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Abstract In this study, effective atomic numbers (Z.) of
materials determined at different experimental conditions
by measuring the elastic-to-inelastic y-ray scattering ratios
are compared to ZXCOM predictions. It also presents the
experimental data obtained via the transmission technique.
The agreement and disagreement between ZXCOM and
experimental values are investigated. The theoretical basics
of determining Z. by scattering mode are outlined. The
study shows that choosing appropriate experimental con-
ditions can provide a good compatibility between the
experimental results and theoretical ZXCOM calculations.
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1 Introduction

The effective atomic number (Z.g) is of significance in
calculating the attenuation of X- and y-ray in radiation
dosimetry. Many physical characteristics of materials can
be visualized by just the Z. [1]. It gives physical infor-
mation about radiation interaction with matter and is used
in many fields related to radiation shielding, absorbed dose
and buildup factor [2]. The Z.¢ value depends on energy of
the incoming photons and the elements constituting the
material. Briefly, it can be considered as an average of the
number of electrons that joined to the photon—atom inter-
action [3].

Determination of Z.g can be done by measuring atten-
uated or scattered photons by the materials. When photons
penetrate matter, their intensities and energies change due
to many interaction mechanisms. Calculations of photon
attenuation are usually treated in terms of atomic mass
attenuation coefficients. In fact, a variation of total mass
attenuation coefficients with atomic numbers is generally
employed for Z estimation. The theoretical basics of this
method are described briefly elsewhere [4].

There are many programs to generate attenuation coef-
ficients, total cross sections, partial cross sections for
incoherent and coherent scattering, photoelectric absorp-
tion and pair production for any element, compound or
mixture in different energy ranges, useful for different
purposes, such as WinXCOM [5, 6], Xmudat [7] and
NXCOM [8].

Although the measurements in transmission mode are
widely applied for Z.; determination [9-13], its sensitivity
to detection of Z.g of some materials is inadequate. For
example, in low Z-materials (atomic number less than 10
such as tissue, polymers and dosimetric materials) the
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photoelectric absorption has minor important than scatter-
ing in the energy range (>20 keV) required for transmis-
sion mode and in the photon energy range suitable for
absorption measurements [14—16]. Therefore, in such
cases, the scattering mode measurement may be carried out
for Z.¢ determination. Elastic (Rayleigh) and inelastic
(Compton) scatterings, varying with energy, can be mea-
sured separately [17].

The Z. for different materials has been extensively
investigated via the transmission mode, but the Z.; deter-
mination via the scattering mode has been less investigated
[17-20]. Manninen et al. [18] reported the problems that
arise in comparison of the experimental results and theo-
retical predictions in scattering mode measurements. In this
study, we attempted to compare the experimental results of
the scattering measurements with those predicted by the
ZXCOM program.

2 Physical background

Generally, the mathematical details of Z.¢ and N are
explained by the transmission and elastic modes.

2.1 Computation of Z g and Zg via the transmission
mode

The effective atomic number for any sample is given by:
VA at—a/at—e; (1)

where 6,, and o, are the total effective atomic and total
effective electronic cross section, respectively. One can
find the formulation in detail in Ref. [21].

The effective electron density (in electrons g ') of the
sample can be computed by Eq. (2)

Netr = NanZeit/ > NiAi = NaZesr/(A), (2)

where N, is the Avogadro’s constant; the total number, n, of
atoms in the molecule; N; and 4; are, respectively, the total
number of atoms and the atomic mass of the ith elemental
composition of the material; and [147J is the average atomic
mass of the sample. Therefore, using the Z.¢ value obtained
from logarithmic interpolation in Eq. (1), one can calculate
the values of N.¢ by using Eq. (2). The equations reveal that
Netr and Zegr can be used interchangeably. The most impor-
tant difference between them is the value of atomic weights
that make up the compounds.

