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Abstract In this paper we develop a general exact fan-beam reconstruction algorithm for free-form trajectories not

only closed but also unclosed, based on the fan-beam reconstruction formula recently developed by Noo et al.. A

mathematical proof is then provided with the geometrical explanation of equi-spatial detectors. With this algorithm

we can obtain exact region of interest (ROI) reconstruction if and only if every projecting line passing through the

ROI intersects the free-form source trajectory, when the projections are not truncated. Furthermore, under the condi-

tion that the source-to-detectors distance changes slowly enough relative to the length itself, we obtain a very good

approximate reconstruction algorithm, which is the same as the algorithm of the circular trajectory except that the

source-to-detectors distance is a function of the rotation angle. Then the algorithms are tested using the Shepp-Logan

phantom and the experiment shows that the algorithms can get perfect numerical results.
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1 Introduction

Fan-beam reconstruction was firstly studied in
the case of the closed circular-scanning trajectory,!-*!
and then extended to the case of closed noncircular
scanning trajectories.>®! But all these fan-beam re-
construction algorithms need closed or half scanning
trajectories. Recently, Noo et al. re-formulated a 2D
FBP-type reconstruction algorithm of a region of in-
terest (ROI) from the X-ray fan-beam projections.” It
showed that a ROI could be exactly reconstructed on-
ly using super-short-scan projections. It is well known
that images can be reconstructed from projections ac-
quired just m+2ymax in fan-beam computed tomogra-
phy (CT) using half-scan algorithm. By contrast with
the half-scan method,!® it is feasible that a ROI can be
accurately reconstructed only provided all the projec-
tions from every line passing through the ROI, instead
of the whole object support.

Kudo
per-short-scan algorithm to the cone-beam tomogra-

Subsequently, extended the su-
phy.’! But all the existing super-short-scan algorithms
require a circular trajectory. In this paper, a general
exact fan-beam reconstruction algorithm for free-form
orbits is presented and proved. Under some easily sat-
isfied conditions, we expand a very good approximate
reconstruction algorithm which is derivative-free. It is
clear that our algorithm possesses various potential
benefits such as simplification and agility of data ac-
quisition, good temporal resolution, reduced patient
dose, lowered X-ray source power and reduction of
computational requirements. Fig.1 shows some dif-
ferent free-form trajectories corresponding to different
ROI that can be exactly reconstructed.

2 New algorithm for free-form trajectories

This section describes the FBP-style algorithm
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which is exact for fan-beam

ROI reconstruction with closed or unclosed free-form
trajectories. The derivation is along the similar lines to
Ref. [7]. In the fan-beam case, let f(X) denote the
2-D object composed by X = (X, ,xz)T. We assume
that the X-ray source moves along the free-form tra-
jectory d@(A) and a(A) denote the distance be-
tween the X-ray source and the origin; A € A. The
source-to-detectors distance is a function of A, de-
noted by D(A). We also assume the unit vector
e, =—a(l) /”Zl(/i)” and €, L e, . Every projection
is non-truncated and the detectors line is always or-
thogonal to the source-to-origin line (Fig.2). Finally,
let g(A,u) denote the measured equi-spatial
fan-beam projections. We also denote the fan-beam
transform:

gy =" f@n)+my-du (1)
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Fig.l1 Some scanning loci (dotted lines) corresponding to
different ROI (shadowed segments) which can be exactly re-
constructed except (b). The ROI segments depend on the be-
ginning and ending points of the scanning locus.
Then we can propose the following exact recon-

struction algorithm for any free-form trajectories:
- 1 1
JX)=—=| ————x
2nta(A)+Xx-¢
[W(ﬁvaﬁ)'gp (4, 12)],;:5*(,{,);)(1/1 2)

with
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where 7,,(e) in Eq. (3) represents the Hilbert trans-
form kernel defined as in Refs. [7,10]:
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Fig.2 Fan-beam geometry with equally spaced collinear de-
tectors.

In Eq.(2), w(A,u1) is a weight used to account
for information redundancy in the dataset. We know
that (A,24) can identify an X-ray. And let
N(A,i)e N be the number of intersections of the

line (A,u) with the vertex path. For lines through
the ROI, N(A,u4)>1 and for any such fixed line,

the intersections labeled a(4.),i=1,...,N(A,iu). For
each line through the ROI, a weighting function

Wa) is defined as!”

