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1 Introduction 

Electromagnetic radiation has been historically the 

most widely used tool in the investigation of the proper-

ties of the physical state of the matter. The main reason 

lies in the smallness of the fine structure constant = 

1/137 that governs the coupling of the radiation with 

matter. This fact makes possible the use of linear re-

sponse theory as an interpretative scheme of experi-

mental observations and, on the other hand, the perturba-

tion of the system under study is negligible so that one 

can investigate the physical properties of the unperturbed 

system. Most of the studies of the electronic excitation 

dynamics, in the various states of the matter, benefit by 

this fortunate circumstance.   

However, due to the smallness of the coupling con-

stant scattering experiments can only probe the pair cor-

relations function of observable operators that couple to 

the electromagnetic probe, like the local density (r).   

This information is usually sufficient to reconstruct the 

spatial geometry of the atoms in periodic systems; for 

example, diffraction experiments, but is not enough in 

materials where no any long-range order is present. 

There is an exception: the X-ray absorption (XAS) spec-

troscopy from core levels. In fact it has been realized that, 

although the primary probe couples weakly with the 

matter, the secondary probe generated in the photoab-

sorption process, i.e. the photoelectron, can couple 

strongly with the atoms of the system and therefore can 

carry information beyond the pair correlation functions 

through final state interactions. As consequences photo-

absorption and photoemission data, especially from core 

level, have been extensively used for structural purposes.  

The advent of the use of Synchrotron Radiation (SR) 

has given a tremendous impulse to the areas of research 

using X-ray. The unique properties of SR source, like 

tunability, brilliance, intensity and polarization, to cite 

few, make the X-ray spectroscopies a unique tool for the 

investigation of geometrical and electronic structure of 

materials.  The high quality of the experimental data 

makes now possible several studies regarding the elec-

tronic excitation dynamics, like screening, polarization 

and relaxation mechanism, and elucidates the interplay 

between geometrical and electronic structure in many 

systems from biological to condensed matter materials. 

Therefore a theoretical scheme for interpreting such type 

of data would be highly desirable. This scheme is pro-

vided by the multiple-scattering (MS) theory, which form 

the objects of this article.  

2 Multiple scattering theory 

The MS theory is essentially a method to calculate, 

from first principle, the electronic structure of polyatom-

ic molecules and solids. This theoretical technique 

avoids many of the difficulties of the standard methods 

of quantum chemistry and band theory, leading to an 

accurate description of the wave function in molecules 

and solids of considerable stereo-chemical complexity.[1] 
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This method works in the real space without the need of 

any spatial symmetry and translation invariance. This 

last point is particularly important in the calculation of 

the X-ray absorption spectra from core levels because the 

presence of the core–hole in the final state breaks any 

translation symmetry. Using this theoretical approach 

one can calculate both bound and continuum parts of the 

molecular wave function. At the beginning of ’70, John-

son and co-workers introduced this method for the cal-

culation of bound levels and optical transitions in small 

cluster of atoms, later several groups have extended this 

approach to the continuum part.[2,3]  

The MS theory uses the so-called “muffin-tin” 

(MT) approximation for the shape of the potential of the 

cluster of atoms used in the calculation. This means that 

the space is partitioned into distinct atomic and intera-

tomic regions. Each atom is enclosed in a sphere of spe-

cific radius, the so-called “ muffin-tin ” radius, and an 

“outer sphere” envelops the whole molecule. Three re-

gions can be identified in this partitioning: atomic re-

gions (spheres centered upon nuclei) normally called 

region I; extramolecular region (the space beyond the 

outer sphere radius), region III, and an interstitial region 

of complicated geometry, region II, in which the molec-

ular potential is approximated by a constant, position 

independent potential. As a further approximation the 

potential is spherically averaged within the atomic 

spheres and outside the outer region. A pictorial view is 

reported in Fig.1. 

Fig.1  Pictorial view of the cluster of atoms; the different regions 
are explicitly indicated. 

 

The Coulomb and exchange part of the input poten-

tial are calculated on the basis of a total charge density 

obtained by superimposing the atomic charge densities of 

the individual atoms constituting the cluster. For the ex-

change potential Vex it is possible to use either the usual 

energy independent Slater approximation 

 

Vex = x


          (1) 

 

where (x) is the charge density and , the Slater ex-

change factor, is obtained from Schwartz or the energy 

dependent Hedin-Lundqvist potential in order to incor-

porate some of the dynamical effects. 

