lower nonlinear harmonics and the 

fundamental radiation[4]. In Eq.(5), the term v=0 

represents linear harmonic generation (LHG), which is 

caused by the self amplification of the harmonic 

radiation, and other terms represent nonlinear 

harmonic generation (NHG) due to strongly bunched 

electron beams. Simply one can deal the two 

components separately. 

Assuming a uniform longitudinal density, a 

uniform “water-bag” transverse density u(p2+k2x2) and 

a Gaussian distribution h(γ) around the value of γ0 with 

rms energy spread σγ, a dispersive relation determining 

the complex growth rate μn and the transverse mode 

profile
nE is derived 

n

2
1 2 2

2 2 2 2

i s

1 ( )
( ) d

d ( )

d e [ cos ( )sin ]

  





  

  

 






n n n n

n

h
E D D

n

pu p k x

s E x ks p / k ks

  

(8) 

 

where αn=μn+(ω-ωr)/ωr-nθ´. According to FEL 

process, a Gaussian test function is introduced to solve 

Eq.(8) by variational approximation method[15]. Then, 

the 3D gain function of linear harmonic generation can 

be expressed in the scaled form 
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The scaling parameter Dn is a measure of 

transverse electron current. The intrinsic property of 

the variational approximation method assures that the 

error of the eigenvalue μn depends quadratically on the 

small errors in the test function. Moreover, for the 

electron beam with Gaussian transverse density, results 

may be found in Ref.[7]. 

2.3 Nonlinear harmonic generation 

NHG occurs when the electron beam is strongly 

bunched in the ponderomotive potential formed by the 

undulator field and the radiation field of the 

fundamental frequency. To determine nonlinear 

harmonic interactions, we consider only the nonlinear 

components and neglect the linear component in 

Eq.(5), which can be rewritten as 
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The even harmonic on the right side of Eq.(10) 

may be neglected in planar radiator. And the main 

contribution to NHG is from the fundamental radiation. 

Then, the 1D dispersive relation for the 3rd NHG is 

given by 
3

1
3

21133 EDDE             (11) 

For the 5th NHG, the leading nonlinear terms are 

)( 323
2

1
2

21
5

1
5

21155 EDEDEDDE     (12) 

From these relations, we can conclude that NHG 

grows faster than the fundamental radiation, and the 

gain length scales inversely with the harmonic order. 

NHG offer significant power in the short-wavelength, 

therefore extending the applications of FEL scheme. 
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2.4 Saturation of harmonic generation 

En and bn can be writen as |En|exp(iφn) and 

|bn|exp(iψn). Thus, 1D form of Eq.(1) can be reduced 

to  
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According to Eq.(13), the FEL gain of the n-th 

harmonic is determined by the difference of the angle 

of the n-th harmonic radiation field and the n-th 

harmonic bunching. A variable Δn with the variation 

region [–π, π] is defined as 

   n n n                 (14) 

Therefore, once Δn lies in [-0.5π, 0.5π], radiation 

power of the n-th harmonic grows, and for other cases, 

radiation power of the n-th harmonic decreases.  

Comparing with the fundamental radiation, the 

radiation field of the harmonic is small and could be 

neglected in Eq.(3). The bunching process of the 

electron beam is mainly driven by the fundamental. In 

such a system, the growth rates of the two terms on the 

right side of Eq.(14) are n times of the ones in the 

fundamental[6]. Thus a rough estimate can be 

concluded 
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For the FEL process of the fundamental radiation, 

at the beginning of the radiator, Δ1 would be around 

zero and the radiation grows exponentially. As the 

radiation grows, Δ1 slips out [-0.5π, 0.5π] and runs 

into [–π, –0.5π] or [0.5π, π], hence the saturation 

followed by decreased fundamental radiation. This is 

known as FEL synchrotron oscillation. 

For the case of the harmonic radiation, Δn varies n 

times faster than the fundamental and runs into the 

decrease region earlier than the fundamental. 

Therefore, a saturation of harmonic generation (SHG) 

is expected to appear earlier than the fundamental 

radiation. And the higher the harmonic order is, the 

earlier it saturates [8]. The saturation power of the n-th 

harmonic radiation can be estimated by inserting 

Δn=π/2 into Eq.(13). A typical saturation power of the 

3rd and the 5th harmonic radiation should be 0.85% and 

0.02% of the fundamental, respectively. 

2.5 Regain of harmonic generation 

Regain of harmonic generation (RHG) is 

observed in 1D simulations[6] and 3D simulations[9,10] 

of harmonic radiation. However, no special attention 

was paid on it. As shown in Fig.1, when NHG 

becomes dominant after 25m long radiator, Δ3 changes 

faster and arrives –0.5π earlier than Δ1, hence the SHG 

occurs at point A, where Δ1 is only about –0.27π. 

