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ABSTRACT

Some useful relations in SU(N) algebra are given in this paper. These relations
may be useful in deriving the many-body interaction in QCD.
Keywords SU(N) algebra, Many body interaction, Quantum chromodynamics,
Hermitian operators, Many-dimensional calculations

1 INTRODUCTION

In particle physics, SU(/N) algebra is an useful tool. For example, SU(2) is the basis
of discussing the angular momentum , isospin and the weak-electromagnetic unification;
SU(3) is the basis of discussing QCD and the flavour group of light quark; SU(4) is the
basis of Dirac algebra; ---, and so on. In this paper, we follow the way introduced in
Ref.[1] to give some useful relations in SU(N) algebra. Consider a set of N2 — 1 traceless
Hermitian operator Ax(k = 1,2,..., N2 — 1) defined a N-dimensional space.

AL =X (1)
Tr(A) =0 (2)
AeAr = abil + BrimAm (3)
Brim = diim + i frim (4)
A, Ai] = AeAdl = NAk = 28 frimAm (5)
{2k, At} = AAr + M Ak = 2abk; + 2dkimAm (6)
Consider a set of column vectors; (;,(2,:--; and a set of row vectors; 71,72, -,
N x N matrix (111, (1m1(272, and (171¢272¢3n3 can be written as:

Gim = = (M) -+~ (m G M (7)

N Na

1 1
mame = 55(mcn)(med2) + m(mCl)(nz/\lCz)/\l

+ ﬁ(’hz\kﬁ)(ﬂz@)/\k + ﬁ("h/\kﬁ)(nz/\l(l)/\w\l (8)
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C1mCanzCan3
= %(mﬁ)(m@)(na@) + ﬁ(mCl)(nzx\zCz)(mCz)/\z
b S (MG G) (138D + 15 (ARG (B AGa) () ek
3 (M) G) 1A ) + 255 (1) A (A ) M
b g WG 12G)15hmGa) WA + 335 (MG (M) (1 AmGa MM A (9)

All these relations can be found in Ref.[1] except Eq.(9), which can be derived by

the same technique used in Ref.[1] to obtain the relation . A summation conversion of

repeated indices is assumed here.

2 DERIVATION

In order to give the useful formulae, we also need the following relations(see Ref.[1}):

(’\k)tnbl (’\k)a2b2 = a(N601b26a2b1 - alb16a2b2) (10)

ﬂklm(/\k)albl (’\l)azbz(’\m)aaba
= a2 [N26alb2602b36a3b1 - N(661b1 6a2b36a3b2 + 54111)360252 6a3b1
+6a1b2 6azb1 6a3b3) + 26111171 64121726113173] (11)

Consider further the following N x N matrix;

where

(121)(m¢2) (n2¢3) (n3¢a)

%(771C1)(772<2)(773C3)(TI4C4) + 'ng,—a(mCl)(nz/\tCz)(773C3)(TI4MC4)
ﬁ(nv\kﬁ)(772C2)(773C3)(774/\k44) + ﬁ(nl/\kﬁ)(’h/\l@)(773(3)(774/\k/\lc4)
N_lgz(771(1)(772<2)(773/\m<3)(774)‘m<4) + N—;C?(771(1)(712/\!(2)(nS/\mC3)(774/\l/\m<4)
223 (G (12G2) (150G AR A Ca)
ﬁ(nl/\kﬁ)(772/\1(:2)(773/\m<3)(774/\k/\l/\mC4) (12)

(maMMAmCs) = na(a@bpl + BrinAn) Amna
abgiNadmCs + BrinTMaAnAmCa
= abpNsAmCa + BrinNa{@bnm + Bnmoro)a
= ab(MaAmCs) + @brnmBrin(114C) + BrinBrmo(M14AoCa) (13)
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Substituting Eq.(11) into Eq.(12) and Eq.(10) into Eq.(11), after a tedious calculation,
one has seen: '

BrinBrmo(Ak)arby (M)asby (Am)azbs (Ao)asbs
= QY (V%8015 803538a3bsBasts — N6, 00354003550aa0r — N 260155626y 6azbsBah,
— N84, 80363 0a3546asb2 — N 2621526021 6azbsOasbs — N28a15,6a2b30asb; Oaqbs
+2N8,6, 6367 0a3b40asby + 2N 6a16,0a28, Oazbsbasbs + N6aybyazbyOazhs bashy
+ N8y, 6a3b46a3b30a16 + Nbayb, 0as836a36,00,65 + NbayibsOasbyOazhy Gasbs
~ 464,61 6azby 0asbs Oasby) (14)

Setting b2 = a4 and sum over ay4, one has
ﬂklnﬂnmo(/\k)alh (’\l)azbz (’\0’\"1)!12%