Within each atomic sphere and beyond the outer 

sphere the Schrödinger equation is solved by numerical 

integration (we normally use the Numerov procedure), 

with the usual regularity conditions at the nuclear centers 

nd the scattering or bound state conditions at infinity. 

Hence, one function is obtained for each angular mo-

mentum L (L indicates both l and m) of each atom, and 

for each L value of the outer sphere. Each function car-

ries a coefficient, the magnitude of which is characteris-

tic of the whole molecular wave function. These coeffi-

cients are determined by imposing continuity of the log-

arithmic derivatives with the interstitial region wave 

function, which, because of the MT potential, is a linear 

combination of Bessel and Neumann functions. The total 

electronic wave function may be schematically expressed 

as[3]: 

 

             (2) 

 

where each term in the sum is a solution to the potential 

in the corresponding region. The outer sphere function, 

which is general to both continuum and bound state 

problem, is: 

 

                                       (3) 

where III

lf and 
III

lg  are regular and irregular solution 

(at the origin) of the Schrödinger equation, respectively. 

)ˆ( 0L r are the usual spherical harmonics.  Energies k2 

are measured in Rydbergs (1 Ry = 13.60529 eV) and 

lengths in Bohrs.  The vector 0r


 is referred to the cen-

ter of the whole molecule. The continuity requirements 

define a set of secular equations, which depends essen-

tially on the type of atoms, the energy and the geometry 
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of the molecule. In 

the bound state problem the 
III

lf may be taken to be 

growing exponential functions, and thus the set ][ III

LA  

will be zero. This fact produces a set of homogeneous 

equations that can be solved finding the energies at 

which the secular determinant is zero. These energies 

correspond to the eigenstates of the whole cluster. 

To calculate the photoabsorption cross section we 

need to impose different boundary conditions because we 

use the continuum part of the eigenstates.[4] We suppose, 

for simplicity, that the potential in the extramolecular 

region III is constant and equal to the muffin-tin potential; 

there is not any difference between the regions II and III. 

This approximation, called the “extended continuum” 

scheme,[3,5] gives good results in the numerical applica-

tions and it has the advantage of calibrating on the same 

energy scale the bound state features relative to the con-

tinuum features without the need to perform ionization 

energy calculation. In other words we can calculate in a 

unique energy scale the pre-edge energy region with the 

rest of the XAS spectrum.  

In this case, the functions 
III

lf and 
III

lg  asymp-

totically behave like the usual Bessel lj  and Hankel 

lll i njh   functions, and the external region part of 

the total wave function can be calculated imposing the 

T-matrix normalization. With this choice one can treat on 

the some footing bound states and continuum resonances. 

In fact from general scattering theory bound states cor-

respond to poles of the T matrix of the scattering poten-

tial at points in the real negative axis, whereas poles near 

the real positive axis in the fourth quadrant of the com-

plex energy plane give rise to shape resonances with 

widths defined according to their distance from the real 

axis. Each partial L component of the IIIΨ  part has now 

the form: 

(4) 

This function describes a physical situation formed 

by an incoming partial wave lj  plus a set of outgoing 

waves having all L’ values, emanating from each site i, 

located at a distance iR


from the center, with amplitude 
i

'( )LB L .  

Inside the atomic muffin-tin sphere i, the scattering 

solution, which matches smoothly with the external wave 

function, is given 

by 
L

i

i

L

i

L )()( rRLB


 with )ˆ()()( ilmi

i

li

i

L rYrRrR 


. 

The scattering amplitudes satisfy the matching equations: 

 

(5) 
 

where 
i

lt   is the t-matrix of the atom located at site i,  
ji

L'LG  is the amplitude of the free propagation between 

sites i and j in the spherical wave representation and 
oi

LLJ  is the amplitude of the incoming wave referred to 

site i. Equation (5) represent a typical multiple scattering 

model for several centers with free propagation in the 

interstitial region. This equation can be written in the 

compact form: 

 

)()()( aa LJTLBGTI


          (6) 
 

with obvious notation. The matrix aT  is a diagonal ma-

trix defined through the atomic t-matrix as 
i

lLL'ija tδδT  .  