2.2 Computation of Z ¢ and N via the elastic mode
If the photon energy and scattering angle are high

enough to produce all interatomic interference phenomena
negligible, the photon energy is not too high to produce the
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addition of pair production and nuclear-scattering interac-
tions necessary. This roughly means that sin(6/2)/
Jo > 20 nm', where J, is the wavelength of the primary
photons, and Ey < 1 MeV. In this case, elastic scattering
can be viewed as a scattering through free atoms whatever
configuration of the sample, and the differential cross
section of the Rayleigh scattering is given by [18]:

(da0/dQ)g= (dea/dQ)F(x,Z), (3)

where index a stands for the whole atom, index e stands for
a unique electron, index T refers to the Thomson differ-
ential cross sections, which are given as:

(deo/dQ)y= (1 + cos® 0)ry/2, (4)

where rq is the classical electron radius, and 6 is the scat-
tering angle.

Similarly, the atomic differential cross sections for
Compton process for a bounded electron can be written as
[22, 23]:

(da0/dQ) = (deo/dQ) \S(x,Z), (5)

where “K—N” stands for the Klein—Nishina cross section
and S(x, Z) is the inelastic scattering function:

2
d.o o wg w1 wg .
— =—(— — 4+ —=—sinf 6
(d‘Q>KN 2 (wl w(2)+a)1 ) ©

where o, and 3 are the angular frequencies of the incident
and scattered photons, respectively.

In Egs. (3) and (5), the elastic-to-inelastic cross-sec-
tional ratio is then, for one atom, given by:

(dao/dQ)gy  (deo/dQ) F?(x,Z)

(4a0/dQ)c  (det/dQ)g_S(x,2)’ (7a)
and therefore, the F* 2/S factor

F*(x,2) _ (dea/dQ)y _y (dao/dQ) (7b)
S(x,Z) (dea/dQ)p (du0/dQ)c"

The multiplication of (d.6/dQ)x_n and (d.c/dQ)t by S(x,
Z) and the atomic form factor F(x, Z), respectively, allows
us to include the effect of electron binding into the
accounts. The values of S(x, Z) and F(x, Z) functions are
extending from zero to Z Also, they depend on the
momentum transfer parameter x (in 10\71);

x =sin(6/2)/% = sin(6/2)E, /12400, (8)

where A and E are the wavelength (in A and energy (in
eV) of the primary photons, respectively. The number of
atoms scattered to the detector is given in Eq. (9). It takes
into account the experimental setup, photon flux of the
source and atomic density of the sample 77, = Nap/My;
where p is the target density and My is the atomic mass
[20].
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d.o
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where d,o/dQ is the atomic differential cross section, the
probability of a photon to be scattered at an angle 6 by one
atom of the material, within an elementary solid angle d€;
Ny is the initial fluency; A4 is the self-attenuation factor for
photons; V is the scattered volume; and AQ is the solid
angle.

Using Eqs. (4) and (5) in Eq. (9), the recorded photon
numbers for Rayleigh (Ng) and Compton (Nc) by a
detector of efficiency € can be expressed as:

de

Ne = (=2 F2(x,Z)AQuy, VNoe(Eo)Ar, (10)
Q)
d.o

NC: —— S(X,Z)AQﬂaVN()S(Ec)Ac. (]1)
dQ /) g n

where A = exp[—(Eo)L; + u(Eo)L,] and Ac = exp[—u(Eo)
L; + w(Ec)Lg] are self-attenuation factors for the Rayleigh
and Compton, respectively, with Ec being energy of the
photons after a Compton scattering, u is the linear attenu-
ation coefficient, and L; and L are the path lengths through
the sample, along the incident and scattered beams,
respectively. The self-attenuation correction factor can be
estimated by: el#(Fc)—(Eo)lLs

SCF = Ag /Ac = eliEc)=n(Eo)lLs (12)

The Rayleigh Ni to Compton photons Nc ratio, R, can
be written as the ratio of the net peak areas under the elastic
and inelastic peaks, corrected for detector efficiency and
pulse losses