= as[_2N26a1b360,3b46a2b1 - N26a1b46a2b6a3b1 + 3N25a1b1 60,26350,3114
+3N6a164 66251 6aab3 + N(Salb.'i&aabl 6a264 - 4‘5&161 6a3b36azb4] (15)
Making use of Eq.(3) one has
ﬁklnﬂnmoﬂlmp(/\k)albl (’\p)azbz (’\0)a4b4
= 0®[~2N?%80,0,805646a28, — N?601b40a360a5; + 3N 64,5, 6026500364
+3N6a1b4 6a2b1 6a363 + N6a1b36a3b1 6a2b4 - 46a161 (5a3b36a2b4]
—az(N2 - 2)()‘k)a1b1 (’\k)a4b4‘5a2b3 (16)

here we note that N is arbitrary integer,let N = 3, a = % That is, for the SU(3) case,
with Eq.(10), one has

1 1
6b1b26a2¢13 = E(Ak)blas(’\k)azbz + g‘sbms&azbz (17)
Consider 661 b 6a2a3 6baa1 .
6b1 bo 6a2a3 6b3a 1

= [5OWhaMdasts T 3 6m0baopalbrse
= i(/\k/\l)blal(/\k:)azb«z(/\l)baaa + %(/\k)blal()\k)agbzabaaa
+%(’\k)b1a1(/\k)b3a36a2b2 + %6121111 0azbyObgas (18)
where one has made use of

()‘k)bl as 663(.11 = (/\k)b1 a4 6a4a3 6b3a1

1 1
= ()‘k)bla‘t[i()‘l)awl(’\l)baas + g
1

1
= E(Ak/\z)blal(/\z)baaa + g(/\k)blal%aa (19)

604 ay 6173 a3]
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Substituting Eqs.(17,18) into Eq.(16), one has

ﬂklnﬂnmoﬂlmp(/\o)bsas (’\p)bl ar ()‘k)azbz

8
= 5[305a2a35b1a1 Sbsb, — 186454, Ob1as0bsb, — 136a,5,0b, a1 Obsas

28
—96a2a36b1b26b3¢11 + 96a2b26b1a36b3a2 + 9602‘116b1b26b303] - K(Ak)azkz(’\k)bsas‘sblal
1
3
1 1 1
+ g(’\k)blw(’\k)azbz&aaba + E(Ak)a2b2(Ak)b3036blal + 56616161121)2663&3]

8 1 1
= §[3O(E(Ak)a2bz(Ak)bsas + 6a2b26b3a3]6b101 - 18[2(’\16)61&1 (’\k’\m)azbz(’\m)baas

1 1
- 1361)303 66101 6a2b2 - g[z (’\k’\m)blal (’\k)azbz ()‘m)bsas + 6 (’\k)bun ()‘k)azbzébaaa
1
6

1 1 1
+ 9[5()‘19)171111 (’\k)bsas + 56516165303]6021)2 + Q[E(Ak)albz()‘k)blal

1 28
+ §6blal6azb2]6baa3) - 3(/\k)azb2(/\k)b3a36bla1

= =3B bsas Mbras o et — 3 Brtm (M Jisas Wby O et (20)

1 1
(’\k)blal (’\k)azbz‘sbsas + g(’\k)blal (’\k)baas(sa-zbz + §6b1015¢12b2603b3]

Similarly, one can obtain

BripBrmnBimo(Ap)bsas (An)brar (Am)aghy = —%ﬂkzm(/\k)bgag(/\l)blal (Am)agbe
=2 B11m (M bsas O)bras Amdage,  (21)

/Bkln,gnmoﬁmlp(/\o)bgag (/\k)b1a1 (/\p)azbg = 4,3klm(/\k)b3a3 (/\l)blal ()‘m)azbz (22)
These relations have been checked numerically by a computer program.
3 DISCUSSION

These relations (Egs.(20, 21 and 22)) may be useful in deriving many body inter-
action. For example, when we derive the qq§-qqq interaction in the QCD!?, one needs
Eq.(21).
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The colour matrix element of the qqG—qqq interaction can be written as:

(’\k’\l)c’lq (Ak)cgcg(’\l)cscz
2 1 n
= Xc’1 Xc’2XC3 {(g‘skl + ﬂklp/\zf)[gf\g/\:l; + ,Bkmnﬁkmo/\z /\g
2 1 n 1 o
+g0k + 3Bz + 3PtkoAS] [ Xer XeaXel
32

= Xy Xch Xes {“5/\2 - A3 — 5)‘1 o §,\1 - A3+ 5';

1 1
+ gﬂklp/\zf/\lzc /\.!3 + _,Bklp,gkmnﬂlmo’\zl)’\g ’\g }

2
1 vy 16 2
= Xc'IXc;Xc’a(g(/\z - 23)% + 3)\1 A3 — 5/\1 " Ag
1 * * 1 *
—g)\l “A3A2 - A3 — §A2 “ A3A1 - A2)Xer Xea Xes (23)

which has been made use of the generalized Fierz transformation and Eq.(21).
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