Since the core wave function is localized in the 

muffin-tin sphere I0 of the photoabsorbing atom, as-

sumed located at site 0, we only need that part of the 

scattering wave function which is centered on I0, so that, 

in the one electron approximation, the unpolarized pho-

toabsorbing cross section for photon with energy  is 

given by: 

                                         (7) 

where the factor 2 results from the spin degrees of free-

dom, = 1/137 is the fine structure constant and 

Ek  , E being the photoelectron kinetic energy de-

fined as E = –I0, where I0 is the ionization energy of 

the system. For simplicity we have assumed only dipole 

transitions because they dominate the continuum part of 

the XAS spectrum. In the atomic limit the ratio between 

quadrupole and dipole transitions scales like: 

 

 

 

where Z is the nuclear charge. Typically this ratio is 

about 1/100 in the X-ray range, for this reason quadru-

pole transitions are usually neglected in the XAS analy-

sis. 
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It is convenient, for practical purposes, to go from 

amplitudes to the imaginary part using the equation[5]: 

 

(8) 

 

which represent a generalization of the optical theorem. 

The quantity 
00

'

100

' ])[( LLaaLL TGTI    is called the 

scattering path operator and contains all the electronic 

and geometrical information about the atomic cluster. 

Moreover, through this operator it is possible to demon-

strate the complete equivalence between Green function 

approach, band structure calculation and MS theory.[4]  

3 Applications to XAS spectroscopy 

The absorption coefficient  depends on the energy 

and on the density of the sample. When the X-ray photon 

energy increases, the absorption coefficient decreases 

smoothly up to sharp discontinuities, the absorption edg-

es, generated by photons with energy high enough to 

excite an electron from core levels. In correspondence of 

an edge, the absorption coefficient  is proportional to 

the density nab of the photoabsorber in the medium and 

can be written as (E) = nab(E), where (E) is the total 

absorption cross section defined in Eq.(7) that exhibits 

strong oscillations with energy, the so-called X-ray Ab-

sorption Fine Structure (XAFS).  A typical spectrum is 

shown in Fig.2. In this figure we report the normalized 

absorption spectrum at the Ni K-edge of the Ni2+ in water 

solution. The data have been recorded in transmission 

mode using Mylar cell at beam station 7.1 of the 

Daresbury Laboratory. The sample has been prepared to 

obtain a water solution of 5 mM and the pH has been 

controlled in order to have the hydrated species. The 

background contribution from previous edges has been 

fitted with a linear function and subtracted from the raw 

data.  

The E0 is the binding energy of the system and cor-

responds to the energy needed to move one electron from 

the 1s state of the Ni to the continuum energy levels. In 

the following we develop the theoretical formalism [6-8] 

able to provide a suitable guideline to calculate and in-

terpret such type of experimental data.  

Using Eq.(8) the unpolarized absorption cross sec-

tion can be written as: 

(9) 
 

Fig.2  Normalized experimental absorption spectrum of Ni2+ in 
water solution at the Ni K-edge. 

 

where )(0 El  indicates the atomic cross section of the 

absorbing atom at a given edge and 

 

                                     (10) 

 

is a structure factor carrying out all the information about 

the atomic cluster around the absorber. Notice that in the 

case of isolated atom, i.e. if G = 0, this structure factor is 

equal to one and the total cross section reduces to the 

atomic one, which is defined as: 

 

                                     (11) 

where 
0

l  is the l-phase shift of the absorbing atom for 

a muffin-tin type of potential. The atomic cross section is 

essentially without structures (in a one-electron approx-

imation) and almost independent from the energy. The 

final angular momentum l is defined as 10  ll  ac-

cording to the dipole selection rules.  

The factorization between atomic absorption and 

structure factor is possible only if the potential is real. 

For complex potential, i.e. a potential with an absorptive 

part to account for the inelastic losses, a more general 

expression should be used and it will be treated at the 

end of this paragraph.  

