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M athem atical feature of photon spectra produced in 

ultra．relativistic heavy—ion collision 

Ai Xiao—Bai(Ai Hsiao—Bai) 
(Shanghai Institute of Nuclear ResearchJ the Chinese Academy of Sciences，Shanghai 201800) 

Abstract In 1994 the first single—photon spectra from the 200 GcV／A S+Au collisions 
at CERN SPS were reported by WrA80 group．Based oil these data，it can bc proved that as 

long as there is an instantaneous thermal distribution T(r，t)iIL an expanding fireball at each 
instant，the basic mathematical fcature of various kinds of photon spectra is that photon yield 

is approximately an exponential function of the transverse ntomentum P'r in som e region， 

which is basically irrelevant to the uncertainties enclosed in the theoretical estimations． 
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1 Introduction 

One of the mainest goals of the fu— 

ture ultra-relativistic heavy．．ion collision exper．． 

iments at the BNL Relativistic Heavy Ion Col— 

lider fRHIC1 and the CERN Large Hadron Col— 

lider fLHC1 is the production and studies of a 

new form of matter．the so，called quark—gluon 

plasma(QGP)，which is expected to exist dur— 
ing the first few fm／c of the collisions by QCD 
theory．【 J And the high—energy photon was．for 

a long time．considered to bc one of the best 

probes to get information about the early hot 

stage of heavy—ion collisions．【2J 1％ecently the first 

statistically significant data on single—photon 

spectra for the 200A GeV S + Au collisions 

at the CERN Super Proton Synchrotron fSPS1 

were reported by W A80 group．I J Based upon 

the reanalysis oil the experimental data they 

claim ed that the sources of systematic error 

are basically under control and at the 90％ 

confdence leve they have further confirmed， 

for central collisions the measured photon ex- 

cess at each 脚 ，averaged over the range 0．5 

GeV c < PT < 2．5 GeV c．corresponded to 

5．0％ of the total inclusive photon yield with 

a statistical error of stat= 0．8％ as well as a 

systematic error of svst= 5．8％． Although 

these preliminary results have generated a great 

deal of theoretical interest．f5-9]their tan[alia— 

ing results[5一 are not reliable conclusions．On 

the one hand．it seems that simple fireball rood— 

els．which were based on assumption of thermal 

equilibrium throughout the evolution of the sys— 

tem a．s well as some adjustablc higher initial 
temperatures ～ 250 ～ 300 M eV，have been 

proved to be quite Successfu1．L6一 On the other 

hand．the experimental results have also exhib— 

ited a remarkable degree of coincidence with 

the predictions of the microscopic dynamical 

model RQMD which reveals that lpeal equili— 

bration is only achieved toward the end of the 

collision．【 川 However．there is still I10 perfcct 

realization to the following question：where the 

excess photons come fron1．It is well known that 

there are some uncertainties and insumcient 

knowledge in both experimental and theore tical 

studies．【u一10]In this case one would study how 

the diffcrent physical factors such as the ini— 

tim temperature ．the critical deconfinement 

transition temperature：re．tile freeze—out tcm— 

pera~ure ．bag constant and latent heat affect 

the single—photon spectra rather than make up 

a set of paranieters to fit one kind of theoret— 

ical model to tile preliminary 蹄 80 data． In 

this paper it will bc investigated that ttle ba— 

sic mathelnatical feature and its physical root 

of the various kinds of photon spectra produced 

iu an ultra—relativistic heavy—ion collision． 

2 H igh-energy photon sources 

Nowdays it； generally agreed that there 

are three main possible sources of high—energy 
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photon in the ultra—relativistic heavy—ion colli— 

sions： 

(a)hard direct QCD prompt photons orig- 

inating from the leading—order processes：q(q)g 

q(q)7 Compton scattering and qq ，yg 
annihilation，which are indeed expected to be 

yielded at large PT( 5GeV／c)；[ 。一 ] 

