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Single neutron hole entropy in 105Cd and 111Cd
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The nuclear level density and entropy were calculated for 105Cd, 106Cd, 111Cd and 112Cd based on the Back
Shifted Fermi Gas (BSFG) model and the Constant Temperature (CT) model. Then, the entropies were extracted
in the microcanonical ensemble according to recent experimental data on nuclear level density measured by the
Oslo group for these nuclei and are compared with their corresponding macroscopic calculations. Entropies of
the neutron hole were estimated from the entropy difference between the odd-mass and even-even nuclei. The
results reveal that the CT model describes better the extracted microcanonical results.
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I. INTRODUCTION

The nuclear level density ρ(E), defined as the number of
levels per unit energy at certain excitation energy, plays a
crucial role in studying nuclear structure and is the starting
point to deduce the thermodynamic quantities [1–3]. The
first theoretical attempt to explain nuclear level densities was
done by Hans Bethe in 1936 [4]. In doing so, the nucleus
was described as a gas of non-interacting fermions moving in
equally spaced single-particle orbitals. The Fermi-gas model
was later modified by introducing a shift in the excitation en-
ergy E due to residual interactions between the nucleons.
The pairing correlations in the low excitation region play
a major role and are described within the so called Back-
Shifted Fermi Gas (BSFG) model. The Constant Tempera-
ture (CT) model, introduced by Gilbert and Cameron [5], is
another phenomenological model based on experimental evi-
dence that the discrete levels follow exponential law.

These models are still widely used to describe nuclear level
densities. The thermodynamic identities are the starting point
for extracting results that are useful in relating different ex-
perimental quantities. An important goal in nuclear physics
is to deduce thermodynamic quantities such as entropy and
temperature [6, 7]. The information entropy in the field of in-
formation theory is introduced for studying the disassembly
of nuclei in the framework of the isospin dependent lattice gas
model and molecular dynamical model [8].

In this work, the nuclear level densities for 105Cd, 106Cd,
111Cd and 112Cd within the two phenomenological models are
extracted according to the new experimental data measured
by the Oslo group [9]. The entropy is deduced as a function
of excitation energy for each of the nuclei. The theoretical
results of level densities are compared with the experimental
data.
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II. STATISTICAL FORMULAS

The nuclear temperature T and the level density are related
by the expression [10]

1/T = d[ln ρ(E)]/dE. (1)

The integration yields the constant temperature level den-
sity [5]

ρ(E) = e(E−E0)/T /T, (2)

where E0 is the ground state back-shift energy.
The Bethe formula of the nuclear level density for the back-

shifted Fermi gas model [11, 12] can be written as:

ρ(E) =
exp(

√
a(E − E1))

12
√

2σ 4
√
a(E − E1)5

, (3)

where a is the level density parameter, E1 is the ground state
back-shift energy and E is the excitation energy. Gilbert and
Cameron calculated the spin cut-off parameter for the Bethe
formula with the reduced moment of inertia [5]

σ2 = 0.0888A2/3[a(E − E1)]1/2. (4)

The spin cut-off parameter is related to an effective moment
of inertia Ieff and to the nuclear temperature T

σ2 = IeffT/~2. (5)

The level density for a system of N neutrons and Z protons
is related to the state density by the relationship

ρ(N,Z,E) = ω(N,Z,E)(2πσ2)−1/2. (6)

The state density, which is the inverse Laplace transform of
the grand partition function, is given by

ω(N,Z,E) = eS · (2π)−3/2 ·D−1/2, (7)

where D is a 3 × 3 determinant of the second derivations of
the grand partition function taken at the saddle point.
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Fig. 1. (Color online) Experimental and calculated level density as a function of excitation energy in (a)105Cd, (b)106Cd, (c)111Cd and (d)112Cd.

The level density is proportional to the number of states
accessible at a given excitation energy. The multiplicity of
states defined as ρ/ρ0, where ρ0 is the level density close
to the ground state. Thus, the entropy in the microcanonical
ensemble is given by

S = KB · ln(ρ/ρ0), (8)

whereKB is the Boltzmann constant. The single neutron hole
entropy is given by [13]

∆S = S(OddA)− S(A+ 1). (9)

III. RESULTS AND DISCUSSION

Nuclear level densities of 105Cd, 106Cd, 111Cd and 112Cd
are extracted in the CT and BSFG models, using the exper-
imental data on nuclear level density measured by the Oslo
group [9]. Two nuclear level density formulas are parameter-
ized and the results are tabulated in Table 1. The results of
level densities as a function of excitation energy are shown
in Fig. 1. Their corresponding experimental values [9] are

TABLE 1. Level density parameters of BSFG and CT models for
105Cd, 106Cd, 111Cd and 112Cd
Nuclei BSFG CT

a(MeV−1) E1(MeV) T E0(MeV)
105Cd 12.06 0.12 0.74 −0.98
106Cd 12.65 1.36 0.68 −0.53
111Cd 15.45 −0.01 0.61 −1.12
112Cd 13.64 0.87 0.59 0.49

plotted for comparison. As can be seen from Fig. 1, the over-
all agreement between the experimental level densities and
theoretical results is satisfactory. However, the CT model re-
produces better level densities for these nuclei than the BSFG
model.

According to Eq. (8), the entropy is calculated from the
calculated level density. The entropies are also extracted
from experimental data on nuclear level density in the mi-
crocanonical ensemble framework. The calculated entropies
in the microcanonical ensemble are shown in Fig. 2 for 111Cd
and 112Cd, respectively. Their corresponding values obtained
from the phenomenological models are plotted for compar-
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Fig. 2. (Color online) The entropy as a function of excitation energy for (a) 111Cd and (b) 112Cd.

Fig. 3. (Color online) Calculated single neutron hole entropy in (a) 105Cd and (b) 111Cd.

ison. It can be seen that the microcanonical entropy corre-
sponds well with the calculated entropy within the CT model.
The entropy is related to the number of microstates accessi-
ble to a system. The entropy of 105Cd (111Cd) nucleus follows
closely the entropy for 106Cd (112Cd), but the even-odd sys-
tem has an entropy excess. The single neutron hole entropy is
defined as the difference between the entropy of the even-odd
and even-even neighbors nuclei and the entropy difference
represents the entropy carried by the neutron hole coupled to
the 106Cd (112Cd) core.

Finally, the calculated entropy excess in even-odd nuclei
compared to near even-even nuclei, according to Eq. (9), is
interpreted as the single neutron hole entropy in even-odd
nuclei and are plotted in Fig. 3. More information on the
calculation procedure can be found in our previous publica-
tions [1–3, 11, 13]. An examination of Fig. 3 reveals that
the single neutron hole entropy in 105Cd differs from that in
111Cd, due to different accessible microstates in each sys-

tem. The different predictions of the number of accessible
microstates in two models lead to different results for the sin-
gle neutron hole entropies. Also, when the number of acces-
sible microstates versus excitation energy oscillates, so does
the single neutron hole entropy. The calculated single neutron
hole entropy from CT model agrees well with the extracted
results in the microcanonical ensemble framework.

In summary, the nuclear level densities for 105,106,111,112Cd
have been extracted within two phenomenological models,
the Constant Temperature (CT) and the Back Shifted Fermi
Gas (BSFG) models, using the new experimental data on nu-
clear level density measured by the Oslo group. Then the
entropies have been extracted for these nuclei in two models
and also in the microcanonical ensemble framework. Finally
the entropies of the neutron hole are estimated. The results re-
veal that the CT model can reproduce microcanonical results
for these nuclei better than the BSFG model.
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