To enlighten the physical meaning of the photoab-
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sorption process, it 

is convenient to perform the matrix inversion in Eq.10 by 

series: 

 

           (12) 

 

provided that the spectral radius )( GTa (maximum 

modulus of the eigenvalues) of the matrix  GTa  is less 

than one. In such a case the structural factor )(El   

becomes: 

 

            (13) 

 

with 

 

 (14) 

 

 

and 0 1( ) 1, ( ) 0l lE E   , since G is off-diagonal in the 

site indices. Clearly )(El

n  represents the partial con-

tribution of order n to the photoabsorption coefficient of 

the cluster under study, coming from all process where 

the photoelectron emanating from the absorbing site 0 is 

scattered n-1 time by the surrounding atoms before es-

caping to free space after returning to site 0.[8] Due to the 

localization of the initial core state only closed paths be-

ginning and ending to the absorbing atom are possible. It 

is this peculiarity that entails the site specificity of the 

XAS spectroscopy and makes it a unique tool for study-

ing structural problems and for probing higher order 

correlation functions in condensed matter.[9] The devel-

opment in Eq.(13) is the MS expansion with spherical 

wave propagators; the )(2 El term is the usual EXAFS 

signal. It is possible to write down complicated expres-

sions for each higher order term )3()( nEl

n using 

the (3n-3)-j symbols. However their practical usefulness 

decreases with increasing order. It is much easier to gen-

erate them by using a MS program that already calcu-

lates the structural signal )(El by performing the ma-

trix inversion either exactly or via the series expansion.  

It is also possible to derive recursive relations between 

consecutive )(El

n  terms.  

For practical application to data analysis the func-

tional form of the quantities )(El

n  is given by the 

sim

ple 

expression: 

 (15) 

where the sum is over all possible paths np  of order n 

defined above and 
tot

pn
R  is the corresponding path 

length. This form follows from the fact that each spheri-

cal wave propagator G carries a factor 
ijikR

e independent 

from L and L’, contained in the Hankel functions of the 

propagators, that can be factorized. It is the form ex-

pected on the basis of interference process between the 

outgoing and backscattered photoelectron wave at the 

absorbing site. As a consequence, under the assumption 

that the MS series converges, one can always fit an ex-

perimental spectrum with a series of EXAFS like func-

tions.  

The interpretation of the XAS spectrum in terms of 

MS pathways of the photoelectron in the final state is 

meaningful only if there is numerical equivalence be-

tween the two sides of Eq.(12). This implies that the ex-

pansion on the r.h.s. must converge to the l.h.s. relative 

to some convergence criterion. From the matrix theory 

the absolute convergence (relative to some matrix norm) 

is ensured if 1)( GTa . This criterion is extremely 

useful since the absolute convergence entails the proper-

ty that terms of order n in the series higher than a certain 

n0 do not contribute appreciably to the sum. Now 

)( GTa  is a continuous function of the photoelectron 

wave number k, which goes to zero as k goes to infinity 

(since 0i

lt  in this case) and tends to the infinity as 

k goes to zero because G is singular at k = 0 due to the 

presence of the Hankel function in the definition of the 

propagators. As a consequence it must cross at least once 

the value = 1; the nearer to 1 is its value the slower is 

the convergence of the series.  

According to the size of the spectral radius )( GTa , 

one can roughly divide the photoabsorption spectrum 

into three regions.[5,8] (1) A full multiple-scattering (FMS) 

region, characterized by 1)( GTa , where an infinite 

number of path (or a great number of them) contribute to 

the shape of the spectrum. For low Z scattering atoms, 

this is usually near the edge region, 20-40 eV within the 

absorption edge. This is the region of the shape reso-

nances where the scattering power of the environment is 

strong enough that it can scatter the photoelectron many 

times. Only global information can be extracted from the 

experimental data such as the point group symmetry and 

relations of the type krR = const. This last equation can 
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be derived from the resonance condition 

0)M(Det r E  for a given energy Er, where the ma-

trix M is determined via the equation:  

(16) 

 

that is an alternative form of the optical theorem Eq.(8).  

(2) An intermediate multiple-scattering  (IMS) region 

characterized by 8.0)(5.0  GTa , where only a 

limited number of paths of low order contribute due to 

the convergence of the MS series. Typically this is in the 

energy range 30 eV to 200 eV above the absorption edge. 

It is also the region where information on bond lengths 

and angles between bonds are contained, since the pho-

toelectron is sensitive to the relative position of two, 

three or more atoms at the time via the MS paths. (3) A 

single scattering (SS) region, characterized by 

5.0)( GTa , where only paths of order n = 2 con-

tribute significantly. This is the region where the photoe-

lectron is sensitive only to the pair-correlation function, 

i.e. the relative positions of the central atom and the 

backscattering atoms.  