(b)thermal photons around lower—PT(～ 
2——5GeV／c)[13,15]originating from QGP and 

hadronic matter(HM)，which are considered to 
be produced in the same processes as in the 

high—PT direct photon production except with 

difierent structure functions； 

(c)photons from hadronic decay of natural 
mesons，such as 7r0—斗，y，y

，
叩 —斗，y，y，∑0—斗A0，y 

and so on，￡Ls well as other hadronic processes， 

such as 7r7r-_+ 7 7rP -_+7r7 [16]
7
-xp -_+A 1 -_+ 

7r [1 7]． which have been detected in the region 

of PT～0．7～2GeV／c．[1r—lS1 

For photons originating from hadronic 

process 7rP -_+A1 -_+7r，y 7 Xiong et a1．[ ]sug— 

gested to use a simple parameterization analytic 

function to evaluate the rate of photon produc— 

tjon 

E 
Q。口 

2．4T2．15exp( f
1．35TE)。· 

E 、 

T 
(1) 

K． H． Kampert、 the head of CERN—W AS0 

group，told the present author that the other 

two parameterized rate—equations about 7rD -_+ 

弋 and m 叭 processes are 

E警 = 
0．1434T '。 expf 0．7345 

E警 _T2"4exp( 

1．45 

、，E 

2TE) ／。 (3) 

In Eqs．f2，3)E and T should be in units of GeV． 

For the thermal photons from Q GP and 
HM ．the rates for the emission have been found 

surprisingly to be equal at a given lower tern- 

perature．However．because of the uncertainties 

and adopting different approximate models，the 

formulae of computing the rate of t hermal pho— 

ton production reported in literature are actu— 

ally all different．Such as，Eqs．(4～6)are from 

Refs．[15，16，20]，respectively． 

E dR = xp(_E／ f+f ) E 

f41 

where f is the proper power of the quark sup— 

pression factor whose value f≈ 1／4～1，n the 
fine—structure constant，g = 5，ns= 0．4 7 and 

E denote momentum and energy of a photon 

produced． 

E 
dR

= 吾a 丌a。sT2exp(一E／驯n 2．912 E J,(5) 
E 
dR

=  

CeCes 
m

-
2exp(一E／ n ET+c] (6) 

where m =(2~r／a)a T ，c=1．62． 

3 Photon spectrum  

The photon yields are calculated by the 

following basic evaluating procedures． 

a．Assumi ng a QGP fireball was formed 

at initial temperature正 in a relativistic heavy— 

ion collision and would be subsequent ly cooled 

and eventually hadronized 7 the space—time evo— 

lution of a QGP system i．e．the temperature 

distribution function T(7．，t)may be evaluated 
by means of the conservation laws of the energy— 

momentum and baryon number： 

a T v= 0 

0 B = 0 

where T ‘ = (E+p)u +pgU is the rela— 
tivistic stress tensor，E the energy density，P the 

pressure，g the metric tensor(with gOO=。1)， 

=，y(1， the four—velocity， is the local flow 
velocity，，y= (1一 )-1／ ，and Bu= 71,b ， 
here nb is the baryon number density in the 

rest frame． 

b．Inserting T(7．，t)into the rate—equation 
of the photon produc tion and integrating over 

the longitudinal momentum and over the ex— 

pansion，one may obtain the transverse momen— 

rum distribution dN／dyd PT of photons(or 
called photon yield)from QGP or HM，where Y 
is the rapidity of a photon with momentum 