N(AiT)

D W () =1 (5)
i=1
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Expressed in terms of weights on projection val-
ues W(A,u) =W, ;1(4).

For any free-form planar source trajectories, the
ROI including the trajectories can be exactly recon-
structed using Eq.(2), if the
non-truncated. In Eq.(3) there is a derivative of the

projections  are

source-to-detectors which is not easy to be achieved in
applications.

In a general way the source-to-detectors distance
changes slowly and D'(1)is a very small value in
contrastto D(A). So we can get the conditions that:

1) D'(A) exists almost everywhere;

2) D'(1)/D(A)=0

Actually, the second condition is easily satisfied
in the practice, because in general D(A) is much
greater than D'(1).

Then we can obtain a derivative-free algorithm,
which is very approximate to Eqgs. (2) and (3) as fol-
lows:

FE) = :

2nta(A)+Xx-¢ *
[W(ﬂ”u).gF(ﬂ’ﬂu)]L;:ﬂ*(/{’f) dﬂ’ (6)

gr(hi=[" hH(ﬁ—u)%x
" u

o D*A)+u’ y
L% + —D(/l) Gu} g(A,u)du (7

According to the formulas (37), (38) in Ref. [7],
the difference between our derivative-free fan-beam

algorithm and the Noo’s just lies in the definition of D.

D is a function of A € A in the former, while a con-
stant in the latter.

3 Mathematical proof

Our fan-beam reconstruction formulas (2) and (3)
for any free-form trajectory are accurate under the
condition that D'(A) always exists as A € A, that
is, the source-moving curve is smooth everywhere.

Let us start with the following ROI fan-beam re-
construction formula (Eq. (27) of Ref. [7]):

N L
1= L

(w2, i) xgp (AM], 44 ®)

2r(An() = [ hylsin(p—7)lg [A.a()kdy ©)

Under the fan-beam geometry with equally
spaced collinear detectors (Fig.2.) we define

u=DA)tany, u =D(A)tanp (10)

Then from Egs. (8), (9) we can obtain the new
ROI fan-beam reconstruction algorithm for free-form

trajectories

e L
=51, F-a)]

[W(ﬂ,ﬂ) xgp(4, Iz)]ﬁ:ﬁ*(},,fc) d4 (11)

~ d
gr (i) =] iy

sin(arctan —arctan ——) |x
D(/"i)
0 Ou
—+—x—)g(4,u)d 12
(alax Vg(A,u)du (12)
To prove Eq. (11), it is only necessary to show

that

e (i) o5y = &r (Ao ) iy (13)
with g given by
gr(An(e) =" h, Ay

Under the fan-beam geometry with equally

[sin(p-»)]g

spaced collinear detectors, we define

u=D(A)tany (14)
u =D(A)tan g (15)
u*=D(A)tangp* (16)

Suggested in Eq. (14),

y = arctan

u
17
D) a7

In the given Eq. (9),
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Hence,

0 Ou

g'ha(y) = (8_/1 8—><—)g(/1 u)  (19)

And from Eq. (9),
gr(A.n(p)) = j hy [sin«o—y)]x
0
— —><— A,u)d
( PR )g( )dy
=g (4u) (20)
Using Egs. (14) and (15) for Eq. (20), we can al-
so get Eq. (12).
Now, it only remains to be shown that # * (4, X)
is such that ﬁ[ﬁ * (/1,55)] =n*(4,X). According
to Eq. (58) and (65) in Ref. [7],

i * (A, %) =i * (1, %)] 1)
Substitute (16) into (21), we conclude that
i * (A, %) =il * (1, x)] 22)

So Egs. (11) and (13) are proved.
From Eq. (10) we can get

dy __ DY) (23)
du D*(A)+u

aaaua

o _ou_dy

OA Ou O OA ou Oy OA
0 +D'(/l) ‘u+D’ (/1)+u

— (24
82, D(A) au 24
In above proof we have used Eq. (61) of Ref. [7].
Based on the relationship (10) the Hilbert trans-
form kernel can be converted into

. i
h,; {sm(arctan D arctan

(4) D(i))}

» D(A)x (il —10)
"NJEiDy Dy | @

Based on the £, (e)’s definition Eq. (4), we

define

o'=0o D(A) . Hence, Eq. (15)