It obviously extends in the IMS and FMS region as  

well. The corresponding signal is usually referred to as 

EXAFS in the literature and its energy region extend 

beyond 200 eV. In Fig. 3 the experimental evidence of 

the existence of the three energy regions[8] discussed 

above is pointed out. The 50 mM aqueous solutions of 

MnCl2 and KMnO4 salts form an octahedral and tetrahe-

dral cluster of metal-oxygen ions respectively. Mn ion is 

octahedrally coordinated by six H2O molecules forming 

a stable [Mn(OH2)6]2+ cluster with a Mn-O distance d1 = 

0.217 nm while the tetrahedral (MnO4)- cluster is known 

to have a Mn-O distance d2 = 0.163 nm. In Fig.3 the ab-

sorption spectra of both compounds are reported. The 

corresponding energy scale are in the ratio d2/d1 = 0.47 

where d2 and d1 are now the Mn-O distances in the two 

complexes, corrected for the linear term coefficient of 

the backscattering phase shift according to Eq.(15). The 

zero of the energy has been set at the first absorption 

feature, the 1s-3d transition, in both spectra. In this way 

the two spectra, after a further rescaling of the amplitude 

to take into account of the different number of atoms 

around the absorber, show a superposed behavior in that 

energy region that contain information only about the 

pair correlation function, i.e. the SS energy region. Be-

low in energy the two spectra are different indicating that 

information about higher order correlation functions is 

contained in the XAS spectra.   

Fig.3  Comparison between normalized Mn K-edge XAS spectra 
of (MnO4)- and [Mn(OH2)6]2+ ions in water solution. The respec-
tive energy scales are given in the upper and lower part of the 
figure respectively. The normalization is to a value of the atomic 
absorption at very high energy. A partition of the spectra in FMS, 
IMS and SS regions is sketched. 

 

This is the normal behavior, however a rather un-

expected situation may also occur when the spectral ra-

dius may stay near one at some intermediate energies and 

decreases as the energy decreases toward the edge. This 

situation is encountered in the cupper K-edge spectrum, 

where in the first 50 eV above the edge the EXAFS sig-

nal alone is capable of reproducing the XAS experi-

mental data. Deviations begin to show up in the energy 

range 50 eV to 200 eV due to the peculiarity of the rele-

vant atomic phase shifts )(Ej

l  that are small at low 

energy and cross /2 at about 130 eV. Around this energy 

MS contributions show up in the XAS spectrum. 

The general picture of an XAS spectrum that 

emerges from the preceding discussion is one in which 

oscillating signals with variable amplitudes are super-

imposed on a background of a more or less smooth 

atomic absorption. In the region of convergence of the 

MS series the SS signal is strongest and acts as a carrier 

wave that supports all of the other MS waves. Summa-

rizing we can say that in principle any XAS spectrum 

contains all the three regions mentioned above. Their 
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order with in-

creasing energy and their energy extend are obviously 

system dependent. The only feature common to all sys-

tem is that in the limit of high energy the IMS region 

should continuously merge into the SS region and finally 

reduce to pure atomic absorption. This picture is inspir-

ing all the modern methods of analysis of the experi-

mental XAS data.  

In the previous treatment we have neglected the fi-

nite lifetime of the photoelectron in the final state that is 

due essentially to the finite core hole width and to the 

inelastic excitations suffered by the photoelectron in its 

way out from the absorbing atom. These inelastic chan-

nels drain away amplitude from the elastic channel, 

which alone gives structural information, and must be 

included in a realistic calculation to make comparison 

with experimental data. This situation calls for a 

many-body treatment of the photoabsorption pro-

cess.[10,11] Now a formal exact solution of this problem 

can be found in the language of configuration interaction 

or channels giving a generalization of the MS theory in 

terms of multi-channels. This solution is given in Ref. 9. 

Here we want only to present some arguments, based on 

that solution, which will enable us to achieve a reasona-

ble guess for a possible complex one-electron potential 

to be used in an effective one-electron theory. The need 

of a complex potential implies the concept of mean free 

path associated to the photoelectron; in other words the 

photoelectron “sees” only few nanometers around the 

absorbing atom. Typically at 20-30 eV from the edge the 

mean free path is of the order of 0.6-0.7 nm, as shown in 

Fig.4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4  Typical mean free path (E) behavior in a metal. 