R(x,Z) = Ny /Nc = C[F*(x,Z)/S(x,Z)]SCF, (13)

where C holds for the ratio C = (d.0/dQ)1/(d.0/dQ)k_n.
Thus, for a specific experimental condition character-
ized by x

R.(Z) = CfP [F*(x,Z)/S(x,Z)|SCF. (14)

For some experimental conditions (£, 8), in which E,
and E¢ are roughly equal: This is true for a relatively low
scattering angle 0; Egs. (13) and (14) can be drawn without
making self-attenuation corrections [Ar ~ Ac]. Also, R, and
Z can be determined by the following relations:

[

(Z)XZJ‘XDKF;)} (16)

where f ,]?(F 2/S) is a discrete function at certain momentum
transfer parameter (x), which gives Z as a function of F*/
S factor. The points of the discrete function R = f D(2) for

the elements can be calculated by Eq. (15) from the
knowledge of F(x, Z) and S(x, Z) using suitable tabulations
such as those in Ref. [22].

Figure 1 shows the discrete points of the functions
Ris = fPs(Ze) and Z, 5 = £ D5(F/S), obtained by theo-
retical values of Fz/S, for elements of atomic number 1—
100. Equation (15) is the basis for the atomic number
measurement method by the Rayleigh to Compton scat-
tering ratio, where the R ratio is independent of the atten-
uation in the sample. It should be stressed that as long as ©5
describes the average photon energy of Compton scattered
photons, Eq. (15) can be successfully applied [18, 24].

For compounds and homogenous mixtures containing
various elements, we can generalize Eqgs. (15) and (16) as
follows,

where o' is defined by the mass percentage ; and the
atomic mass M; of the ith element:

a_ Oi/M;
TS oMy (%)

Here the function R = f(Z.) is a continuous function,
which can be deduced by fitting the discrete /2 function.
The last relationships enable us to determine theoretical
values for R, and Z.g from the calculated values of (F2/S)es
for any material under consideration [19]. Thus, for any
element, R, can be calculated via Eq. (15) at a certain
experimental condition. Hence, these values can be refer-
red to as “point-wise data,” which can be plotted as con-
tinuous functions to determine R, and (Z.), for any
material with an adequate interpolation method. Under
correct experimental conditions, we expect that a good
agreement can be achieved between the measured and
calculated values.

Practically, details of right experimental compromise for
Ey and 0 values were given by many researchers. For
example, Duvauchelle et al. showed that £, and 6 values
should be carefully chosen when (1) neglecting the cor-
rection factors mentioned in Eq. (12), (2) obtaining a good
counting statics for both Rayleigh and Compton compo-
nents, and (3) achieving a good separation between them.
They considered that, for example, the choice of photon
energy of 59.53 keV and a scattering angle of 35° lead to
an acceptable compromise between parameters influencing
the measurement [19]. Finally, the effective electron den-
sity at certain momentum transfer parameter (x), (Negr), of
the sample can be calculated by Eq. (2).
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Fig. 1 Variation of Rayleigh to Compton ratio R; 5 as a function of Z.¢ (a) and F?IS (b), for x = 1.5 A™! calculated by ZXCOM

We compared the calculated Z.¢ with the Z.¢ for some
materials measured under different conditions.

2.3 ZXCOM: Windows-based program
for calculating Z.¢

Based on the above theoretical treatment, a computer
program called ZXCOM has been constructed. It is a MS
Windows-based program to calculate Z.g and Neg using
R ratio for any element, compound or mixture, of § = 1°—
180° and photon energy of £y = 1 keV-1 MeV.

2.4 Database

A database file for ' and S for 100 elements over the
studied energy range has been compiled from the tabula-
tion in Ref. [23]. The R and Z.; are calculated from F~/
S factors, which depend on the momentum transfer
parameter, x(Ey, 6), as mentioned in the previous sec-
tion. The continuous functions of R and Z. for any
materials are obtained by interpolation of the discrete
values of F*/S for the 100 elements.