\/[az +D*()] [u? +D*(W)]

can become
D(A) x (i —u)
NE ][+ D' )]
D(A)x(ii-u)

o \/[ahoz(/l)][uzwzu)]do_

\/[ﬁz +D*(W)][u? +D*(D)]
) D(A) "

re. . N Li2no (d—u) '
isign(o")e do

i \/[MZ + D) [ +D*(D)] e QO
D(A)

Then making use of Egs. (13) ~ (16) in Eq. (12)
we obtain

by

D)+
\/[D () +@ [ D (2)+u ]

gy (4.1 )—J

D) h, (it —u)x
{i+D(i)xu+D (A) +u Xi}gu’u)du
oA D(A) ou
(27)
~2 2
We take [u D (’1)} out of the integral about
D(A)

du and define
D(4)

A,i) =
g (A,i) Lm

{i+D'(ﬂ,)xu+D W“‘zxi}g(a,u)du
o4 D(A) ou

X hy, (i —u)x

(28)
Using Eq. (18) for Eq. (11) we get

L1 1
f@)= ZLW x
@@ + D*()) y
D(A)
(WA, D)8 (4D o542 (29)
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Under the fan-beam geometry with equi-spatial
collinear detectors (Fig. 2.) we can get

1 [@*+D*(A) ] 1

F-a] DA a)+i-g (30)

Thus, we have proved the exact reconstruction
formulas (6) and (7) for any free-form trajectories.

4  Simulation results

Our fan-beam ROI reconstruction algorithm for
any free-form trajectories is numerically evaluated
using the 2-D Shepp-Logan phantom. There are ten
ellipses in the phantom. The simulation parameters are
summarized in Table 1. The new ROI reconstruction
algorithm is simulated with an elliptical trajectory,
scanning for full-scan and super-short-scan datasets,
that is, 2w and . The detectors line is always orthog-
onal to the source-to-origin line.

Table 1 Fan-beam imaging parameters used in numerical
simulation

Object radius Ro 2 cm
Semi-major axis of elliptical locus Ra 6 cm
Semi-major axis of elliptical locus Rb 5cm
Origin-to-detectors distance 1 cm
Detector array size 256
Fan-beam angle ym 23°
Projection per 2n 180
Reconstruction matrix 256%256
Detector width (Au) 0.00956 cm

The derivatives with respect to y and u are im-
plemented using the 2-point formula. The weight
function W(A,ut) is defined as follows:

c(4)

w(A, i) = —
c(A)+ c[/l + 1 — 2 arctan(u /D(/t))]
€2))
with ¢(A) defined as Ref. [11]:
L n(A-A —d)
cos’ ———M A <A< A +d)
2d ) )
1 A +d<A<A -d)
c(A) =
L m(A—A +d)
cos’ ——MMM — A —d<A<A)
2d
0 (others)

(32)
where A, and A, are respectively the starting and
ending points of the scanning locus segment, and d

is an angular interval over which ¢(A) smooth drops
from 1 to 0. Here d =23 is used.

In Fig.3 some numerical results are shown.
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Fig.3 Fan-beam reconstruction of elliptical locus. (a) Recon-
structed Shepp-Logan phantom image using projections of 2.
(b) Reconstructed Shepp-Logan phantom image using projec-
tions of 7. (c) One line of reconstructed Shepp-Logan phantom
image using projection of 7.

5 Discussions and conclusion

In the view of this paper, we have proposed
fan-beam FBP-type reconstruction algorithms includ-
ing an exact one and a very approximate one for any
free-form trajectories. With our proof we can get ac-
curate ROI images by arbitrary scanning locus. How-
ever, we would like to emphasize that our algorithm is
exact only with a smooth scanning locus. And for easy
to practical application we simplify it to a deriva-
tive-free algorithm which is good approximate under
some easily satisfied conditions and very similar to
Noo’s algorithm. Because the algorithms are FBP-type
they can realize fast image reconstruction and are eas-
ily expanded.

As the above description the algorithm can only
be used when the source locus is in a plane. But in-
spired by PI-method,!'>!¥ especially the algorithms
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for cone-beam spiral CT

recently proposed by Katsevich,!'*1®! we suggest the

algorithm be expended to cone-beam tomography

with any free-form locus in 3-D spaces.
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