 

According to Ref.9 the photoabsorption cross sec-

tion can be written as: 

 

                                  (17) 

 

where S  is the overlap factor 
11  N

G

N    giv-

ing, in the sudden approximation, the probability ampli-

tude that the excited state 
1N

G  of the spectator (N-1) 

electrons with a core hole relaxes to the state 
1N

 , 

eigenstate of the (N-1) particles Hamiltonian, leaving in 

the system an excitation energy E . )E;'r,r(G ',


  

is the interchannel matrix representing the amplitude 

probability of propagation of the excited photoelectron 

from point r


 to point 'r


 while at the same time the 

excitation energy left into the system changes from 

E to 'E . Due to the completeness of the 
1N

  

states and the normalization condition, one has the sum 

rule   
2

1S

  . The Green’s-functions matrix 

, '( , '; )G r r E   satisfies a set of coupled equations that 

contains the complete description of all the possible out-

comes of a photoemission process, be it of intrinsic 

origin, i.e. consequent to the relaxation of the system 

around the core hole, or of extrinsic origin, i.e. created 

by the photoelectron on its way out of the system. Alt-

hough the distinction between intrinsic and extrinsic 

losses is not in keeping with the general principles of 

quantum mechanics we keep it as a useful aid for classi-

fying the system excitations according to some conven-

ient scheme. For example, in metals and semiconductors, 

we might collect all the plasmon-type final channels, 

whether of intrinsic or extrinsic origin, which give rise to 

similar interchannel potential. In this way, we can elimi-

nate from the set of Green’s-function matrix equations, 

the submatrix corresponding to these channels by ex-

pressing it in terms of the remaining channels. These 

latter are described by a system analogous to the original 

one having however a potential submatrix which is now 

complex and energy dependent due to the elimination of 

the plasmon channels. The expression of the total cross 

section Eq.(17) remains the same except that the overlap 

factors S  are now energy dependent and the sum is 

over the remaining channels. In particular we could 

)'(');',(Im)('

4)(

0

00

0

, ',

0','

*33 rrIrrGSSrrrdrd l

m

l






 

  










 



 

 

16 NUCLEAR SCIENCE AND TECHNIQUES 

 

Vol.14 

 
eliminate all channels in favor of the completely relaxed 

one (= 0) that is the channel where the (N-1) particle 

system remains in its possible lowest state. This latter 

channel is the only capable of giving structural infor-

mation and carries most of the weight. This procedure 

would lead us to a single equation for G00 in presence of 

a complex, energy dependent, non-local optical potential.  

Now the construction of such a potential and the 

consequent solution of the effective equation for G00 is 

out of question. We can however on the basis of physical 

consideration try to make an ansatz about the nature of 

this complex potential V00. To do that we must consider 

some experimental facts: a) in metal one obtains very 

good agreement with the experimental data using a 

one-particle approach with an X potential and convo-

luting the calculated spectrum with a Lorentzian broad-

ening function having an energy-dependent width related 

to the mean-free path of the photoelectron in the system 

by the relation )()2/()Γ( 12/1 EmEE   . In the 

framework of MS multichannel approach this finding 

can be rationalized by observing that in a metal the com-

pletely relaxed channel togheter with the plasmon excita-

tion channels almost completely exhaust the sum rule; b) 

double-electron excitations are normally very weak, typ-

ically 10-2–10-3 times the main relaxed channel. There-

fore on optical potential given by iΓ( )xaV E  is able to 

give a satisfactory picture of the absorption process. One 

can further argue that, in the spirit of a statistical ap-

proximation suggested by the opening of many channel 

with the same weight, the optical potential in question 

might be approximated by the self-energy of a uniform 

interacting electron gas with density given by the local 

density of the system. This fact points to the He-

din-Lundqvist (HL) potential, with its energy–depend- 

ent exchange and its imaginary part that is able to repro-

duce the observed mean-free path in metal, as being the 

natural candidate for such effective potential, at least for 

metals and semiconductors. One can interpret this poten-

tial as an effective optical potential that controls the 

propagation and the damping of the photoelectron eve-

rywhere in the system, even in the atomic core region. 

The complicated many body problem is reduced to an 

effective one-electron problem where the plasmon exci-

tations exhaust all the possible inelastic excitations of the 

system. In keeping with this interpretation no 
2

0 )(ES  

correction are needed. The application of these ideas to 

the calculation of the K-edge XAS spectra of many tran-

sition metals and semiconductors has yielded results in 

good agreement with the experimental data. In particular, 

amplitudes and phases of the MS signals in the IMS and 

SS regions are very well reproduced.  On the other hand, 

in molecular system the full HL potential introduces in 

the first 20-30 eV from the edge an over damping of the 

XAS spectrum. 