2.5 Input and output

ZXCOM has a graphical user interface (GUI). The GUI
facilitates define and redefine the elements, compounds and
mixtures. In addition, each variable can be redefined within
the ongoing run. The main output calculations of ZXCOM
are the variation of R with incident photon energy Ey (in
keV), at a certain scattering angle 6 in degrees, and the
variation of R with 8 at constant E,. The calculated data are
listed in “DataGridView object” to a predefined MS Excel
template or simple data file. Graphics of the data can be
drawn. The execute version of this program can be
downloaded via http://photon.yildiz.edu.tr/zxcom.php and
http://photon.gelisim.edu.tr/zxcom.php.
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3 Results and discussion

3.1 Comparison with values determined
by R measurement

Z.sr measured using the elastic-to-inelastic scattering
ratio is collected from Refs. [25-29]. Tables 1, 2 and 3
provide comparisons with experimental results. Table 1
lists the calculated and measured Z.¢ for low Z-materials
(Z < 10) at experimental conditions of (1) Ey = 17.44 keV,
6 = 90°, x = 099 A™! and AE = 0.58 keV, and (2)
Eo=59.54keV, 0 = 60°, x = 2.4 A" and AE = 3.28 keV.

Table 1 includes the columns of corrected ZXCOM
results for self-attenuation corrections of primary and
scattered photons. The corrections are calculated with
Eq. (12) using attenuation coefficients tabulated in Ref.
[32]. The corrections improve the agreement between
measured and calculated values, as given in Table 1.
Experimentally, self-attenuation correction factor is
dependent on the relative transmission of radiation at var-
ious energies as a ratio of photo-peak count rate passing
through the reference standard and other materials to that
through the air or water of the same geometry [30].

A closer study of Table 1 shows a considerable agree-
ment (differences up to 9.6%) between the calculated and
measured Z.g under experimental conditions of (1), and a
good agreement, too, under experimental conditions of (2).

Generally, the theoretical and experimental results agree
with each other better for incident photon energies of
>20 keV (see the example of E, = 1744 and
Ey = 17.4459.54 keV in Table 1). This is a natural result
for employing photons in an energy range of scattering
dominance, since the relative interaction probabilities for
elastic scattering and photoelectric process are roughly
comparable for energies of >20 keV in a matter with
atomic numbers of <10 (similar to our studied materials)
[17]. Therefore, when determining the Z.; for low Z-
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Table 1 Calculated and measured Z.¢ of low Z-materials at experimental conditions (1) Antoniassi et al. [25] and (2) Del Lama et al. [26]

Material (1) Ey = 17.44 keV, 6 = 90°, x = 0.99 A, (2) Ey = 59.54 keV, 0 = 60°, x = 2.4 A7,

AE = 0.58 keV AE = 3.28 keV

Uncorrected Corrected Uncorrected Corrected

Cal. Exp. Dev.%  Cal. Exp. Dev.%  Cal. Exp. Dev.% Cal. Exp. Dev.%
Water (H,0) 6.41 5.85 -9.57 599 5385 —2.34 743 7.2 -3.25 734 72 —-1.89
Ethanol (C,HgO) 5.71 5.26 —8.56 5.64 526 —7.25 6.32 598 —5.70 630 598 542
Isopropanol (C3HgO) 5.64 521 -8.25 5.57 5.21 -6.89
Glycerol (C3HgO3) 6.06 5.64 =745 597 5.64 —5.85 6.75 645 —4.65 6.70 645 -394
Dimethylformamide (C;H,NO) 5.86  5.36 -9.33 579 536 =7.99
Acrylic (CsHgO,) 591 5.53 —6.80 5.84 553 -5.67 6.395 6.16 —3.80 638 6.16 —3.53
Nylon (CgH;NO) 576  5.34 -7.87 5.71 5.34 —6.89 6.15 591 -3.98 6.13 591 -3.76

Table 2 Calculated and measured Z.¢ of some compounds under different experimental conditions

A* (Ey = 59.54 keV, 0 = 90°, x = 3.4 A"\, AE = 6.21 keV)