While the fundamental radiation saturates at Δ1 = 

–0.5π, Δ3 has oscillated one period and become –0.12π 

(point B). Finally, while Δ3 reaches –0.5π again, RHG 

comes out (point C). Generally, in RHG process, the 

3rd harmonic radiation power can be doubled. 

 

Fig.1  Performances of the fundamental and the 3rd harmonic 
radiation solved from one dimensional FEL equations. 

The RHG progress can be better understood by 

analyzing the FEL longitudinal dynamics. Despite a 

similar qualitative tendency, the bunching factor of the 

3rd harmonic shown in Fig.1 has a smaller modulus. 

The peak has a shorter length along the radiator axis. 

The narrower length with respect to the fundamental 

radiation is due to the faster longitudinal dynamic. 
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One adjunctive result by the dynamic is the fact that 

when Δ3 runs out of [–π/2, π/2], and enters the 

decrease area of the 3rd harmonic radiation power, the 

bunching factor of the 3rd harmonic radiation lies in a 

valley. In contrary, when Δ3 runs into [–π/2, π/2] again, 

the bunching factor of the 3rd harmonic just lies on its 

second peak. The difference in the harmonic radiation 

oscillation contributes to regain and doubling of the 3rd 

harmonic radiation power after its first saturation. 

3 Simulation performance 

In this section, we numerically investigate the 

field evolution process of the harmonic radiation in 

HGHG FELs, with parameters (Table 1) proposed for 

the Shanghai Soft X-ray FEL scheme (SXFEL)[16]. 

The steady-state simulations up to the 3rd harmonic are 

performed by Genesis2.0[17]. Fig.2 shows the power 

growth of the fundamental 9 nm radiation and the 3rd 

harmonic 3 nm radiation as a function of the radiator 

length for SXFEL, where the region of CHG, LHG, 

NHG, SHG and RHG can be well recognized. 

Applying the theoretical analyses in Section 2, one 

obtains the simulation results. 

Table 1  Main parameters of 9-nm HGHG in SXFEL 

Parameters Values 

Electron beam energy E / GeV 0.84 

Peak current IP / A 600 

Normalized emittance ε / mm-mrad 2 

Local energy spread σγ/γ 1×10-4 

Seed laser wavelength λS / nm 45 

Seed laser power PS / MW 0~50 

Modulator period length λUM / cm 3.8 

Modulator length LM / m 1 

Modulator undulator parameter KM 3.22 

Dispersive strength ∂θ/∂γ 0~15 

Resonant wavelength λR / nm 9 

Radiator period length λUR / cm 2.5 

Radiator undulator parameter KR 1.41 

 

Fig.2  CHG-LHG-NHG-SHG-RHG (CLNSR) process of the 
3rd harmonic radiation in 9-nm SXFEL. Ps=0.1 MW, ∂θ/∂γ=9.2. 

1) Due to the initial harmonic bunching, CHG 

with about 100 W is generated at the 3rd harmonic 

radiation in the first 2~3 m of the radiator, which is 

about 0.2% of the fundamental CHG level. From a 

rough estimation, |b3| is approximately 0.1|b1| at the 

entrance of the radiator. 

2) The following 10 m of the radiator is LHG 

caused by self amplification of the 3rd harmonic 

radiation. The gain length of the 3rd LHG is much 

more slowly than the fundamental radiation. This is 

due to lower coupling coefficient and more sensitive to 

the energy spread, peak current and emittance of 

electron beam than that of the fundamental radiation. 

The simulated gain length of the 3rd LHG is 4.66 m, 

which agrees with the analytical gain length of 4.43 m 

from Eq.(9). 

3) The electron beam covering 13 m of the radiator, 

where the power of 9 nm radiation reaches 1 MW, is 

strongly bunched by the fundamental radiation, and 

NHG occurs. Passing 6 meters more in the radiator, 

the electrons lead to the 3rd harmonic radiation power 

growth of 1 MW from 1 kW. 

4) When the fundamental radiation power 

achieves 242 MW at 21 m, SHG of the 3rd harmonic 3 

nm radiation occurs with saturation power of 1.3 MW, 

which is earlier than the fundamental saturation. 

5) Together with synchrotron oscillation followed 

by the fundamental saturation with power of 557 MW, 

RHG makes the 3rd harmonic radiation power achieve 

4.2 MW. 

In Fig.2, CHG, LHG, NHG, SHG and RHG 

dominate in different positions of the radiator, and can 

be clearly recognized. However, all the five 
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mechanisms of harmonic evolution coexist under very 

strict conditions. More generally in harmonic 

evolution, different mechanisms compete with each 

other, and this leads to different processes of harmonic 

evolution. The five most potential processes of 

harmonic evolution in HGHG, which are defined as 

CLNSR, NSR, LNSR, CSR and CNSR, respectively, 

are shown in Figs.2~6.  