The Green function obeys an equation, better 

known as Dyson’s equation, given by: 

 

                                      (18) 

 

where );( Erexc


  is the local energy-dependent com-

plex HL exchange and correlation potential, and Vc is the 

usual Coulomb or Hartree potenial. This equation can be 

solved for a collection of muffin-tin potentials. Due to 

the localization of the core state we need the solution of 

Eq.(18) only for the photoabsorption site 0. This solution 

is given by: 

 

                             (19) 

 

where 
00

'LL  is the usual scattering path operator defined 

above and 
0 ( ')LS r  is the irregular part of the solution at 

the origin that now contributes to the atomic cross sec-

tion because of the complex potential. Eq.(17) can be 

now solved to give the total cross section of a cluster of 

atoms. Essentially the same considerations derived for 

the case of real potential can be repeated in this case, the 

only lies in the fact that the atomic cross section does not 

factorize out from the structural contribution. Therefore 

the total structural signal in a final angular momentum 

channel l is defined as: 

 

           (20) 

 

and various individual MS signals of order n are given 

by: 
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        (21) 

 

To clarify the effect of using the complex potential we 

observe that the MS series is formed by two building 

blocks: the propagator 
ji

LLG '  between site i and j and 

the l-wave atomic t-matrix 
i

lt  of the atom at site i. The 

general term of the MS series is built by several repeti-

tion of the product 
ij

LL

i

l Gt '  that brings out a factor 
ijRk

ee 222  
 when complex potential is used. Here 2  

and 2k  are the complex part of the atomic phase shift 

and wave vector respectively. The complex potential re-

sults in the existence of a damping factor that reduces the 

amplitude of the elastic signal. Typical calculations per-

formed with the method presented above are reported in 

Fig.5. In this figure we report the comparison between 

the experimental data of the Na K-edge in the NaCl sys-

tem with three different calculations obtained using X- 

exchange potential, a Dirac-Hara (DH) energy dependent 

exchange potential and HL exchange and correlation 

complex potential. For these calculations we have used a 

nine shells cluster formed by 123 atoms.  Because both 

DH and X- potential are real, the corresponding calcu-

lations has been convoluted the imaginary part of the HL 

potential. The theoretical spectra are further convoluted 

to take into account for the experimental resolution and 

for the core hole lifetime. The agreement between ex-

perimental data and the theoretical calculations is good 

in the whole energy range both concerning the shape and 

the energy position of the different features in the spec-

trum. Moreover it appears clear that the HL potential 

shows the best agreement with the experiment. This be-

havior is a general finding for crystalline materials while 

small problems remain in the first 20-30 eV basically 

linked to treatment of the inelastic losses in the molecu-

lar systems where the HL scheme seems to be inade-

quate. 

In this paper we have presented a brief summary of 

the work that has been done in the last twenty years by 

several groups to build a general scheme of interpretation 

of the XAS spectra. This is the “core” of modern 

understanding of the X-ray photoabsorption process from 

core levels. Many other items have not been treated in 

this paper, for example the problem of the thermal and 

structural disorder,[12,13] most of them can be found in the 

references reported at the end of this paper. This theory is 

able to interpret quantitatively the experimental data es-

sentially in the 

whole energy range and on this basis different computer 

codes have been created in the last years and now the 

XAS spectroscopy is a well-established technique to ob-

tain electronic and structural information from an enor-

mous variety of systems.  

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.5  Na K-edge in the NaCl system. Comparison between the 
experimental data (lowermost curve) and three calculations per-
formed with different choices of the exchange and correlation 
potential. 