B® (Ey = 59.54 keV, 0 = 60°, x = 2.41 A, AE = 3.28 keV)

Materials Cal. Exp. Dev.% Materials Cal. Exp. Dev.%
Pr,0; 52.22 55.11 5.25 BaO 53.60 53.84 0.46
Eu,04 57.31 58.88 2.66 La,03 53.59 54.33 1.35
Lu,04 66.78 63.56 —5.06 CeO, 53.61 54.68 1.96

* Taken from Singh et al. [28]
® Taken from 1gelli [29]

Table 3 Calculated ando measured Z.¢ of two alloys at £y = 145 keV,
6 =70°and x = 6.71 A™ [27]

Materials Uncorrected Corrected

Cal. Exp. Dev.% Cal. Exp. Dev.%
Cug7Zng 3 29.30 29.1 -0.69 29.30 29.1 -0.69
Cug 6Sng 4 38.29 40.3 5.00 41.42 40.3 —2.78

materials by the R ratio measurement, the photon energy
should not be too low (>20 keV) in order to depart the
photoelectric dominance energy region. If the measurement
is performed at lower energies, where the scattering con-
tributions are minor, the R determination becomes a diffi-
cult problem, with high uncertainties, especially for low-
intensity radioactive sources. So the primary photon energy
of 59.54 keV is more convenient for scattering measure-
ments, with more reliable results than those of photon
energies below 20 keV (Table 1).

Also, we noticed that the deviations between theoretical
and experimental results in Table 1 are always negative,
which means that the experimental results are constantly
lower than those calculated (as Dev. = (Exp. — Theo.)/
Exp. x 100%); this can be attributed to overestimate of
Compton scattering contribution as discussed in the fol-
lowing statements.

The origin of differences between theoretical and
experimental results comes from the fact that wg, in Eq. (6),
corresponds to the radiation energy after scattering by a
stationary free electron. But the electrons in a real matter
are neither stationary nor free. The electron velocities
cause the broadening in the energy distribution of scattered
photons [so-called Compton profile]. As long as w5
describes the average energy of the Compton profile, then
the general Eq. (7) can be successfully applied for esti-
mating the elastic-to-inelastic cross-sectional ratio, the (F2/
S) factor and Z.g. In fact, if the binding energy of a par-
ticular electron shell, especially K- or L-shells, is of the
order of the energy difference of (w; — a)g), cog is no longer
the average photon energy after scattering from those
electrons [18]. The actual w, (average) is smaller, and
therefore, (d.o0/dQ2)x_n overestimates the Compton scat-
tering contribution, and as a result, the obtained values of
F?/S and Z.g are overestimated, as given in Egs. (7b) and
(18), respectively. The (d.0/dQ)x_n overestimate is due to
the factor (w3/w;)* in Eq. (6). As given in Table 1, the
energy difference w; — cu(z) (about 0.58 keV) is of the order
of the K-shell binding energy of the oxygen (about
0.55 keV), and @9 is no longer the average photon energy
after scattering from oxygen K-shell electrons. So Eq. (18)
assigns too much value to the calculated Z.g. Igelli and
Erzeneoglu [31] showed that the differential cross-
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Table 4 Calculated and measured Z.¢ of low Z-materials at £y = 59.5 keV, § = 90°, x = 3.4 A" and AE = 621 keV [34]

Materials Cal. Exp. Dev.% Materials Cal. Exp. Dev.% Materials Cal. Exp. Dev.%
AICl; 16.02 14.83 —8.02 FeCl, 21.25 22.13 3.94 Na,CO; 9.37 9.45 0.79
AI(NO3); 8.73 8.54 —2.29 FeCl; 20.21 20.54 1.57 NaF 10.16 9.90 -2.70
CaF, 13.78 14.57 5.41 Fe,(S04); 13.92 15.66 11.14 NaNO; 8.88 8.09 —9.81
CaHPO, 12.82 12.29 —4.35 Mg(NO3), 8.73 7.92 —-10.19 Na,SO; 11.31 12.36 8.50
CaOgCeH o 10.01 6.47 —54.61 MgO 10.65 10.04 —6.06 Na,SO4 11.02 11.65 5.43
CaSO, 13.07 15.70 16.75 NaO,C,H; 8.62 5.88 —46.58 NaCl 14.32 14.23 —0.64

sectional ratios decreased with increasing scattering angle.
The Z.; values at 60° are higher than those calculated at
90° (Table 1).