PT the transverse momentum．The above intc— 

gral is similar to the following form (in central 
rapidity space) · 

、J 、J  

、J 1，一1 里 T 
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r 

r2dr it exp[一Ⅱ( T)Pr／TIf( T)dt 
where YT arctanhvr is the transverse rapid 

ity． 

The evaluating photon spectra from HM 

and QGP in terms of Eqs．(1-3，5)and Eqs．(7— 
9)axe shown in Fig．1 and Fig．2，respectively． 
In the numerical evaluation．we take the ini— 

tial radius of the fireball R0 3 fm，the initial 

10一 

10—3 

10一● 

10一ii 

0．4 0．8 1
．
2 1．6 2．0 2．4 2

．
8 3．2 

PT／GeV·e一 

Fig．1 Transverse momentum spectra for the 

photons produced from several individual 

contributors in HM  at = 180 M eV 

Long dashed line：'r'r—’ ，short dashed llne：'rp _  

'r ，dot line：'rp —'A1 —''r ，re ed dashed line：the 

main decay ofnatttral nlcson 'ro—'一，一，
． The solid dot 

C％u'veS 8，b，e and d denote the total photon yields 

from HM  including above four indi vidual contributors 

for正 = 180，190，200 and 220 MeV，respectively． 

It can be seen from Fig．1 and Fig．2 that 

there exists a good linearity in the region of 1 

3．2 GeV／c．Therefore，it merits to 
study the mathematical features as well as its 

main physical rooks of the photon spectra． 

4 M athem atical feature of photon 

spectra 

One may find that the common point 

in Eqs．(1—5)is all of them contain a factor 

number density of the quark matter P 5 P0， 

here P0 3 × 0．17 fm一 ．For simplicity．“the 

fu11 stopping scenario” is used to evaluate the 

distributions of temperature in a frebal1． For 

partially stopping case，one may introduce an 

effective Lorentz contraction = Kf1一 1—1／2 

instead of 、where K = M} 、M is tile in． 
variant mass of the system，、 refers to the en． 

ergy of the fireball system in the center—of-mass 

frame．[211 

10～‘ 

言 

10-5 

10-r 

0．8 1．6 2．4 3．2 

1at／GeV．e一‘ 

Fig．2 Thermal photon yields from QGP and HM 

calculated in terms of Eq．(5) 
Curves 1，2，3，4 and 5 correspond to正 = 180，190 

200，210 an d 220 M eV，respectively 

exp(一E／T)，which arises from statistical dis 
tribution functions(such as Boltzmann，leermi． 
Dirac or Bose—Einstein statistics 1 and is based 

on assumption of lOCal thermal equilibrium．Ac． 

tually，the integral Eq．(9)may be expressed in 
the following general form 

f(x)g(x)dx (10) 

where 9(z)is the exponential factor exp(一E／T) 
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or written as exp[一a(yT)PT／T]in the transverse and d in Fig．1 again 
rapidity YT． It is well known that as long as 

functions，(z)and 9(z)are both integrable on 102 
an interval，for instance(a，6)，and，(z)is al— 
ways of the same sign so that the mean vahlc 

theorem for integral works，is followed· 
10~ 

厂b 

)夕(z)dz ) z (11) 

where integral variable z lies at some point f 

of the interval fa，b1 rather than at one of the 

end points．In most cases although Eq．(11)eaI1 

not be used to evaluate Eq．(9)directly since one 

does not know llOW to choose the point￡，how— 

ever one may s till use the mean value theorem 

for integrals to gain som e important infcrences， 

because in some cases it is enough to be able to 

confirm the existence of the mean value．Follow 

above idea then，Eq．f91 may be reduced to 

exp[一a(yT(r ，t ))PT／T(r ，t )] 

fr ft 

l r2dr l f(yw)dt 
J0 J0 

that is in form of A exp(一pr／T )，where T = 
(r ，t )is some mean temperature for a dis— 