 

Recently a new method to perform a quantitative 

analysis of the low energy range, the so called XANES 

energy region, i.e. from the edge up to 200 eV, has been 

proposed in the literature and applied to several sys-

tems.[14,15] This method is based on the comparison be-

tween experimental data and many theoretical calcula-

tions performed by varying selected structural parame-

ters starting from a putative structure, i.e. from a well 

defined initial geometrical configuration around the ab-

sorber. The calculation of XANES spectra related to the 

hundreds of different geometrical configurations needed 

to obtain the best fit of the experimental data has been 

made in the framework of the full MS calculation, i.e. 

the scattering path operator  is calculated exactly, and 

the optimization in the space of parameters is achieved 

by the minimization of the square residual function in the 

parameter space. In this way the low energy part of the 

XAS spectrum is now fully available for a quantitative 

analysis and we can benefit from the extreme sensitivity 

to the structural details of the absorbing site (overall 

symmetry, distances and bond angles) of this energy re-

gion. This is important in the study of many systems like 

extra-dilute systems, trace element analysis, local inves-
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tigation of materials under extreme conditions and much 

more in biological systems where the low S/N ratio and 

the weak scattering power of the light elements limits the 

k-range of the available experimental data and the EX-

AFS can be barely exploited. The structural information 

on protein metal sites can be obtained with atomic reso-

lution in any state of the protein sample (crystal, solu-

tion), allowing either the comparison with already known 

X-ray structures at high resolution or to get information 

on protein that have proven difficult to crystallize. This 

method is well described in the last two papers reported 

in the references. Here we want just to emphasize that 

this new method needs a phenomenological treatment of 

the inelastic losses to avoid the over damping at low en-

ergies of the complex part of the HL potential in the case 

of covalent molecular systems. 

This new method accounts for all the inelastic pro-

cesses by a convolution with a broadening Lorentzian 

function having an energy dependent width of the form 

 (E) = c +mfp(E). The constant part c includes the 

core hole lifetime and the experimental resolution, while 

the energy dependent term represents all the intrinsic and 

extrinsic inelastic processes. The mfp(E) function is zero 

below an onset energy Es (which in extended systems 

corresponds to the plasmon excitation energy) and begins 

to increase from a value As following the universal func-

tional form of the mean free path in solids.  Both the 

onset energy Es and the jump As are introduced in the 

mfp(E) function via an arctangent functional form to 

avoid discontinuities. Both numbers are derived on the 

basis of Monte Carlo search at each step of computation. 

This type of approach is justified on the basis of a mul-

ti-channel multiple scattering theory.[11] In the sudden 

limit, the net absorption is given by a sum over all the 

possible channels that represent each of the final states 

allowed in the photo-absorption process. They include 

the fully relaxed configuration, which gives the main 

contribution to the spectrum, and all the other possible 

excited states of the (N-1)-electron system. By assuming 

that the channels coming from the excitation of the N-1 

electrons are very near in energy, the total absorption is 

given by a convolution of the one-particle spectrum cal-

culated with the full-relaxed potential with a spectral 

function representing the weight of the other excited 

states. Hence the total XAS cross section can be written 

as[10,11] 

 

(22) 

 

We make the “ansatz” that the spectral function A() is 

well approximated by a Lorentzian function with the 

energy dependent width (E) previously defined. Obvi-

ously, in the cases when contributions from one or more 

of these excited states become relevant, they must be 

considered explicitly in the calculation.  

As test cases of the new method, we report in Fig. 6 

the analysis of the K-edge of Ni2+ ion in aqueous solution. 

This ion is often used as test case due to the well-defined 

formal valency of the ionic species and the very simple 

geometry around the absorber. The solid line corresponds 

to a calculation related to the best-fit structure that is 

geometry with an octahedral symmetry and an oxy-

gen-metal distance of 0.203 ± 0.003 nm. Hydrogen at-

oms are included in the calculations. The agreement be-

tween the experimental data and the best-fit theoretical 

curve is good in the whole energy range; small discrep-

ancies remain in the intensity of the resonance at 15 eV 

essentially due to the muffin-tin approximation for the 

shape of the potential.  

 

Fig.6  Ni K-edge Ni2+ in water solution. The solid line corre-
sponds to a best-fit calculation. 

4 Conclusions 

In this paper we have presented a review of the un-

derstanding of the modern interpretation of the XAS 

spectroscopy coming from the works of several groups in 

the world. Although very important advances are made 

in the last two years in the quantitative use of the 

XANES spectroscopy many other items should be ad-

dressed to fully exploit the potentialities of the XAS 
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spectroscopy, most 

of them are linked to a better treatment of the molecular 

potential.   

We close this paper to emphasize that the multiple 

scattering theory is a very general approach to calculate 

physical quantities from “first principle”; to this respect 

its field of application is not limited to the XAS spec-

troscopy, many other type of experiments can indeed 

benefit from this theoretical approach to have a solid 

background for the physical interpretation. A very im-

portant example is reported in Ref.16. 
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