While Z increases, the contributions of K- and L-shell
electrons, in Compton scattering, become negligible, and
this error does not provide any observable impact on the
cross-sectional ratio, hence no overestimate for calculated
values of R or Z and no negative deviation between the
calculated and measured values (Table 2). The negative
deviation value of Lu,O; results from the effect of
anomalous scattering. As the energy of the incident radi-
ation (about 60 keV) is close to the absorption edge of
electron K-shell of Lu (63 keV), the true atomic scattering
factor deviates from that employed in ZXCOM program,
which is taken from Ref. [32]. Finally, in Table 2, it was
noticed that the deviation is significantly lowered by low-
ering the scattering angle. Also, Table 3 lists the experi-
mental [27] and the ZXCOM results for two alloys. A good
agreement is achieved.

Another source of discrepancies arises between the
calculation and measurement results because of the elec-
tron charge distribution in the molecule due to the effect of
binding between different types of atoms. This distortion
leads to inaccurate Rayleigh cross-sectional estimation as a
result of limited range of validity of the form factor
approximation, which was originally derived to correct the
Thomson formula for scattering by a charge distribution
rather than a point charge. Specifically, the form factor
approximation is not valid for momentum transfers that are
higher than the electron binding, and therefore, the inde-
pendent atomic model, in which each atom in a material
scatters independently of the others, cannot be successfully
applied. The effects of interatomic bonding within a
molecule, especially for large scattering, should be con-
sidered [33].

The deviations may be also originated by experimental
errors such the counting statistics errors at the lower
counting rates and the error in designating the scattering
angle. The overlap between the signals of coherently and
incoherently scattered photons will result in a wrong
number of counts, especially at small angles.

@ Springer

3.2 Comparison with experimental values
determined by transmission technique

Table 4 shows the experimental Z.y 1 values deduced
from transmission technique based on measuring the total
attenuation coefficients [34] and ZXCOM results (Z.¢) for
low Z-materials. One can see that the Z ¢ 1 and Z.¢ for the
most majority of listed materials are in good agreement.
However, this agreement is not upon any physical princi-
ples, since the Z.t and Z.g are independent parameters
used for characterizing the material uniquely for different
photon interaction processes of attenuation and scattering
[26]. Moreover, in some cases large deviations were noted,
for example, up to 55% for CaO¢cCgH,o and 47% for
NaO,C,Hs. Del Lama et al. [26] reported a similar large
deviation between Z.g 1 and Z values. Therefore, these
parameters are not directly related. Consequently, the
ZXCOM predictions are principally limited to the scatter-
ing mode of measurement.

4 Conclusion

We have presented a comprehensive comparison
between the ZXCOM predications and the experimental
results of transmission and scattering measurements. For
the scattering technique, the noticed deviations between the
experimental and calculated values are resolved in the
studied cases. The overestimate of Z.y values for sub-
stances with low and high atomic numbers is explained.
The effect of the self-attenuation correction factor is
studied. ZXCOM predictions are improved when the
attenuation correction factors are considered. The results
indicate that as long as w3 describes the average photon
energy of Compton profile, Eq. (7) can be applied, and
then, a good matching can be obtained between the
experiment and theory.

The deviation between the transmission technique data
and those predicted by ZXCOM program is attributed to
the different natures of photon interactions in the trans-
mission and scattering mode measurements. Right
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experimental compromise for £, and 6 values should be
taken into account when measuring or calculating Z.¢ via
scattering mode. On the other hand, the requirements of the
fine beam geometry must be fulfilled in the transmission
mode.
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