cussed phase，A is the integrating result with— 

out the exponential factor exp(-E／T)，that is 

： 厂 r2d ／￡f(yy)dt ．，
0 ．，0 

> 

0 
＼  

言 

10— 

l0—4 

l0—6 

0．5 1．5 2．5 3
．5 

／at／GeV·c一 

Fig．3 Evaluating results in terms of Eq．(5)and 

Eq．(6)are denoted by curves a and b respectively 

ThermM photon yields from QGP and HM at正 = 200 

M eV al-e shown by cu．rves al and b1．curve a’l 

corresponds to正 = 180 MeV．Curves 2 and b2 denote 

the calculated results without the exponenti~ part at 

正 = 200 M eV，CUJCVes a’2 corresponds to正 = 180 MeV 

5 D iscussion 

As we know from above argument that 

(13) the equilibration of hot and dense system ere— 

Follow the procedures in Sec．3．as one derives an 

instantaneous thermal distribution T(r，t)for 

an expanding fireballj then inserting T(r，t)as 
well as the rate．equation of the photon produc— 

tion into Eq．f131 we get the numerical results 

about A．a,s shown ii1 Fig．3． Fortunately，one 

may find that there is a weak relation between A 

and PT so that one may gain an important infer— 

enee theoretically that Eq．(9)or dN／dyd PT， 
the thermal photon spectra，is approximately 

an exponential funetion of PT in the region of 

1< PT< 3．2 GeV／c．See curves al and a’1 
in Fig．3，also see Fig．2． In the saIne manner， 

one may recognize that why the total spectra 

from HM show，approximately，the exponential 

functions of Pz i11 the region of 1< < 3．2 

GeV c too，but with difierent dropping off pa— 

ated in a high—energy heavy—ion collisions plays 

an important role in the description of the 

processes． B ut we do not conclusively under． 

stand from the previous experimental results 

whether，with time，the colliding system even． 

tually reaches some kind of local or even global 

thermal equilibrium so far．However the recent 

W A80 data show a good linearity and yield di— 

rectly a parameter of temperature xp ≈ 180 

MeV fro111 the slope of a fitting straight line． 

This faet strongly implies that the m easured 

single photon spectra contain an exponential 

factor of exp(一PT汀exp、．In the present paper 
author has already verified that as long as there 

is an instantaneous thermal distribution (r，t) 

in an expanding fireball at each instant and it 

is not necessary that the system becomes equi- 

librated in whole at some temperature．a theo- 

rameters(一1／T )in genera1．See curves a，b，c retical photon spectrum may be separated into 
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two component parts．ODe of them would be re— 

lated to an exponential factor of exp(一PT／T ) 
and the other is approximately independent of 

PT，namely the mathematical feature of photon 

spectra is，approx~matdy，an exponential func— 

tion of the transverse momentum in some 

region．It is the reason why the theoretical re— 

sults based on assumption of the local thermal 

equilibrium are in agreement with the prelim- 

inary W A80 data．[6-9】It must also be noted 

that 

a)At present，the response time of devel— 

oping photon detectors has been as fast as 1 as 

～ 1 fs．but the time scale during which all of 

tile three kinds of high—energy photon are pro- 

duced was expected to be a few fm／c f10—23 
～ 10一 s)． Hence the measuring process，in 
fact．is equivalent to the process to take an av— 

erage as if the integrating technique in mathe— 

matics． Hence although one is unable to con— 

elude whether the linear behavior ofⅥrA80 data 

might intimate that the local thermal equilib— 

rium has been achieved due to a rapid ther— 

malization in the colliding system ．at least．one 

could infer that the linear behavior ofⅥrA80 

data might originate from the conditions which 

would be used to define the state function —— 

temperature for an open system． 

b)Although there is a large uncertainty 
enclosed in A，A is unable to change the shape 

of photon spectra but only shifts the position 

of the curves．In other words，the shape of the 

individual contr ution is insensitive to the de— 

tails of the very early pre—expanding stage of 

the system and basically irrelevant how to get 

the instantaneous thermal distr ution Tfr，z1 

in an expanding firebal1．Eyen if this is feature 

only for various individual contr utions．it is 

a very interesting point available for diagnosing 

the QGP． 
Above two problems are beyond the scope 

of the present paper and will be published sep— 

arately． 
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