 

Fig.3  NHG-SHG-RHG (NSR) process of the 3rd harmonic 
radiation in 9-nm SXFEL. Ps=5 MW, ∂θ/∂γ= 1.0. 

 

Fig.4  LHG-NHG-SHG-RHG (LNSR) process of the 3rd 
harmonic radiation in 9-nm SXFEL. Ps=2 MW, ∂θ/∂γ=0. 

 

Fig.5  CHG-SHG-RHG (CSR) process of the 3rd harmonic 
radiation in 9 nm SXFEL. Ps=10 MW, ∂θ/∂γ=2.0. 

 

Fig.6  CHG-NHG-SHG-RHG (CNSR) process of the 3rd 
harmonic radiation in 9-nm SXFEL. Ps=3 MW, ∂θ/∂γ=1.6. 

Harmonic evolution in HGHG is much related to 

quality of the beam entering a radiator, especially the 

bunching and energy spread. The bunching is 

determined by rms energy spread induced by the seed 

laser and the strength ∂θ/∂γ of the dispersive section.  

Next, by a scan simulation through the practical 

range of the FEL parameters, we illuminate the 

appearance condition of different harmonic evolution 

processes of SXFEL 9 nm HGHG in Fig.7. Note that if 

the gain reduction as the beam energy spread increases 

to Landau damping, in the laboratory frame, 

significant harmonic radiation will occur when Δγ/γ < 

ρn = (2D1nD2n)1/3/2γ0. Thus, a practical limit Δγ/γ < ρn is 

employed in the scan simulation.  

 

Fig.7  Simulated “five-region” that represent the condition of 
five harmonic evolution process in 9-nm SXFEL. 

From Fig.7, the 3rd harmonic 3 nm experiences 

LNSR and CSR process for most cases. LNSR means 

limited spatial bunching induced by the modulator and 

the dispersive section, and the radiation starts from 

noise in the radiator, which works just as in SASE 

FEL. In LNSR process, LHG and NHG can be well 
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recognized and their gain length can be well calculated. 

The gain length of the 3rd LHG and NHG of SXFEL is 

prettily consistent with analytical estimates. In 

contrary, CSR is the harmonic evolution in normal 

HGHG status, as suggested by Yu L H[18], who found 

intense seed signal induced in the modulator and 

strong coherent harmonic radiation generated in the 

radiator.  

4 Concluding remarks 

Harmonic radiation may extend the application of 

FEL facility to short-wavelength. Moreover, some 

FEL schemes aimed at enhancing the efficiency of 

harmonic radiation have been proposed[19,20]. 

Understanding of harmonic radiation is of great 

interest. In this paper, we present a general description 

of harmonic evolution in HGHG FEL. On the basis of 

9 nm HGHG of SXFEL, different mechanisms in 

harmonic evolution are given. It was found that 

harmonic evolution might experience CHG, LHG, 

NHG, SHG and RHG, depending on initial harmonic 

bunching and energy spread of the electron beam 

entering the radiator. The numerical simulation results 

agree well with the theoretical analysis. This is useful 

in understanding harmonic evolution and stimulating 

discussions on future investigations. 

Due to different beam qualities in the radiator, 

there can be five harmonic evolution processes in 

HGHG. Since the electron bunch enters the radiator 

with large energy spread, the harmonic power in 

HGHG operation at fundamental saturation is less than 

that in SASE operation, being respectively 4.2 MW 

and 5.6 MW in SXFEL. However, the required length 

of HGHG undulator is much shorter than that of SASE. 

Under such a circumstance, saturation condition of the 

3rd harmonic radiation can only be satisfied in CSR 

process. In SXFEL case, a 15 m radiator is reasonable 

for fundamental saturation. Thus, the output power of 

the 3rd harmonic radiation in HGHG operation is 4.4 

MW, with respect to 0.02 kW in SASE operation. A 

100-fs seed laser will be injected in SXFEL because of 

the multi-stage HGHG principle. Once the radiations 

in the radiator saturate, they enter the superradiant 

regime. Then, the energy exchange between the 

electron beam and the harmonic field is proportional to 

the slippage length scaled with the fundamental 

resonant wavelength. One may find that the quadratic 

growth of the 3rd harmonic works until the SASE 

contribution stops the evolution of superradiant by 

ultimately spoiling the longitudinal phase space of the 

electrons[21]. 

Longitudinal dynamics of the electrons 

contributes to the harmonic radiation. It is prettily 

complicated and would be affected by many factors, 

such as the beam energies spread fluctuation due to the 

fundamental FEL synchrotron oscillation, the different 

optimal electron beam energy for the fundamental and 

for the harmonic radiation, the slower and the fast 

dynamics induced by LHG and NHG, respectively. An 

interesting phenomenon, the radiation power transfer 

from the fundamental to the harmonic radiation, may 

be expected. This, together with the slippage effects, 

however, will be a subject of a much more explicit 

study in future. 
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